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FATIGUE  AND  RANDOM  LOADING 


FATIGUE  LIKE  PREDICTION  FOR  VARIOUS  RANDOM 
STRESS  PEAK  DISTRIBUTIONS 


Ronald  0.  Lambert 
General  Electric  Company 
Aircraft  Equipment  Division,  Utica,  NV  13503 


Closed  form  analytical  expressions  have  been  derived  to 
predict  the  fatigue  life  for  various  random  stress  peak  dis¬ 
tributions.  These  distributions  include  the  Rayleigh,  expo¬ 
nential,  truncated  exponential,  skewed  Rayleigh,  and  finite 
sample  size  Rayleigh.  Numerical  examples  of  all  expressions 
are  worked  out  for  a  common  structural  aluminum  alloy  7075-T6. 
The  slopes  of  the  resulting  fatigue  curves  have  application  to 
accelerated  random  vibration  test  criteria. 


INTRODUCTION 

The  stress  peak  envelope  probabili¬ 
ty  density  function  (pdf)  used  in  con¬ 
junction  with  Miner's  Linear  Cumulative 
Damage  Rule  has  previously  been  shown  to 
accurately  predict  fatigue  life  for  nar¬ 
rowband  Gaussian  random  stress  si tuations 
which  are  typical  of  single-degree-of- 
freedom  (SDF)  vibration  systems  subject¬ 
ed  to  wideband  Gaussian  random  forcing 
functions.  [1]  In  these  cases  the  stress 
peak  envelope  is  represented  by  a  Rayleigh 
mathematical  function.  Additionally,  it 
was  previously  shown  [2]  that  the  same 
analytical  technique  can  be  used  to  ac¬ 
curately  predict  the  fatigue  life  of  sev¬ 
eral  two-degree-of- freedom  (2DF)  systems 
which  were  experimentally  evaluated.  The 
reason  given  for  such  accuracy  in  extend¬ 
ing  the  analytical  approach  to  systems 
with  widely  different  stress-time  pro¬ 
files  was  that  the  stress  peak  envelope 
pdf’s  of  the  SDF  and  2DF  systems  were 
identical  in  the  important  stress  region 
above  the  root-mean-square  stress  level. 
Thus,  the  hypothesis  that  the  stress  peak 
envelope  pdf  is  useful  to  accurately  pre¬ 
dict  fatigue  life  is  considered  reason¬ 
able. 

This  paper  extends  the  above-men¬ 
tioned  analytical  approach  for  various 
non-Rayleigh  random  stress  peak  envelope 
distributions  which  were  chosen  for  the! r 
pract ical  val ue . 

APPLICATION 

The  exponential  pdf  arises  due  to 
aerodynamic  gust  and  certain  sea  state 
loading  conditions.  The  truncated  expo¬ 
nential  pdf  occurs  as  a  result  of  a  lim¬ 


ited  stress  peak  sample  size.  The  large 
valued  stress  peaks  of  an  exponential 
pdf  are  considered  to  be  nonexistent  in 
a  finite  duration  test  or  service  envi¬ 
ronment  exposure  due  to  their  low  proba¬ 
bility  of  occurrence  (Chauvenet’s  crite¬ 
rion).  (3]  Truncation  of  the  large  val¬ 
ued  stress  peaks  can  also  occur  if  any 
blunting  or  softening  at  higher  ampli¬ 
tudes  takes  place  in  the  force  generat¬ 
ing  system  or  in  the  response  of  the 
structural  elements  themselves.  Such 
truncation  extends  fatigue  life  by  a 
calculable  amount.  The  skewed  Rayleigh 
envelope  arises  from  certain  types  of 
vibration  exciter  system  forcing  func¬ 
tions  or  as  a  result  of  nonlinear  damp¬ 
ing.  The  skewing  process  is  represented 
in  this  paper  by  the  power  law  transfor¬ 
mation  y  =  z11  of  the  nonskewed  Rayleigh 
envelope  pdf  because  of  the  mathematical 
simplicity  and  close  approximation  to 
measured  data.  Coulomb  friction  damping 
which  is  representative  of  riveted  or 
bolted  structural  assemblies  is  charac¬ 
terized  by  n>1.0.  Viscoelastic  damping 
or  internal  stress-strain  hysteresis 
damping  is  characterized  by  n<1.0.  The 
latter  damping  mechanism  is  representa¬ 
tive  of  dip-brazed  or  adhesive  bonded 
structural  assemblies.  Values  of  1.07 
and  0.93  respectively  were  used  as  exam¬ 
ples.  The  fatigue  lives  are  signifi¬ 
cantly  different  for  those  structural 
elements  whose  stress  response  is  con¬ 
trolled  by  these  nonlinear  damping  mech¬ 
anisms  even  though  the  skewing  is  slight 
(i.e.,  n^l.O,  linear)  in  the  examples 
evaluated.  Coulomb  friction  accentuates 
the  stress  peaks  (i.e.,  more  damaging) 
whereas  the  viscoelastic  and  hysteresis 
damping  deemphasizes  stress  peaks  (i.e., 
less  damaging)  comnared  to  the  linear 
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where 


nonskmvod  case.  The  finite  sample  size 
Rayleigh  pdf  also  results  from  a  finite 
duration  test  or  service  environment  ex¬ 
posure. 

SINUSOIDAL  FATIGUE  CURVE 

A  material's  sinusoidal  (i.e.,  cy¬ 
clic)  fatigue  S-N  curve  is  used  in  all 
of  the  developed  expressions  and  is  as 
follows : 

,  S  =  ANs"1/fi  .  (1) 

where 

S  =  applied  sinusoidal  stress 
cyclic  amplitude 

A  =  material  constant;  true 
cyclic  ultimate  stress 

A  =  (stress  units)  (2) 

11  =  1/b  =  slope  parameter  (3) 

j’j  =  fatigue  strength  coefficient 

b  =  fatigue  strength  exponent 

Values  of  a'f  and  b  are  tabulated  in 
reference  4  for  various  materials.  Table 
1  lists  typical  fatigue  curve  constants. 

CLASSICAL  RANDOM  FATIGUE  CURVE 

The  classical  random  stress  case 
involves  a  narrowband  Gaussian  process 
of  zero  mean  value  and  standard  devia¬ 
tion  (i.e.,  rms)  value  of  a  to  represent 
the  instantaneous  stress.  The  positive 
envelope  of  this  Gaussian  process  is 
represented  by  a  Rayleigh  pdf.  Using 
Miner's  Cumulative  Damage  Rule,  it  was 
shown  [3]  that  the  Classic  Random  Fatigue 
Curve  is  as  follows: 

n  =  CNf-1^®  (stress  units)  (4) 


a  ■  rms  stress  value 

C  =  material  constant 

Nf  =  median  number  of  random  stress 
cycles  to  failure 

B  »  slope  parameter  from 
material's  S-N  curve 


(stress  units)  (5) 

T(ft)  =  Gamma  Function  {5] 

Typically  B  =  9  for  ductile  materi¬ 
als  and  S  ~20  for  brittle  materials. 

APPROACH  SUMMARY 

Miner's  Cumulative  Fatigue  Damage 
Law  can  be  expressed  [11  as  follows: 


/  G(S)  dS 


G(S )  =  (7) 

”s 

where 

Nj.  *  median  number  of  random 

stress  cycles  to  failure 

S  «  applied  stress  amplitude 

P(S)  -  stress  envelope  pdf 

N  ■  number  of  sinusoidal  stress 

fa  cycles  to  failure  at  stress 

level  S  (see  equation  (1)) 

G(S)  ■  scaled  damage  pdf 


TABLE  1.  TYPICAL  FATIGUE  CURVE  CONSTANTS 
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Each  of  the  various  pdf's  P(S)  being 
evaluated  is  described  mathematically 
and  used  in  equation  (7)  to  calculate 
G(S).  G( S )  is  used  in  equation  (6)  to 
calculate  Sf.  It  should  be  noted  that 
the  solution  of  equation  (6)  usually  in¬ 
volves  solving  either  the  Complete  or 
Incomplete  Gamma  Functions  (5) .  There 
then  exists  a  relationship  between  Sf 
and  a,  which  is  the  fatigue  curve  for 
the  particular  envelope  P(S).  This  ran¬ 
dom  fatigue  curve  can  be  plotted  and 
compared  with  the  Classical  Random 
Fatigue  Curve  (Rayleigh  P(S)  )  of  equa¬ 
tion  (4)  or  other  fatigue  curves. 


Appendices  A  and  B  show  typical 
derivations  for  the  exponential  and 
skewed  Rayleigh  stress  peak  envelopes. 

Truncations  and  finite  sample  size 
results  in  the  absence  of  stress  peaks 
above  a  stress  level  L.  The  integration 
limits  of  equation  (6)  are  broken  from 
zero  to  L  and  from  L  to  °°.  The  latter 
integral  has  a  value  of  zero.  The  first 
integral  requires  evaluation  of  the  In¬ 
complete  Gamma  Function  y(cc). 


Both  P(a)  and  y(a)  are  easily  com¬ 
puted.  (5)  Truncation  stress  level  L 
values  can  be  estimated  as  shown  in  Ap¬ 
pendix  C. 

Expressions  for  P(S)  and  G(S)  along 
with  their  statistical  parameters  are 
shown  in  Appendix  D. 

DERIVED  EXPRESSIONS 

The  derived  fatigue  curve  expres¬ 
sions  are  shown  in  Table  2.  All  of 
these  expressions  are  of  the  same  power 
law  form  as  the  sinuoidal  S-N  curve.  All 
of  the  Z  terms  are  constants  except  Cfss 
which  is  a  function  of  Sf.  All  of  the 
slope  parameters  are  the  same  as  for  the 
sinusoidal  S-N  curve,  6,  except  for  the 
skewed  Rayleigh  envelope.  Its  slope 
parameter  is  n(5. 

Example : 

Given:  Material  7075-T6  Aluminum 
Alloy 

A  =  1238  MPa  (179.5  ksi) 

L/o  =  “>,  4,  2 


TABLE  2.  DERIVED  RANDOM  FATIGUE  CURVE  EXPRESSIONS 


Rayleigh 

a  =  CN"1/e  (4) 

Ol 

'siN 

r(f +i)  1/6  (5) 

Exponential 

a  -  CEN-1/3  <8) 

CE  '  »  1 

-1/6 

r(B  +  i)]  *  (9) 

Truncated 

Exponential 

0  =  CTENf"1/6  (10) 

°TE  ‘  L/°>]  <«> 

Skewed 

Rayleigh 

•  '  <I2> 

^skew  " 

*')]’1/n8  (13> 

Truncated 

Rayleigh 

o  -  CTRNf"1/e  (14) 

^TR 

*-B2 

(v».”t)|  <i5> 

2  ,  t-4 

2<jz 

Finite  Sample 
Size  Rayleigh 

*-cfssV1/B  a6> 

CFSS  “ 

—  ]  |  y(x ,  tn  Nf)J  '  (17) 

3 


0  -  9.65 

n  =  0.93,  1,  1.07 

Find:  Fatigue  curve  expressions  and 
plots 

Solution:  The  fatigue  curve  ex¬ 
pressions  are  shown  in  Table  3  us¬ 
ing  the  equations  in  Table  2.  The 
corresponding  plots  are  in  Figures 
1  through  5. 

Example : 

Given:  Material  7075-T6  Aluminum 
Alloy 

o  =  48  MPa  (7  ksi) 
n  =  0.93,  1,  1.07 

Find:  Plot  G(S)  and  calculate  the 
mode  SQ  for  the  exponential 
and  skewed  Rayleigh  envel¬ 
opes  . 

Solution:  Plots  of  G(S)  are  shown 
in  Figures  6  through  9  using  the 
expressions  in  Appendix  D. 


Example : 

Given:  Material  7075-T6  Aluminum 
Alloy 

„  o  =  48  MPa  (7  ksi) 

Find:  The  nonlinear  damping  trans¬ 
formation  and  the  P(S) 
curves  for  the  skewed 
Rayleigh  envelope  case  for 
n  =  0.93,  1,  1.07 

Solution:  Using  the  equation  in 

Appendices  B  and  D,  the  above 
curves  are  shown  in  Figures  10  and 
11. 


Example : 

Given:  a  =  7  MPa  (1  ksi) 

Find:  Plot  P(S)  for  the  Rayleigh 
and  exponential  envelopes. 

Solution:  Using  the  expressions  in 
Appendix  D,  the  curves  for  P(S)  are 
shown  in  Figure  12. 


TABLE  3.  7075-T6  FATIGUE  CURVE  EXPRESSIONS 


Curve  Type 

Fatigue  Expression 

(MPa) 

(ksi) 

Sinusoidal 

S  -  1238Nf“0,104 

S  =  179.5Nf~°-104 

Rayleigh 

a  »  551Nf“0'104 

o  -  79.9Nf~°-104 

Exponential 

o  “  280Nf-0,104 

o  -  40.6Nf_0,104 

Truncated 

Exponential 

L/o  =  «> 

o  =  280Nf~0,104 

o  -  40.6Nf~°-104 

L/a  -  4 

o  -  505Nf-°-104 

0  -  73.2Nf“°'104 

L/o  -  2 

o  -  1026f}f-0,104 

o  -  148.8Nf'°'104 

Skewed 

Rayleigh 

n  -  0.93 

o  =  833Nf-0-1118 

o  -  120. 8Nf"°-1118 

n  °  1 

o  -  551Nf"0'104 

o  -  79.7Nf-0’104 

n  -  1.07 

o  "  381Nf"0,0972 

o  -  55.2Nf~0,0972 

Truncated 

Rayleigh 

L/o  »  * 

o  -  551Nf~0,104 

o  -  79.9Nf“0,104 

L/o  -  3 

o  -  617Sf-°-104 

o  -  89.5Rf-°'104 

L/o  -  2 

o  •  802f}f"°'104 

o  -  125f>f-0,104 
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Fig.  1  -  Fatigue  Curves  for  Several 
Envelope  pdf's 


Fig.  3  -  Fatigue  Curves  for  Skewed 
Rayleigh  Envelope  pdf's 


Fig.  2  -  Fatigue  Curves  for  Truncated 
Exponential  Envelope  pdf's 


EXAMPLE  RESULTS  DISCUSSION 

1.  Most  of  the  cumulative  fatigue  damage 
is  done  by  stress  peaks  above  2o  (see 
Figures  6-9).  For  the  Rayleigh 
(n  =  l)  most  damage  is  done  by  stress 
peaks  between  2a  and  4a.  Truncation 
extends  fatigue  life.  See  Figure  4. 
The  skewing  constant  n  alters  this 


Fig.  4  -  Fatigue  Curves  for  Truncated 
Rayleigh  Envelope  pdf's 


range  somewhat.  For  the  exponential, 
the  most  damaging  peaks  are  between 
5 a  and  15o.  If  these  peaks  were 
truncated,  the  fatigue  life  would  be 
increased.  See  Figure  2. 

2.  The  value  for  the  G(S)  mode  SQ  is  de¬ 
pendent  only  upon  o,  B,  and  n.  See 
Table  5  in  Appendix  D. 
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Fit;.  5  -  Fatigue  Curves  for  Finite  and 
Unlimited  Sample  Size 
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Fig.  9  -  G(S)  for  Skewed  Rayleigh 
Envelope;  n  =  1.07 
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Fig.  10  -  Nonlinear  Damping 
Transformation  Plot 


Fig.  6  -  G(S)  for  Exponential  Envelope 
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Fig.  7  -  G(S)  for  Skewed  Rayleigh 
Envelope;  n  =  0.93 
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Fig.  8  -  G(S)  For  Skewed  Rayleigh 
Envelope;  n  =  1 


Fig.  11  -  P(S)  for  Skewed  Rayleigh; 
a  =  -18  MPa  (7  ksi) 


P(S> 


Fig.  12  -  P(S)  for  Rayleigh  and 
Exponential  Envelopes; 
a  =  7  MPa  (1  ksi ) 


3.  The  exponential  envelope  is  more  dam¬ 
aging  than  the  Rayleigh  envelope  due 
to  more  frequent  occurrence  of  damag¬ 
ing  stress  peaks.  See  Figures  1,  6, 
8,  and  12. 


the  above  values  used  for  n  in  the 
examples  are  considered  to  be  of 
practical  value. 

7.  The  slope  of  a  random  fatigue  curve 
can  be  hypothesized  to  be  signifi¬ 
cantly  different  from  any  calculated 
in  this  paper  if  the  stress  peak  en¬ 
velope  P(S)  changed  from  one  type  to 
another  (e.g.,  from  Rayleigh  to  expo¬ 
nential),  if  the  truncation  level  L 
or  if  n  changos  as  a  function  of  rms 
stress  level  o.  It  is  not  known  if 
this  happens  in  real  structures. 

CONCLUDING  REMARKS 

All  of  the  developed  closed  lorm 
expressions  are  considered  to  be  practi¬ 
cal,  accurate,  and  simple  to  use.  Most 
of  the  needed  parameter  data  can  be  ob¬ 
tained  from  a  material's  sinusoidal  fa¬ 
tigue  curve  constants.  Computations  can 
be  done  on  contemporary  programmable 
calculators. 


SYMBOLS 

A  material  constant;  true 

ultimate  stress 

aT  truncated  area 

5,  S-,  C-oo  random  fatigue  curve 
_  constant 

c  c 
tE ’  UTR 

'“skew 

E{a)  expected  or  mean  value  of  a 

2 

E  (a)  mean  square  value  of  o 


4.  Even  slight  nonlinear  damping  signi-  u 

ficantly  affects  fatigue  life.  See 
Figure  3.  The  most  damaging  case  is  , 

n  >  1  compared  to  the  linear  case  of  Ki 

n  =  1 .  The  least  damaging  case  is 
n  <  1.  Refer  to  Figures  10  and  11 
which  show  that  stress  peaks  are  ex-  L 

aggerated  for  n  >  1  and  deemphasized 
for  n  <  1 .  n 


5.  The  finite  sample  size  Rayleigh  has 

an  insignificant  effect  on  the  fa-  N 

tigue  life.  See  Figure  5.  s 

6.  The  slopes  of  all  the  fatigue  curves 

are  the  same  except  for  the  nonlinear  N, 

skewed  Rayleigh  where  nj*l.  See  1 

Tables  2  and  3.  The  slope  parameter 
n8  =  8.97  for  n  =  0.93  and  n8“10.3  for  pdf 
n 3 1.07  compared  to  9.65  for  n  ■  1. 

This  affects  the  accelerated  test  p(a) 

criteria.  [1]  Based  upon  measured 
values  of  nonlinear  damping  in  vari¬ 
ous  electronic  equipment  structures,  P(S) 


scaled  damage  probability 
damage  function 

thousands  of  pounds  per 
square  inch 

truncation  stress  value 

skewed  stress  envelope 
constant 

number  of  sinusoidal  stress 
cycles  to  failure  at  stress 
level  3 

median  number  of  random 
stress  cycles  to  failure 

probability  density  function 

probability  density  function 
of  a 

stress  envelope  pdf 


7 


rms 
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S 

P 


T 


z 

a 

3 

r<a) 

y(a) 


a 


MPa 

6.895 


root  mean  square 
applied  stress  amplitude 
mode  of  G(S) 
mode  of  P(S) 

parameter  of  stress  limiting 

truncation  parameter 

general  variaDle 

general  variable 

fatigue  curve  slope 
parameter 

Gamma  Funct ion  of  argument  a 

Incomplete  Gamma  Function  of 
argument  a 

random  rms  stress  value 

standard  deviation  of  S  for 
G(S) 

material  fatigue  strength 
coefficient 

mega-Pascals 

MPa/ksi 
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APPENDIX  A 

DERIVATION  OF  EXPONENTIAL  RANDOM  FATIGUE 
CURVE 


N„  = 


1  =  _ 1 _ 

f  00  I  ®  T  . 

/  G(S)  dS  /  SBe“S/0  dS 


Nf  = 


Substitute  x=  B  +  l;  z  =  S/a 
1  1 


e 


/  z^V2  dz 


r(B  + 1) 


a  - 


[  r  (  b  +  i)l 1/10  f 


Nj,"1/B  =  CENf“1/,B 


where 


Ce  [  T( B  +  1)]1/6 


APPENDIX  B 

DERIVATION  OF  RANDOM  FATIGUE  CURVE  FOR 
SKEWED  RAYLEIGH  STRESS  PEAK  ENVELOPE 

P(S)  transformation:  y  =  x11 


x  s  Rayleigh  pdf 
y  a  skewed  Rayleigh  pdf 
n  s  transformation  constant 


,1/" 


g'fXj)  *  nx1 


n-1 


w 


w 


Vy)  =  T^TT " 


Pv(x)  -  -o  exp 
~  cT 


2a 


1 

vn 

P  (y)  ■  1 — g-  exp 
i  na 


2o2  J 


Therefore,  for  the  skewed  Rayleigh 


8 


1 


_1_ 

nB 


/  Cr(S)  dS 


0 


~h 1  s2/n  +  6‘ 

no  A  o 


2o 


dS 


Substitute 


51/n|[  1 

/5  Jtr(^+i) 


ksi 


APPENDIX  C 

STRESS  PEAK  OCCURRENCE  ESTIMATION 

It  can  be  shown  [3,  6J  that  stress 
peaks  of  normalized  magnitude  L/a  wi_ll 
occur  in  a  test  of  finite  duration  T  for 
a  Gaussian  random  process  of  bandwidth  B 

L/a  =  A  in  T  +  2  tn  B  +  8.189 


where 


T  =  test  duration  (minutes) 
B  =  stress  bandwidth  (Hz) 


N,  = 


(2  a2) 


nB 

2 


"*e~zdz 


L  =  stress  level  of  largest  peak 
a  =  rms  stress  level 
For  B  =  15  Hz 


A® 


(2a2) 


nB 

2 


n 


2 


or 


a 


[a1"1] 

1 

/2 

•  r(lT  +i)- 

_1_ 

nB 


a 


C  .  N, 
skew  f 


_1_ 

nB 


where 


T  L/a 

(min) 


5  4.10 

10  4.26 

30  4.52 

60  4.67 

1440  5.31 

(24  hr) 

28800  5.84 

(20  days) 

Thus,  a  30-minute  test  will  produce  on 
the  average  one  stress  peak  at  a  level 
of  4.52  times  the  rms  stress  value  o. 


APPENDIX  D  P(S)  AND  G(S)  EXPRESSIONS 


TABLE  4.  P(S)  AND  G(S)  FUNCTIONS 


Envelope 

Type 

P(S) 

G(S) 

Rayleigh 

_  Ji 

S  2c2 

~Z  ° 

0 

[/j6]s,V5W 

Exponential 

1  e~S/a 
a 

[£] 

Skewed 

Rayleigh 

2  _  i  _  S2/n 

5lL_  c’ 

n<? 

s2/n 

1  1  »*§-*  2o2 

•~S7 b  s  e 

tana  A  J 

9 


Envelope 

Type 

P(S)  Mode,  Sp 

G(S)  Mode,  SQ 

Rayleigh 

0 

o/6  +  i 

Skewed 

Rayleigh 

f  2/2  ,iln/2 

[no  (-  -  1)J 

[-*(.  *  *  -  x,J B/* 

Exponential 

8  o 

Envelope 
pdf  Type 


TABLE  6,  DAMAGE  FUNCTION  G(S)  STATISTICAL  PROPERTIES 


E{  S } 


Raleigh 


10 


FATICUF.  LIFE  EVALUATION,  STOCHASTIC  LOADING, 
AND  MODIFIED  LIFE  CURVES 


M.  El  Menoufy,  H.II.E.  Leipholz  and  T.H.  Topper 
Department  of  Civil  Engineering,  University  of  Waterloo 
Waterloo,  Ontario,  Canada. 


In  this  paper  modified  life  curves  have  been  introduced  to  facilitate  the 
fatigue  life  predictions  with  sufficient  accuracy  for  a  material  -  (Van-80 
steel)  -  subjected  to  stochastic  loading  programmes  with  a  finite  number  of 
strain  levels. 

It  is  assumed  that  the  material  is  elastic-plastic  in  the  ideal  sense  and 
subjected  to  a  loading  programme  with  well  defined  strain  peaks.  It  is  also 
assumed  that  the  material  returns  after  each  reversal  to  the  zero-strain 
state.  Such  assumption  is  not  restricting  generality  in  a  severe  way.  Any 
other  strain  level  could  have  been  chosen  as  the  state  of  rest  in  place  of 
the  zero-strain  level  which  has  only  a  normalizing  function.  Keeping  in  so 
far  the  features  of  the  loading  programme  very  regular,  and  restricting  the 
stochastic  nature  of  the  programme  to  the  random  sequence  in  which  the  pos¬ 
sible  strain  peaks  are  distributed  over  time,  makes  it  possible  to  rigorously 
evaluate  the  probability  distribution  of  the  hysteresis  loops  over  the  entire 
history,  collected  in  classes  of  equal  damaging  events.  This  is  achieved 
using  combinatorics. 

The  Monte  Carlo  technique  has  been  used  to  reproduce  the  load  programmes, and 
a  number  of  tests  have  been  performed.  Also,  for  these  tests,  knowing  the  act¬ 
ual  fatigue  life,  the  probability  distribution  of  the  closed  hysteresis  loops 
over  the  entire  history  can  then  be  easily  obtained. 

For  each  test  a  straight  line,  tangent  to  the  strain-life  curve  or  the  Smith 
Parameter-life  curve,  is  constructed  to  satisfy  Miner’s  theory,  i.e.  J  n^/N^  “ 
1.0.  A  family  of  lines  is  obtained, out  of  which  an  "average"  line  has  been 
chosen  for  fatigue  life  predictions.  It  is  of  great  importance  to  mention 
here  that  if  the  usual  life  curves  before  modification  had  been  used  for  fat¬ 
igue  life  evaluation,  they  would  have  resulted  in  large  non-conservative  errors. 

Axially  loaded  smooth  specimens  of  Van-80  steel  have  been  tested  to  failure 
using  2-strain  levels  and  4-strain  levels  histories  with  different  strain  ampli¬ 
tudes  and  different  probabilities.  Life  predictions  were  made  using  the  pro¬ 
posed  modified  strain-life  curve  and  modified  Smith  Paramater-life  curve  prior 
to  testing  a  number  of  specimens.  The  actual  lives  are  within  a  range  of  0.81 
to  1.68  of  the  predicted  lives  when  using  the  modified  strain-life  curve  and 
within  a  range  of  0.89  to  1.40  when  using  the  modified  Smith  Parameter-life 
curve . 

During  the  course  of  this  investigation,  it  has  come  to  light  that  the  loading 
programmes  considered  may  not  only  in  themselves  have  merit  (as  they  may  be 
appropriate  models  for  practical  situations  of  some  significance)  but  that  in 
addition  they  have  great  pedagogical  value  for  any  one  concerned  with  the  dev¬ 
elopment  of  a  sound  theory  of  stochastic  fatigue. 


NOMENCLATURE 

Ac  Strain  range  for  the  closed  hysteresis  loop. 

a  Max  positive  stress  for  the  closed  hystere- 

max  ,  , 


E  Modulus  of  elasticity. 

it  Probability  assigned  for  the  1th  strain 
level . 

k  Length  of  the  loading  programme  in  terms  of 
strain  peaks. 
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N  Tin.'  expected  number  of  strain  peaks  the 
material  can  resist  under  the  stochastic 
loading  programme. 

D/A  Digital  to  analog  converter. 

A/D  Analog  to  digital  converter. 

o'  Fatigue  strength  coefficient, 
r 

b  Fatigue  strength  exponent, 
t'  Fatigue  ductility  coefficient, 
e  Fatigue  ductility  exponent. 

MATERIAL  AND  SPECIMENS 

For  tills  study,  a  Van-80  steel*  was  used. 
The  monotlc  and  cyclic  stress-strain  curves  are 
shown  In  Fig.  1.  Figs.  2  and  3  show  the  fati¬ 
gue  life  behaviour  of  smooth  specimens.  Fig.  4 
shows  the  shape  and  dimensions  of  the  used 
smooth,  unnotched,  plate-specimens. 

TEST  EQUIPMENT  AND  CONTROL 

All  tests  have  been  performed  in  the  Fati¬ 
gue  Laboratory  of  the  University  of  Waterloo 
using  an  MTS  electro-hydraulic  servo  controlled 
machine.  For  random  histories  or  experiments 
using  variable  amplitude  load  or  strain  wave¬ 
forms,  tests  have  been  controlled  by  a  digital 
process  control  computer,  operating  in  conjunc¬ 
tion  with  an  analog  computer.  The  computer  pro¬ 
gramme  which  reconstructs  the  stochastic  his¬ 
tories  has  been  stored  in  the  digital  computer. 
The  series  of  strain  peaks  are  sent  one  at  a 
time  through  the  D/A  converter  to  the  analog 
computer's  ramp  generation  circuit. 

Upon  completion  of  the  ramp  (the  strain 
peak) ,  the  computer  can  read  a  strain  response 
into  the  memory  prior  to  the  transmission  of  the 
next  peak  to  the  D/A  converter. 

Test  environment  consisted  of  room  temper¬ 
ature  of  a  relative  humidity  between  30  and 
70  per  cent. 

MODELS  FOR  THE  DISTRIBUTION  OF  THE  HYSTERESIS 
LOOPS  AND  LIFE  PREDICTION  FOR  A  MATERIAL  WITH 
IDEAL  ELASTO-PLASTIC  BEHAVIOUR,  SUBJECTED  TO  A 
STOCHASTIC  LOADING  PROGRAMME  WITH  A  FINITE 
NUMBER  OF  STRAIN  LEVELS 

A  Model  for  Two-Strain  Levels 

For  this  model  a  material  is  considered 
which  is  subjected  to  a  sequence  of  k  strain 
peaks  randomly  chosen  from  two  possible  values, 
c[  <  0  <  e2,  with  corresponding  probabilities 
iij,  n2;  it,  +  itj  **  1.  The  values  of  | e ^ (  ( 1**1 ,2) 
are  taken,  In  this  model,  to  be  large  enough  to 
lay  in  the  plastic  domain  of  the  material,  Fig. 

5.  In  this  case,  three  different  kinds  of  clo¬ 
sed  loops  hj,  h2,  h3  are  observed  as  indicated 
in  Fig.  6,  where  h3  may  be  generated  in  two  dif¬ 
ferent  ways  as  shown.  It  is  to  be  noted,  that 

*  Product  of  Midland  Steel  Company. 


the  state  of  zero  strain  is  here  considered  as 
a  certain  event  occurring  after  every  strain 
peak.  This  is  only  a  slight  restriction  of  gen¬ 
erality  as  any  other  prescribed  value  between  t] 
and  c2  could  have  been  chosen  as  the  "rest 
state"  without  any  change  in  the  following  deri¬ 
vation'.  However,  if  no  "rest  state"  would  be 
defined,  an  uncountable  set  of  possible  closed 
loops  would  have  been  obtained.  Therefore,  such 
a  situation  will  be  ruled  out  henceforth. 

Let  Pk(Ro),  Pg(Ri),  pk(R2)  denote  the  prob¬ 
abilities  that  after  k  strain  peaks,  the  mater¬ 
ial  is  left  in  the  "rest  states"  R0,  Rj ,  R2 
respectively. 

These  probabilities  are  given  by  the  fol¬ 
lowing  equations: 

Pk(R0)  -  0  ,  11) 

VR1>  “  *1  >  (2) 

Pfc(R2)  "  ”2  '  (3) 

V 

For  the  2  possible  loading  programmes  with 
k  peaks,  the  expected  number  of  those  programmes 
leading  the  material  into  the  "rest  state"  Rj 
has  been  denoted  by  Nk(Rj),  which  is  given  by: 

Nk(R,)  -  2k  Pk(Ri)  -  2k  itj,  (4) 

Vr2>  *  2k  Pk(R2)  “  2k  *2  • 

Let  HjJh^),  (i  -  1,2,3),  denote  the  expec¬ 
ted  number  of  programmes  of  length  k  finishing 
with  an  hj-loop.  Hk(h^)  may  be  obtained  by 

Hk(hj)  -  2  N^j/Rj),  (6) 

Hk(h2)  -  2  tt2  Nk_2(R2),  k  -  1,2,3 .  (7) 

A  relationship  involving  Hk(h3>  is  not 
easily  derived.  For  this  reason  the  h3-loops 
will  be  split  into  their  two  positive  and  neg¬ 
ative  reversals  denoted  by  h"$  and  h3.  Instead 
of  counting  events  corresponding  to  h3,  this 
will  be  done  with  respect  to  h1|  and  h3: 

Hk(ht>  -  2  m2  N^jCRj),  (8) 

Hk(h3)  -  2  mj  Nk_i(R2),  k  -  1,2,3 .  (9) 

Substituting  from  (4)  and  (5)  into  (6) 


through 

(9) 

yields 

Hk(hj)  - 

2k 

(*l)2. 

(10) 

Hk(hj)  - 

2k 

("2)2. 

(11) 

Hfc(ht)  - 

2k 

^1*2  • 

(12) 

Hk(h3)  - 

2k 

*1*2.  R  “  1,2,3,.. 

(13) 

Hk(h'3)  is  the  expected  number  of  programmes 
of  length  k  finishing  with  the  half  of  an  h3- 
loop,  and  must  not  be  confounded  with  Hk(h3). 
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SMITH  PARAMETER,  l«_.TLEH.  MPa  2  STRESS,  MPo 


CYCLIC 


•  -  TOTAL  STRAIN 
■  -  CLASTIC  STRAIN 
A -PLASTC  STRAIN 


< 


Fig.  6  -  The  Three  Possible  Kinds  of  Closed 
Loops 


H^(h 3)  is  given  by: 

Hk(hi)  >  HkO>t)  +  Hk(hj) 

*  2*C+1  it j tt2 »  k  -  1,2,3,...  .  (14) 


Let  Nk(h3)  be  the  expected  number  of  half 
h3-loops  contained  in  2^  possible  loading  pro¬ 
grammes  of  length  k.  Nk(h3)  is  determined  by 
the  following  recursion  formula: 


Nk(h^)  -  2  Nk  l(h3)  +  Hk(h-3),  k  -  1,2,3,...  ,(15) 


contained  in  such  a  programme  is  then 

1  *  1  \(h±3> 

nk(h3>  "  2  •  \(3>  "  2  ~f~ 

-  it jit2 (k  -  1),  k  ■  1,2,3,...  .  (19) 

Let  Nk(hj),  i  -  1,2,  be  the  expected  numbers  of 
hi-loops  contained  in  2k  possible  loading  pro¬ 
gramme  of  length  k  peaks.  These  two  quantities 
satisfy  the  same  recursion  formula  which  jlready 
has  been  used  for  the  computation  of  Nk(hp , 


with  the  Initial  condition 


N^h-)  -  0. 

The  solution  of  (15),  (16)  is 

Vh3>  *  \  2k'uH(hp, 


(16) 

(17) 


W  “  2  Nk-l(hi)  +  W*  1  *  l>2 

k  -  1,2,3,..  ,(20) 
with  the  same  initial  condition: 

N1(h1)  -  0,  i  -  1,2.  (21) 

Solving  (20),  (21)  yields 


or,  with  the  aid  of  (14), 

+.  IfX  1 

N  Or3)  -  2*  tt1tr2(k  -  1),  k  -  1,2,3,...  .  (18) 

Let  nk(h3)  be  the  expected  number  of  half  h3- 
toops  contained  in  one  loading  programme  of  len¬ 
gth  k.  The  expected  number  nk(h3)  of  h3-loops 


N|((h1)-  2k(k-l)(r1),  1-1,2 

k-  1,2,3,...  .  (22) 

Again,  the  expected  numbers  nk(hp,  i  «  1,2,  of 
the  hj-loops  contained  in  a  loading  programme  of 
length  k  peak  are 
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nk(hJ)  -  (k-l)(*()2,  i  -  1,2 

k  -  1,2.3 .  (23) 


The  quantities  obtained  by  equations  (19) 
and  (23)  are  not  stationary.  However,  the  small 
non-stat tonary  effect  which  tends  to  zero  when 
!<  -►'»  can  be  neglected,  and  the  following  asym¬ 
ptotic  formulas  may  be  obtained: 


nk(hj)  -  k (tt  j )  2  , 
nfc(h- )  -  k(7T2)2, 


(24) 


nk(h3)  -  k  ttjitj,  k  -  1,2,3,... J 

Recall  n^dij),  i  »  1,2,3),  is  the  expected 
number  of  h^-loops  contained  in  a  loading  pro¬ 
gramme  of  length  k  strain  peaks. 


If  the  evaluation  of  the  damage  Is  based 
upon  the  assumption  that  all  hysteresis  loops 
with  the  same  characteristics  will  cause  the 
same  amount  of  damage.  Miner's  theory,  [1],  can 
be  used  to  predict  the  mean  life  N  associated 
with  the  prescribed  loading  programme.  It  is  of 
great  value  to  emphasize  here  that  Miner's  rule 
is  only  a  mathematical  tool  which  is  recognized 
to  be  valid  from  a  probabilistic  point  of  view, 
[2],  and  it  is  not  responsible  for  the  damage 
evaluation  but  it  only  adds  up  the  accumulated 
damag’e  that  has  been  estimated  according  to  any 
chosen  damage  parameter. 


3 

l 

i-1 


According  to  Miner's  theory, 

w  _ , 


from  which  together  with  (24)  follows 
r  rj2  tt22  ir17t2l 

N-k-  +  *r  +  id  * 


(25) 


(26) 


where  Nj,  (i  »  1,2,3),  denotes  the  mean  life 
corresponding  to  a  loading  programme  containing 
only  hj-loops.  Nj  has  to  be  determined  exper¬ 
imentally  which  proved  to  be  extremely  difficult 
due  to  the  mean  stress  relaxation  especially  for 
hysteresis  loops  with  some  plasticity  and  this 
will  lead  to  other  methods  for  finding  N^. 


A  Model  for  Four-Strain  Levels 


This  model  has  been  studied  by  Philippin 
and  Leipholz  [3]  and  by  Philippin,  Topper  and 
Leipholz  [4 )  for  which  an  ideal  elasto-plastic 
material  has  been  considered  subjected  to  a 
stochastic  loading  programming  consisting  of  a 
sequence  of  strain  peaks,  randomly  chosen  from 
four  possible  values  e_p  <  e_j  <  0  <  Cj  <  €2 
with  corresponding  probabilities  ir^, 

+2 

l  it  -  1.  (27) 

1—2 
1)»0 

In  this  model,  the  strain  level  zero  is  consid¬ 


ered  co  be  a  certain  event  occurring  after 
every  strain  peak  of  the  loading  programme. 

The  material  under  consideration  is  supposed  to 
be  initially  in  the  state  of  rest  Rg,  Fig.  7. 
The  only  condition  to  be  satisfied  with  respect 
to  theJ  values  of  the  possible  strain  levels  cj 
is  that  the  different  kinds  of  possible  closed 
hysteresis  loops  registered  in  a  stress-strain 
diagram  of  the  material  are  consistent  with  the 
map  in  Fig.  7. 


In  this  situation,  five  states  of  rest  de¬ 
noted  by  R-j,  i  -  -2,..., +2,  are  observed.  The 
number  of  different  kinds  of  possible  closed 
hysteresis  loops  is  16,  as  shown  in  Fig.  8. 

Among  these  different  kinds,  13  are  degenerated, 
i.e.,  their  corresponding  surface  areas  are 
zero.  They  will  be  denoted  by  h(i,j)  or  by 

h(i,j,-j).  i.j  “  -2 . +2,  where  i  indicates 

that  they  are  bom  from  the  state  of  rest  Rj, 
indices  j,  -j  indicate  the  strain  peaks  e  j ,  e_j 
responsible  for  their  creation.  The  three  re¬ 
maining  loops  containing  a  non-zero  surface  area 
will  be  denoted  by  h(a),  a  “  0,±2,  The  values 
a  *  ±1  will  be  used  to  designate  the  two  posi¬ 
tive  and  negative  reversals  which  built  the 
h(0)-loops.  If  the  same  kind  of  loops  can  be 
generated  in  two  different  ways,  that  is  the 
case  for  h(i,i),  i  ■  ±1,  one  of  them  will  be 
marked  by  a  star.  Fig.  8  shows  the  location  of 
these  loops  in  a  stress  strain  diagram. 


A  similar  procedure  to  that  used  previous¬ 
ly,  makes  it  possible  for  the  authors  to  rigor¬ 
ously  evaluate  the  probability  distribution  of 
hysteresis  loops  collected  in  classes  of  equal 
damaging  events.  The  so  obtained  probability 
densities  have  then  been  used  in  Miner's  theory 
yielding  the  mean  life  N  of  a  specimen  subjected 
to  the  described  stochastic  loading  programme  as 


N  - 


(28) 


where  the  Ej,  i  *  1,...,16,  are  given  in  Table 

1. 


Recall  that  N  is  defined  as  the  expected 
number  of  strain  peaks  the  material  can  resist 
under  the  stochastic  loading  programme,  while 
the  mean  life  Nt  is  the  expected  number  of  hj- 
loops  the  material  can  resist  under  application 
of  the  loading  programme  containing  only  hj- 
loops. 

LOAD  PROGRAMME  SIMULATION  USING  THE  MONTE  CARLO 
TECHNIQUE 

The  Monte  Carlo  technique  has  been  used  to 
reproduce  the  described  stochastic  loading  pro¬ 
grammes  with  two-strain  and  four-strain  levels. 
For  the  sake  of  illustration,  consider  a  sto¬ 
chastic  loading  programme  of  k  strain  peaks  ran¬ 
domly  chosen  from  the  four  possible  values 
c_j  <  e_j  <  0  <  cj  <  t2  with  corresponding  prob¬ 
abilities  Xf,  where 
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1 


+2 

7  - 

l— 2 
it  0 


(29) 


Let  f  he  ii  discrete  random  variable  having  the 
probability  and  cumulative  distributions  as 
shown  in  Table  2. 


Fig.  7  -  A  Model  for  Four  Strain  Levels 


Fig.  8  -  The  Sixteen  Different  Kinds  of  Closed 
Loops 
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Table  1 


e 

p(e) 

F(e) 

Simulation 

Numbers 

C-2 

0.20 

0.20 

0.00  -  0.20 

C-1 

0.40 

0.60 

>0.20  -  0.60 

El 

0.15 

0.75 

>0.60  -  0.75 

C2 

0.25 

1.00 

>0.75  -  1.00 

Table  2 

A  Monte  Carlo  simulation  of  this  distribu¬ 
tion  can  be  performed  by  comparing  a  sequence  of 
random  numbers  to  the  simulation  numbers  in  the 
last  column  of  the  table  above.  The  mechanics 
of  this  technique  is  demonstrated  in  Fig.  9. 
Notice  that  the  proportion  of  simulation  numbers 
for  each  c  value  corresponds  to  the  probability 
associated  with  that  e  value.  Fig.  10  shows 
samples  of  the  reproduced  load  programmes.  For 
this  simulation,  as  many  random  numbers  as  the 
desired  size  of  the  simulated  sample  are  needed. 
A  computer  routine  has  been  used  to  generate  the 
required  number  of  random  numbers.  Several  such 
generators  have  been  developed  and  described  in 
[5].  The  generated  RN’s  should  be  uniformly 
distributed  over  the  interval  0.0  •*  1.0.  The 
goodnoss-of-fit  of  this  uniform  distribution  has 
been  checked  and  accepted  using  the  chi-squared 
test. 
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Several  attempts  were  made  to  predict  fatigue 
liver  using  the  strain  range,  Ae,  as  the  damage 
parameter  and  the  strain-life  curve  to  determine 
the  corresponding  Nj  values,  but  large  non¬ 
conservative  errors  did  occur.  Other  attempts 
for  fatigue  life  predictions  were  made  using  the 
Smith  Parameter-life  ^urve,  [6],  which  accounts 
for  the  mean  stress  effects  but  which  still 
yielded  large  non-conservative  errors  of  magni¬ 
tude  up  to  three  times  that  of  the  actual  life. 
These  large  errors  are  due  to  the  sequence  and 
interaction  effects. 


Fig.  9  -  Relationships  of  e,p(e),  F(e)  , 

Simulation  Numbers  and  Random  Numbers 


Fig.  10  -  Sample  of  the  Reproduced  2-Levels  and 
4-Levels  Histories 


MODIFIED  LIFE  CURVES 


As  mentioned  before,  it  was  difficult.  If  not 
Impossible,  to  determine  the  Nj  values  (Equa¬ 
tions  26  and  28)  experimentally  due  to  the  ef¬ 
fect  of  mean  stress  relaxation. 


The  preceding  discussion  suggests  therefore 
the  introduction  of  so  called  modified  life 
curves  from  which  the  N^  values  can  be  obtained 
more  accurately  so  that  the  subsequent  life  pre¬ 
diction  can  be  carried  out  in  a  more  realistic 
way. 


Eight  tests  have  been  performed  with  two 
and  four-strain  levels.  For  these  tests,  the 
actual  lives  are  known,  and  the  probability  dis¬ 
tribution  of  the  closed  hysteresis  loops  over 
the  entire  history  could  easily  be  obtained 
using  equation  (24)  and  the  values  of  Table  1. 
For  each  test,  a  straight  line  tangent  to  the 
strain-life  curve  or  to  the  Smith  Parameter-life 
curve  was  constructed  as  to  satisfy  Miner’s 
rule,  i.e.  E  nj/Ni  ■  1.  A  family  of  lines  was 
obtained  in  this  way  out  of  which  an  "average" 
line  was  chosen  for  fatigue  life  predictions. 
Fig.  11  and  Fig.  12  show  this  family  of  lines 
as  well  as  the  average  lines  used  for  life  pre¬ 


diction. 


Fig.  11  -  Family  of  Lines  Satisfying  Miner’s 
Rule 
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RESULTS  TOR  2 -STRAIN  LEVELS  HISTORIES 


Fig.  12(a)  -  Modified  Strain-Life  Curve 


o 


Fig.  12(b)  -  Modified  Smith  Parameter-Life  Curve 


LIFF.  PREDICTIONS  AND  RESULTS 

Axially  loaded  smooth  specimens  of  Van-80 
steel  have  been  tested  to  failure  under  strain- 
controll  conditions.  Seventeen  tests  were  per¬ 
formed  using  two-strain  levels  and  four-strain 
levels  histories  with  different  strain  ampli¬ 
tudes  and  different  probability  distributions. 
The  data  and  results  of  these  tests  are  shown  in 
Tables  3  and  4,  and  in  Fig.  13  and  14.  Life 
predictions  were  made  prior  to  these  tests  using 
the  proposed  modified  strain-life  curve  and  the 
modified  Smith  Parameter-life  curve.  The  actual 
lives  from  these  tests  are  within  a  range  of 
0.81  to  1.68  of  the  predicted  lives  when  using 
the  modified  strain-life  curve  and  within  a 
range  of  0.89  to  1.40  when  using  the  modified 
Sr.,ith  Parameter-life  curve. 

CONCLUDING  REMARKS 

The  main  idea  of  this  investigation  was, 
firstly,  to  choose  degenerated  random  load  his¬ 
tories  which,  simple  as  they  are,  have  made  it 
possible  to  rigorously  predict  the  distribution 
of  the  closed  hysteresis  loops  over  the  entire 
history.  These  load  histories  have  been  repro¬ 
duced  using  the  Monte  Carlo  technique,  and  the 
probability  distributions  have  been  checked  for 
the  goodness-of-f it  using  the  chl-squnr«'d  test. 
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RESULTS  FOR  A  -  STRAIN  LEVELS  HISTORIES 
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Test 

Probability 

Distribution  N  enperlaent 

N  predicted 
f Tom  Mod. 

S-N  Curve 
(strain  peaks) 

N  predicted 
fr«  Mod. 

Salth- life  Curve 
(strain  peaks) 

*1 

!  ! 

Strain  Levels 

cj  •  -0.35,  c  j  •  *0.35 

. 

0.20 

;o.ao  :  100.792 

72,748 

84,178 

* 

o.so 

i  ! 

0.50  96,492 

S7.273 

71,029 

Strain  levels 

»‘-0.4\,  cj  •  *0.45 

i 

1 

o.so 

O.SO  i  22,48’ 

23,743 

24,920 

< 

0.30 

i 

0.70  j  25.304 

26,284 

22,260 

5 

0.70 

0.30  j  3b,34S 

26,284 

27,703 

Strain  levels 

Ci  •  -0.55,  Cj  •  *0.5^ 

1 

1 

O.50 

O.SO  11,04b 

12,014 

11,726 

_ 

Table  3 


Test 

f 

Probability 

Distribution 

N  experiaent 
(strain  peaks) 

N  predicted 
from  Hod. 

S-N  Curve 
(strain  peaks) 

N  pradicted 
fro.  Mod. 
Salth-life  Curve 
(strain  peaks) 

*» 

’* 

- 

•» 

Str 

ain  Levels 

‘J 

•  • . 

3%.  c 

1  • 

-.15 

«l 

•  ♦, 

1%.  « 

- 

.  35 

1 

0.2S 

0.10 

0.34 

0.25 

157.476 

103.576 

112,553 

2 

0.10 

0.30 

0.20 

0.40 

131,500 

121.994 

106,798 

i 

0.40 

0,20 

0.30 

0.10 

144,989 

121.994 

165.492 

Strain  Levels 

‘-2 

•  -.4%,  c 

1  ■ 

-.15 

•  ».H,  t 

• 

►  .45 

4 

0.1S 

0.10 

0.11 

0.20 

49.486 

61,747 

55.854 

S 

0.10 

0.30 

0.10 

0.40 

50,648 

53,475 

42,550 

6 

0.40 

1 

0. 20 ; 0.50 

0.10 

73,209 

53,475 

73,795 

7 

0.40 

0. 20 i 0.30 

0.20 

13,728 

53,475 

80.31S 

• 

0.10 

0.M 

0.20 

0.40 

— 

59,839 

53,475 

46,565 

Strain  Levels 

4-2 

■  -.5%.  c. 

1  * 

*1 

■  »,!%,  i] 

•  *.11 

9 

0.25 

0.20 

0.M 

0.2S 

21,803 

22,903 

21,978 

10 

0.15  0.35 

0.35 

0.15 

42,860 

it.ui 

59,580 

11 

0.2$ 

0.25 

0.25 

0.25 

25,960 

12,772 

25,650 

_ i 

- 1 

The  modified  life  curves  have  proved  to  be 
very  helpful  In  getting  sufficiently  accurate 
life  predictions.  It  seems  to  be  the  case  that 
the  modified  curves  can  be  obtained  from  the 
common  life  curves  by  constructing  the  tangent 
to  these  curves  at  the  "transition  life".  But 
this  assertion  has  to  be  confirmed  through  fur¬ 
ther  investigations  and  using  different  mater¬ 
ials. 

During  the  course  of  this  research,  it  has 
become  very  clear  that  the  damage  process  should 
not  be  categorized  as  an  interaction-free- 
process.  In  other  words,  the  assumption,  that 
the  damage  caused  by  any  group  of  cycles  does 
not  depend  on  the  previously  acquired  damage,  is 
certainly  not  a  valid  one. 

Finally,  one  should  not  try  to  modify 
Miner's  rule,  which  is  only  a  mathematical  tool, 
but  one  should  better  try  to  find  an  appropriate 
means  of  evaluating  the  damage  during  the  pro¬ 
cess  of  random  fatigue. 
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propriate  evaluation  of  the  damage. 


[4]  Philippin,  C.A.,  Topper,  T.H.  and  Leipholz, 
K.H.E.,  "On  Mean  Life  Evaluation  of  a 
Material  with  Ideal  Elasto-Plastic  Be¬ 
haviour,  Subjected  to  a  Stochastic  Load¬ 
ing  Programme  with  a  Finite  Number  of 
Strain  Levels",  Bulletin  47,  The  Shock  and 
Vibration  Information  Center,  Naval  Re¬ 
search  Laboratory,  Washington,  D.C.,  1977. 

[5]  Hull,  T.E.,  and  Dobel,  A.R..  "Random  Num¬ 
ber  Generators",  SIAM  Review,  4:3,  July 
1962. 


If  these  two,  above  mentioned  points,  are 
observed.  Miner's  rule,  which  is  only  a  mathe¬ 
matical  tool,  [2],  can  then  safely  be  applied  to 
predict  life. 
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ABSTRACT 

Customary  calculations  of  time  to  failure  under  random  loading  have  been  based  on 
three  concepts:  (1)  Miner's  Cumulative  Damage  Theory;  (2)  the  loading  is  narrowband 
random  giving  complete  stress  reversals  between  successive  extrema  which  are  Rayleigh 
distributed;  and  (3)  the  tr-N  curve  may  be  defined  by  N<rb  =*  c. 

This  paper  is  an  extension  of  previous  analyses  by  Miles,  and  by  Curtis,  Tinling  and 
Abstein  to  determine  the  increase  in  average  time  to  failure  which  may  be  expected  due 
to:  (I)  the  absence  of  stresses  in  excess  of  ±35  and  (2)  the  lack  of  fatigue  damage  for  stress 
reversals  less  than  the  endurance  limit.  The  increase  due  to  the  latter  factor  is  given  as  a 
function  of  the  ratio  of  the  endurance  limit,  ar.  to  the  RMS  stress,  5,  for  three  typical 
values  (if  the  slope,  b,  of  the  ir-N  curve.  The  increase  in  time  is  presented  as  the 
dimensionless  ratio  of  the  time  without  consideration  of  these  effects  to  the  time  with 
them  included. 

INTRODUCTION 

Customary  calculations  of  time  to  failure  under  ran¬ 
dom  loading  have  been  based  on  three  concepts: 

1  Miner's  Cumulative  Damage  Theory; 

2.  the  loading  is  narrowband  random  giving  com¬ 
plete  stress  reversals  between  successive  extrema 
which  are  Rayleigh  distributed;  and 

3.  the  <7-N  curve  may  be  defined  by  Nit1’  =  c. 

The  second  concept  permits,  mathematically,  an  infi¬ 
nite  crest  factor  while  the  third  factor  implies  that  no 
stress  amplitude  is  too  small  to  not  cause  cumulative 
damage,  i.e.,  the  endurance  limit  is  zero.  Both  these  con¬ 
cepts  lead  to  pessimistic  estimates  of  the  average  time  to 
failure.  First,  analysis  and  test  are  generally  based  on  a 
crest-factor  of  three  or,  in  more  common  terms,  the  distri¬ 
bution  of  peaks  is  limited  to  no  more  than  ±35.  Secondly, 
certain  materials,  particularly  ferrous  metals,  do  exhibit 
distinct  endurance  limits  under  sinusoidal  loading. 

This  paper  is  an  extension  of  previous  analyses  by 
Miles  (Ref.  I),  and  by  Curtis,  Tinling  and  Abstein  [Ref.  2] 
to  determine  the  increase  in  average  time  to  failure 
which  may  be  expected  due  to:  (I)  the  absence  of  stresses 
in  excess  of  ±35  and  (2)  the  lack  of  fatigue  damage  for 
stress  reversals  less  than  the  endurance  limit. 

MATHEMATICAL  DERIVATION 

The  average  time  to  failure  under  random  loading  can 
be  calculated  from  the  following  three  fundamental 
relationships: 

I  Miller's  Rule  tor  Cuimilalire  Piimagr.  This  rule  postu¬ 
lates  that  failure  will  occur  when  the  sum  of  the 
cycle  ratios  equals  a  constant  I),  i.e. 


where: 

R;  -  number  of  cycles  at  stress  amplitude  <i, 

Ni  =  number  of  cycles  to  failure  at  stress  ampli¬ 
tude  a, 

D,  =  constant  for  constant  amplitude  sinusoidal 
stress,  0.3  <  D,  <  3.0,  average  =*1.0 

Dr  =•  constant  for  random  stress,  0.2  <  D,<  0.67, 
average  =  0.5 

2.  The  random  loading  ha <  a  iiarroict’and  spectrum.  This 
implies  complete  stress  reversals  between  succes¬ 
sive  extrema  (for  zero  average  stress).  Further,  the 
extrema,  i.e.,  peak  stresses,  are  Rayleigh  distri¬ 
buted  (as  shown  in  Figure  1)  defined  by  the  prob¬ 
ability  density  function: 


o/o 


Flows  1.  Rayleigh  dutntwlion  ol  atiesa  amptnwfea 
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LOGo 


then. 


3.  The  fatigue  curve  of  the  nwferi.il  may  be  expressed 
as: 

Nit1'  -■  c,  <r  .*  o,  (3) 

where: 

N  —  number  of  cycles  to  failure  at  sinusoidal 
stress  amplitude  a 
n  —  stress  amplitude  (peak  stress) 
a,  —  endurance  limit 

c.  b  —  constants,  3  -  b  r-.  23,  average  b  —  9 
This  expression  is  plotted  in  Figure  2. 


LOG  N 


Figure  2.  Typical  o-N  fatigue  curve  with  endurance  limit  it, 
and  slope  —  1/b. 

A  modified  expression  of  Miner's  Rule  for  narrow- 
band  random  loading  is: 


”n» 

>.-  I  I  /.S(i)r(f) 

•  1  ~  r»_  it 

> "  > "  (4) 


where: 

it,,,  —  the  maximum  stress  amplitude 
f,  =  the  center  frequency  of  narrowband  spectrum 
T  —  cumulative  time  of  loading. 


It  is  assumed  that  the  random  loading  is  limited 
("clipped")  to  a  maximum  value  r i„Ja,  typically  t  3,  and 
that  stress  cycles  below  the  endurance  limit  do  not  con¬ 
tribute  to  cumulative  damage. 

Previous  analyses  [References  1  and  2]  have  been  per¬ 
formed  for  om  -  oo  and  it,  *  0,  i.e.,  no  limiting  of  the 
Rayleigh  distribution  and  zero  endurance  limit.  The  fol¬ 
lowing  analysis  does  not  employ  these  restrictions. 

If  an  equivalent  cyclic  stress  amplitude  it'  is  defined 
such  that  the  damage  accumulated  in  any  number  of 
cycles  by  it*  is  the  same  as  for  the  random  stress. 


(3) 

< 
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(II) 


Table  I  lists  I';  ,  ((h/2)  I  1)  for  b  .1,  6.5,  9.  25 
further  with  values  of  (1  e  ’  •’)  for  0,10  s"  r  s  4.0  in 
0.1  increments. 


TABLE  1 


r 

T 

,  <T +  »> 

1 

b  -  3.0 

b  -  6.5 

i»  -  4.0 

b  -  25.0 

it  10 

0.0000 

0  0 

0  0 

0 

0.005 

0  20 

0  0000 

0  0 

0  0 

0. 

0020 

0  10 

0  0002 

0  00(3 

0.0 

0. 

0044 

0  40 

0  0007 

0  000 

no 

0. 

0077 

0  50 

0  0020 

0  000 

0  000 

0. 

0  118 

n  «rt 

0  0048 

0  000 

0  000 

0 

0  165 

ii  ru 

0  0100 

0  000 

0000 

0 

0217 

0  so 

0  01  S3 

0  001 

0  000 

0. 

0.274 

0  »»0 

0  0314 

0004 

0  00! 

0. 

0.333 

1  00 

0  04‘>S 

0.008 

0003 

0. 

0  393 

1  III 

0  074r> 

0  017 

0.007 

0. 

0454 

1  20 

0  1065 

0  033 

0.016 

0. 

0.513 

1  10 

0  146(1 

0  054 

0.035 

0. 

0.570 

1  to 

0  |912 

0  094 

0.072 

0. 

0.625 

1  so 

0  2478 

0.150 

0  lit. 

0 

0.675 

1  SO 

0.3002 

0  244 

.  0  241 

0 

0.722 

1-0 

o  i76i 

0  354 

0  411 

0. 

0764 

1  so 

0.4470 

0  510 

0.672 

n 

0.802 

1  00 

0  5227 
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ADJUSTED  TIME  TO  FAILURE 

Let  T,  be  the  average  time  to  failure  for  the  case  when 
r  njn  J  0,  and  n  —  n ,„/5  »  os,  that  is,  for  a  zero 
endurance  limit  and  no  limiting  of  the  maximum  stress. 


Then 

T  _ _ !*. _ 

1  f.  (it  v/2)1' r«b/2)  +  i) 

The  ratio  of  this  time  to  failure  to  the  time  to  failure  with 
a  non-zero  endurance  limit  and  a  peak  stress  cut-off  of 

o  =  ■&„,/ it  “  3  is 

Ti  IVt((t>/2)  111  -  r,a,T  <(b/2>  1  I)  o  ^  3  (J2) 

T  (t  -e  4,1  f((b/2)  +1) 

This  adjustment  to  the  time  to  failure  is  plotted  in  Fig¬ 
ure  3  for  b  =  3,  6.5,  and  9  and  is  tabulated  in  Table  2. 

It  should  be  noted  that  T,/T  is  independent  of  D„  D„ 
c  and  ft. 

EFFECTS  OF  CREST  FACTOR 

The  effects  on  fatigue  life  of  limiting  the  crest  factor 
can  be  inferred  from  Figure  3.  The  intercept  of  the  curves 
with  the  ordinate  axis,  i.e.,  for  aja  =  0,  provides  the 
change  in  fatigue  life  for  a  typical  crest  factor  of  3  com¬ 
pared  to  the  theoretical  infinite  value.  As  the  slope  of  the 
ff-N  curve  becomes  steeper  (larger  b),  the  limiting  effect 
becomes  more  pronounced.  For  a  typical  value,  b  —  6.5, 
fatigue  life  increases  to  1/0.63—1  =  0.59,  i.e.,  59  percent. 

EFFECTS  OF  ENDURANCE  LIMIT 

The  effects  on  fatigue  life  as  a  function  of  endurance 
limit  are  shown  in  Figure  3,  for  am/a  “  3  and  b  «■  3.0,  6.5 
and  9.0.  When  <r,/o  =  3.0,  infinite  life  is  achieved  since 
no  stresses  exceed  the  fatigue  limit.  For  small  values  of 


Figure  3.  Tlme-to-failure  tdjuttmtnt  lector 
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TABLE  2. 

Time  To  failure  Adjustment  Factor  T,/T 


T,/T  a. 

,1a  =  3 

/  4T 

b  =  3.0 

b  =  6.5 

|  b  =  9.0 

0.0 
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0.9009 
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,  0.6174 

‘  0.3824 

0.30 

;  0.9008 

0.6174 
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|  0.3824  j 
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070 
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1  40 
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0.1 31 5 
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0.0568 

0  1121 

0.1069 
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0.0263 
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0.0549 

3.00 

0.0 

0.0 

0.0 

little  change  in  fatigue  life  is  observed  since  the 
cumulative  damage  at  small  amplitudes  is  relatively 
insignificant.  As  a, /<T  increases,  a  point  is  reached  where 
the  effect  rapidly  increases  and  the  curves  in  Figure  3 
"nose  over".  It  is  apparent  that  for  smaller  slopes  of  the 
<j-N  curve,  the  effect  of  discounting  the  smaller  cycles 
becomes  significant  at  much  smaller  values  of  a, /a. 

A  representative  value  of  b  —  6.5  is  often  used  to 
estimate  the  effects  of  vibration  level  on  time  to  failure 
and  to  derive  accelerated  tests.  The  rule  of  thumb,  "3  dB 
equals  ten  in  time"  is  based  on  this  value.  For  b  =  6  5, 
limiting  the  stress  to  3o  increases  the  time  to  failure  bv 
59  percent  for  values  of  a, ./a  up  to  approximately  1.5. 
As  a,  In  increases  beyond  1.5,  the  time  to  failure  increases 
rapidly,  becoming  infinite  for  n, /if  =3.0,  since  no 
stresses  now  exceed  the  endurance  limit.  Thus,  if  there  is 
a  known  endurance  limit,  the  above  rule  of  thumb 
should  be  modified  by  use  of  Figure  3.  Unfortunately, 
stresses  are  seldom  known  and  an  endurance  vibration 
level,  e.g.,  endurance  ASD,  is  also  infrequently  available. 
Thus  it  is  difficult  to  obtain  the  value  of  a,./ <7  or  an 
acceleration  equivalent  to  use  Figure  3  quantitatively. 
However,  it  is  evident  that  the  rule-of-thumb,  which 
assumes  a,  =  0,  underestimates  the  time  ratio  for  a  given 
acceleration  level.  In  other  words,  "3  dB  in  level  often 
equals  more  than  ten  in  time." 
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The  information  contained  in  this  paper  demonstrates  that  frequency  re¬ 
sponse  function  data,  normally  acquired  as  a  data  base  for  use  in  devel¬ 
opment  of  empirically  based  mode  shapes,  has  additional  utility.  Com¬ 
parison  and  analysis  of  frequency  response  function  data  sets  obtained 
prior  to  and  after  environmental  tests  of  an  Orbiter  body  flap  have  en¬ 
abled  identification  of  structural  damage  that  had  not  been  detected  by 
conventional  visual,  X-ray,  and  ultrasonic  inspections.  The  analyses 
and  conclusions  reported  in  this  paper  demonstrate  that  specific  dam¬ 
aged  areas  within  a  relatively  complex  structure  can  be  identified  on  a 
timely  basis. 


INTRODUCTION 

Selected  segraen-s  of  the  Shuttle  Orbiter 
structure  have  undergone  acoustic  fatigue  test¬ 
ing  in  the  Vibration  and  Acoustic  Test  Facility 
(VATF)  at  the  Lyndon  B.  Johnson  Space  Center. 

Some  of  the  external  surfaces  of  these  test  spec¬ 
imens  have  been  completely  covered  with  Orbiter 
Thermal  Protective  System  (TPS)  tiles  and  access 
to  the  internal  structure  has  been  very  limited. 
Schedule  motivation  has  prevented  rigorous  in¬ 
spection  of  some  test  specimens  during  the 
course  of  acoustic  fatigue  testing.  As  part  of 
this  fatigue  test  program,  single  point  iandon 
modal  tests  were  conducted  using  a  mini  computer- 
based  system  to  determine  critical  areas  of 
structure  prior  to  beginning  acoustic  tests  and 
changes  in  structural  characteristics  caused  by 
the  acoustic  tests. 

The  use  of  mini  computer-based  modal  anal¬ 
ysis  systems  employing  modern  analog-to-digi tal 
convertors  and  fast  fourier  transforms  provides 
a  tool  that  can  be  used  to  rapidly  develop  engi¬ 
neering  information.  This  paper  illustrates  a 
practical  Application  of  the  utility  cf  such  a 
system,  which  may  not  be  generally  recognized. 
The  information  contained  in  this  paper  demon¬ 
strates  that  frequency  response  function  data, 
normally  acquired  as  a  data  base  for  use  in  de¬ 
velopment  of  empirically  based  mode  shapes,  has 
additional  utility.  Comparison  and  analysis  of 
frequency  response  function  data  sets  obtained 
prior  to  and  after  acoustic  tests  of  an  Orbiter 
body  flap  and  rapid  development  of  mooe  shapes 
enables  identification  of  otherwise  undetected 
structural  changes.  These  changes  were  ob¬ 
served  even  though  the  frequency  response  func¬ 
tion  data  sets  were  obtained  with  acceleration 


measurements  made  directly  on  tile  surfaces, 
not  on  structure  surfaces.  Analyses  and  con¬ 
clusions  reported  in  this  paper  demonstrate 
that  specific  damaged  areas  within  a  relatively 
complex  structure  can  be  identified  on  a  timely 
basis . 

The  specific  testing,  which  provides  the 
basis  for  this  paper,  was  performed  on  a  one- 
half  span  segment  of  the  Orbiter  body  flap  and 
its  associated  forward  fuselage  stub  assembly. 
Test-based  modal  data  is  presented  for  each  of 
two  configurations  before  and  after  exposure  to 
the  acoustic  environment.  This  paper  compares 
these  data  and  identifies  the  conclusions  de¬ 
rived  from  the  comparisons. 

As  a  result  of  these  conclusions,  addi¬ 
tional  detailed  inspections  were  conducted. 

Tiles  were  removed  fr<xn  the  external  surfaces 
and  visual  and  ultrasonic  inspections  were  con¬ 
ducted,  but  no  failures  were  identified.  Based 
on  interpretation  of  modal  test  results,  three 
possible  causes  of  an  observed  frequency  shift 
were  identified  in  a  report  issu1*'*  prior  to  dis¬ 
assembly  of  the  test  specimen.  Sui  quen:  dis¬ 
assembly  disclosed  significant  struc  ral  damage 
and  8ubstant iated  two  of  the  three  causes  pre¬ 
viously  identified. 

TEST  SPECIMEN  DESCRIPTION 

The  specimen  tested  consisted  of  a  one-half 
span  segment  of  an  Orbiter  body  flap  approxi¬ 
mately  3.4  meters  wide,  a  fuselage  stub  assem¬ 
bly,  and  interfacing  actuators.  The  test  speci¬ 
men  is  shown  in  Fig.  1.  The  trailing  edge  assent' 
bly  is  joined  to  the  forward  box  assembly  via 
piano  hinge  joints  and  by  shear  clips  attaching 
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Fig.  1  -  Orb  ice r  body  flap  asst-nh  1  y 


the  actuator  rib  webs  and  stability  rib  webs  to 
Che  rear  spar.  Components  of  the  flap  assembly 
are  illustrated  in  Figs.  2,  3,  4,  and  5.  The  fu¬ 
selage  stub  section  was  bolted  to  a  massive  steel 
billet  having  dimensions  of  241  x  114  x  30  centi¬ 
meters,  which  was  resting  on  the  facility  floor. 
Initially,  the  test  specimen  was  fitted  with 
steel  nonflight-like  actuators  bridging  the  flap 
assembly  to  the  fuselage  stub  assembly.  In  the 
final  test  configuration,  the  steel  actuators 
were  replaced  with  flight-type  actuators  having 
the  full  planetary  gear  system  normally  used  to 
control  the  body  flap  position.  All  exterior 
surfaces  were  composed  of  aluminum  honeycomb  and 
covered  with  TPS  tile.  Interior  structural  ele¬ 
ments  could  not  be  inspected  without  special  ap¬ 
paratus  . 


OPERATIONAL  SEQUENCE 


Environmental  acoustic  and  modal  tests  were 
conducted  on  each  of  the  two  configurations. 
Prior  to  the  acoustic  tests,  a  modal  test  was 
conducted  from  which  frequency  response  function 
data  were  obtained  at  the  numbered  locations 
shown  in  Figs.  6  and  7.  Three  working  days  were 
required  to  acquire  approximately  370  frequency 
response  functions.  Data  acquisition  conditions 
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ACTUATOR  RIO  CONCEPT  (4  REQ  0  PER  FLAP) 


Fig.  3  -  Actuator  rib  construction 


Fig.  4  -  Stability  rib  construction 
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used  in  obtaining  the  frequency  response  func¬ 
tions  were 


Alias  filter  setting 
Sample  rate 
Number  of  ensembles 
Windowing  function 


1 50  her t  s 

500  sampl es/ second 
40 

Hanning 


A  random  force  having  an  overall  value  of 
2.81  newtons  rrrs  was  input  in  the  Z  direction  at 
grid  point  location  25.  The  force  spectrum  was 
flat  from  approximately  7  to  150  hertz  with  no 
significant  peaks  or  valleys  in  the  spectrum. 
With  the  syotem  used,  acquisition  of  frequency 
response  functions  vie1d3  a  function  having  300 
spectral  lines  distributed  from  0  to  150  hertz. 


\r 


Fig.  ft  -  Body  flap  modal  model  (upper  surface) 


F i g .  7  -  Body  flap  modal  model  (lower  surface) 

At  arbitrary  times  during  the  data  acquisi¬ 
tion  operation,  frequency  response  function  mea¬ 
surements  were  repeated  and  compared  to  those 
originally  acquired  to  check  acquisition  system 
performance  and  stability  of  test  specimen 
characteristics.  Overlays  of  originally  mea¬ 
sured  and  repeated  functions  with  original  func¬ 
tions  plotted  as  a  solid  line  and  repeated  func¬ 
tions  plotted  as  dots  are  shown  in  Figs.  8  and 
9.  The  repeatability  shown  in  these  Bode  plots 
is  typical.  Subsequent  to  identification  of  res¬ 
onance  frequences,  mode  shapes  were  generated 
by  extraction  and  storage  of  the  quadrature  com¬ 
ponent  of  the  measured  frequency  response  func¬ 
tion  at  the  resonance  frequencies.  Other  meth¬ 
ods  of  modal  coefficient  derivation  are  avail¬ 
able  to  reduce  residual  contribution  of  one  mode 
on  another,  but  they  are  time  consuming  and  ex¬ 
perience  has  shown  that  simple  quadrature  com¬ 
ponent .  extraction  produces  results  compatible 
with  test  program  objectives.  Analyses  of  these 


data  were  completed  during  preparation  of  acous¬ 
tic  testa  without  any  effect  on  teat  schedules. 
One  sequence  of  acoustic  tests  was  then  com¬ 
pleted  and  an  abbreviated  set  of  modal  data  was 
obtained  for  analysis  and  comparison  to  the  pre¬ 
ceding  data  set.  Subsequently,  testing  of  the 
configuration  having  dunmy  actuators  was  term¬ 
inated  and  the  specimen  was  returned  to  the 
manufacturer  where  it  was  partially  disassem¬ 
bled,  inspected,  and  fitted  with  flight  actua¬ 
tors.  The  TPS  tile  installation  on  the  speci¬ 
men  surfaces  was  modified  and  the  test  specimen 
returned  to  the  VATF  for  additional  testing. 

A  complete  modal  test  was  conducted  followed  by 
a  complete  sequence  of  acoustic  tests  and  an  ab¬ 
breviated  set  of  modal  data  was  again  obtained. 
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Fig.  8  -  Frequency  response  function  measurement 
repeatability  location  18Z- 
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Fig.  9  -  Frequency  response  function 
repeatability,  location  27.- 


MODE  SHAPE  DESCRIPTION 

The  first  three  modes  of  the  body  flap  test 
specimen  are  described  as  follows. 

Mode  1  -  The  body  flap  has  a  cantilever  mo¬ 
tion  with  the  flap  assembly  pivoting  on  a  center 
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line  through  the  two  actuators.  All  elements  of 
the  flap  assembly  are  in  phase  with  one  another 
and  moving  as  a  rigid  body  with  little  or  no 
evidence  of  elastic  body  deformation  in  the 
flap  structure.  Moments  associated  with  this 
motion  are  reacted  by  the  actuators  that  bridge 
the  flap  and  fuselage  billet. 

Mode  2  -  The  flap  assembly  is  in  torsion 
with  a  node  line  running  chordwise  approximate¬ 
ly  midway  between  the  two  actuator  ribs. 

Mode  3  -  The  first  spanwise  bending  of  the 
body  flap  section  has  the  outboard  and  inboard 
ends  in  phase  with  one  another  and  the  center 
of  the  specimen  out  of  phase  with  the  ends.  Two 
chordwise  node  lines  lie  on  the  actuator  ribs. 

Undefonned  views  of  the  modal  model  are 
shewn  in  Figs.  6  and  7.  Modes  1,  2,  and  3  are 
shown  in  Figs.  10,  11,  and  12. 

In  these  mode-shape  illustrations,  the 
dashed  lines  represent  undeformed  structure  and 
the  solid  lines  represent  the  deformed  shape. 
Note  that  of  the  three  modes  discussed  previous¬ 
ly  only  one  (the  third)  does  not  involve  motion 
of  the  actuator  ribs.  The  first  and  second 
modes  involve  actuator  rib  motion  and  their  re¬ 
sonance  frequencies  are  obviously  dependent  on 
the  stiffness  of  the  load  path  between  the  flap 
and  the  fuselage  stub.  The  third  mode  does  not 
involve  actuator  rib  motion  and  its  frequency 
is  obviously  dependent  on  spanwise  stiffness  of 
the  flap  assembly.  The  mode  shapes  shown  by 
graphs  in  Figs.  10,  11,  and  12  are  those  derived 
from  data  measured  in  the  configuration  having 
flight-type  actuators. 


Fig.  11  -  Second  model  -  torsion  of  assembly 


Fig.  12  -  Third  mode  -  spanuise  bending 

PRE-POSTACOUSTIC  TEST  MODAL  DATA  EVALUATION 

Comparisons  of  the  first  three  modal  fre¬ 
quencies  of  the  test  specimen,  given  in  Table 
1,  are  based  on  data  obtained  at  the  follow¬ 
ing  times:  1)  preceding  the  first  acoustic 
test  sequence  with  duniny  actuators,  2)  after 
the  first  acoustic  test  sequence,  3)  preceding 
acoustic  tests  with  flight-type  actuators,  and 


Fig.  10  -  First  mode  -  cantilever 


TABLE  1 


Modal  Frequency  Comparison 


1  Motto 

No . 

Motto 

Doscri pt ion 

Conf i gurat ion/Tcst  Phase 

|| 

Dummy  Actuators 

Flight  Actuators 

■ 

Preacous  t i c 
Frequency  (Hz) 

Postacoustic 
Frequency  (Hz) 

Preacoustic 
Frequency  (Hz) 

Postacoustic 
Frequency  (llz) 

i 

Cant i lever 

oc 

tr¬ 

ee 

5.R1 

10.23 

10.15 

2 

Torsion 

23.29 

21.54 

22.95 

22.04 

3 

Spanwise 

bending 

52.25 

50.73 

49.85 

43.11 

4)  after  the  final  acoustic  test  sequence  with 
flight-type  actuators. 

During  the  first  acoustic  test,  a  signifi¬ 
cant  reduction  of  the  first  bending  mode  fre¬ 
quency  occurred,  which  was  attributed  to  exposure 
of  the  specimen  to  the  acoustic  environment.  A 
smaller  change  occurred  for  the  third  mode  fre¬ 
quency.  The  shift  in  first  mode  frequency  was 
attributed  to  a  change  in  stiffness  of  *-he  load 
path  between  the  flap  assembly  and  the  fuselage 
stub  because  the  mode  shapes  indicated  that 
elastic  body  deformation  of  the  flap  assembly 
was  not  significant  in  cither  pre-  or  post- 
acoustic  test  modes.  Because  the  mass  of  the 
test  specimen  had  not  changed,  an  estimate  of 
the  change  in  modal  stiffness  was  obtained  us¬ 
ing  the  simple  spring/mass  single-degree-of- 
freedom  relationship.  The  observed  frequency 
shift  was  reported  as  equivalent  to  a  reduction 
in  effective  modal  stiffness  to  a  value  equal 
to  approximately  40  percent  of  that  which 
existed  preceding  exposure  of  the  test  specimen 
to  the  acoustic  environment.  Imaginary  parts 
of  typical  frequency  response  functions  mea¬ 
sured  prior  to  and  after  acoustic  tests  of  the 
configuration  having  nonflight-like  actuators 
are  shown  in  Figs.  13  and  14.  Resonance  fre- 
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Fig.  14  -  Comparison  of  frequency  response 
functions  prior  to  and  following  acoustic 
tests,  location  19Z 


quencies  for  each  of  the  first  three  modes  can 
be  readily  identified. 

Subsequent  to  the  return  of  the  specimen 
to  the  manufacturer  and  disassembly  and  inspec¬ 
tion,  there  was  an  indication  that  galling  of 
spherical  bearings  at  the  actuator  rib  inter¬ 
faces  had  occurred.  The  conclusion  that  there 
had  been  a  significant  reduction  in  stiffness 
of  the  load  path  between  the  flap  assembly  and 
fuselage  stub  is  supported  by  the  observation 
that  an  increase  in  the  first  mode  frequency 
was  brought  about  by  installation  of  flight- 
type  actuators  as  shown  in  Table  1. 

Prior  to  beginning  the  second  acoustic  test 
series,  it  was  reported  that  a  slight  reduction 
in  the  third  mode  frequency  had  not  been  recov¬ 
ered  after  installation  of  the  flight-type  ac¬ 
tuators  and  that  a  decrease  in  bending  stiff¬ 
ness  across  the  span  of  the  specimen  may  have 
occurred  during  the  initial  acoustic  tests. 

Data  obtained  after  the  final  acoustic  test  se¬ 
quence  show  that  the  third  mode  frequency  was 
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even  further  reduced  by  the  additional  exposure 
tine  as  shown  in  Table  1.  During  acoustic  tests 
of  the  flight-type  actuator  configuration,  lit¬ 
tle  change  in  modal  frequencies  occurred  for 
modes  involving  bending  of  the  actuator/rib  and 
a  significant  change  occurred  in  the  third  node 
frequency,  which  involves  spanwise  bending. 

Based  on  these  observations,  the  conclusion  was 
that  the  third  mode  frequency  shift  was  caused 
by  a  reduction  in  spanwise  bending  stiffness. 
Possible  causes  were  reported  as  1)  core/skin 
separation  at  the  trailing  edge  and/or  forward 
box,  2)  failure  of  trailing  edge/forward  box 
interfacing  scructure,  and  3)  failure  of  span- 
vise  spars. 

Approximately  one-fourth  of  Che  tilths  were 
removed  from  the  external  surface  and  visual, 
ultrasonic,  and  X-ray  inspections  were  con¬ 
ducted.  The  only  damage  reported  consisted  of 
two  small  dents  in  the  upper  surface  of  the 


After  the  test  article  was  returned  to  the 
manufacturer,  it  was  disassembled  and  additional 
inspections  disclosed  significant  damage.  Four 
shear  clips,  which  attach  the  trailing  edge 
wedge  forward  spar  to  the  stability  ribs,  were 
cracked  and  the  shear  clip  attaching  the  trail¬ 
ing  edge  wedge  to  the  closeout  rib  was  also 
cracked.  Note  that  the  two  clips,  which  attach 
the  s pai  to  the  actuator  ribs,  were  not  damaged 
and  These  clips  lie  on  node  line9  for  the  third 
nnrip ,  Thp  K i ng**  pins  or.  both  upper  sr.d  lower 
surfaces  were  each  broken  in  two  places  and 
faceplate  core  separation  was  found  in  local 
areas  of  the  trailing  edge  forward  spar.  Some 
of  the  damage  described  above  is  shown  in  Figs. 
15  and  16. 
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CONCLUSIONS 

This  paper  presents  conclusions  drawn  from 
comparison  of  modal  data  obtained  prior  to  and 


succeeding  acoustic  environment  testing.  Com¬ 
parison  of  animated  mode  shape  displays  based  on 
data  obtained  after  environmental  tests  enabled 
a  determination  that  pre-  and  postenvironmental 
test  shapes  were  generally  the  same.  These  same 
data  identified  changes  in  resonant  frequencies 
that  could  only  have  been  caused  by  significant 
structural  damage.  Study  of  the  animated 
displays  along  with  cognizance  of  the  shift  in 
resonance  frequencies  allowed  three  possible 
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causes  of  an  observed  shift  in  resonance  fre¬ 
quency  to  be  identified  and  reported  even  though 
visual,  X-ray,  and  ultrasonic  inspections  had 
not  disclosed  any  significant  damage.  Subse¬ 
quent  disassembly  of  the  test  specimen  verified 
two  of  the  three  identified  possible  causes. 

The  utility  and  speed  inherent  in  modern 
analog- to-di gi tal  processors,  discrete  fourier 
transforms,  and  single  point  random  frequency 
response  function-based  modal  test  methodology 
provide  a  powerful  tool  for  understanding  the 
dynamic  behavior  of  complex  structures  and  an 
efficient  method  of  detecting  changes  in  their 
dynamic  clie^°ctrt-i:  ti  cs  . 
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DISCUSSION 


Mr. _ T.iirnaclyan  (Northrop  Electronics):  I  think 

your  procedure  is  very  commendable  in 
identifying  that  failure  in  a  structure.  Were 
you  able  to  determine  the  cauae  of  the 

failure?  How  can  vou  relate  the  teat  data  to 
the  cauae  of  the  failure  itself? 

M r .  Wen  t :  The  -ause  of  the  failure?  This  is 

the  rationale  that  we  used.  First  we  look  for  a 
frequency  shift,  and  then  we  go  back  and  look  at 
the  node  shape.  If  you  go  back  and  look  at 
these  node  shapes  on  an  animated  display,  the 
parts  of  the  structure  that  are  getting  worked 
become  very  apparent.  For  instance,  the  first 
mode  is  h  simple  cantilever  going  back  and 
forth.  When  you  look  at  that  on  the  animated 
display,  you  can  see  everything  moves  together; 
no  bending  takes  place.  So  you  can  conclude 
that  the  part  that  is  getting  worked  is  that 

load  path  in  between  the  body  flap  and  the 

fuselage  stub.  The  same  thing  applies  to  the 
third  mode.  If  you  study  it  carefully,  you  can 
ask  yourself  if  the  elements  of  the  thing  that 
is  getting  worked  contribute  to  the  spanwise  and 
bending  stiffness.  That  is  the  rationale  that 
was  used.  We  identified  in  writing  prior  to  the 
disassembly,  which  elements  in  general  would 
probably  fail.  I  think  we  made  a  statement 
like,  "The  interfacing  structure  between 
trailing  edge  wedge  and  the  forward  box  assembly 
was  a  likely  culprit". 
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FORCED  VIBRATIONS  OF  A  LARGE  DAMPED 


MECHANICAL  SYSTEM 


David  W.  Nicholson 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  Maryland  20910 

Recently,  the  author  extended  a  theorem  of  Stranq  to  derive 
a  function  whose  extreme  values  give  bounds  on  the  forced 
response  of  a  damped  mechanical  system.  Here  the  derivation 
is  briefly  reviewed,  the  numerical  algorithm  for  its  compu¬ 
tation  is  presented,  and  some  computational  results  are 
given  which  show  the  expected  trend 


INTRODUCTION 


ONE  DEGREE-Or-FREEDOM  SYSTEM 


We  consider  the  forced  vibrations 
of  a  large  damped  mechanical  system, 
governed  by 

M  x  +  D  *  +  K  x  =  g  exp  (iojt)  (1) 
o  o  o  o 

Here  Mo,  Dp  and  K0  are  the  mass,  damp¬ 
ing  and  stiffness  matrices,  assumed 
constant,  real,  n  by  n,  symmetric  and 
positive  definite.  Also,  gQ  is  a  con¬ 
stant  vector  of  force  amplitudes,  x  is 
the  response  (displacement)  vector  and 

i  =yp. 


For  a  simple  one  degree-of-freedom 
system  with  a  sinusoidal  force  input, 
represented  by 

mx  +  dx  +  kx  =  fQ  sincot ,  (2) 

the  displacement  is  given  by 

x  *  f D  sin(ut-0)/[  (k-co2m)  2  +  u>2d2]** 

where 

—  1  2 
8  =  tan  (cod/(k-co  m)  )  . 


In  this  work,  using  some  recent 
results  of  the  author  [1],  we  obtain  a 
response  bound  holding  for  all  co:  i.e. 
a  quantity  Bn  is  derived  such  that 

max  [  |x  |  /  |g0  |  ]  <  B  . 

U)  11 

where  |x|  =  xHx  is  the  Euclidean  vector 
norm  [2]  and  xh  is  the  Hermitian  trans¬ 
pose  of  x.  The  actual  evaluation  of 
Bn  requires  some  elementary  calculations 
which  are  described  and  illustrated  in 
the  subsequent  paragraphs. 

The  bounds  are  particularly  simple, 
depending  only  on  the  extreme  eigenvalues 
of  the  modal  damping  and  stiffness 
matrices.  They  are  expected  to  be  use¬ 
ful  in  the  design  and  analysis  of  large 
systems  for  which  accurate  direct  inte¬ 
gration  of  (1)  may  be  difficult. 

We  first  illustrate  the  analysis 
u.iinq  simple  systems,  and  then  we  treat 
the  general  problem. 


Neglecting  sin  (cot-0)  ,  the  magnitude 
of  x  obeys 


2  ,2 
( (k-  co  m) 


2  2  . 
co  d  ) 


Elementary  calculus  serves  to  show  that 


Bj_  =  max  Mx|/|f0|] 
eo>0 


(3) 


otherwise . 


Clearly,  if  d  »  o  the  bound  becomes 
infinite,  corresponding  to  the  natural 
frequency  co  =JlT/ m. 
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DECOMPOSABLE  SYSTEMS 

As  shown  in  Reference  3,  if 

DM-1K  =  KM-1D,  (4) 

the  system  represented  by  (1)  can  be 
"decoupled"  to  furnish  n  independent 
modes  govcrened  by 


For  later  convenience,  let  T, 
denote  the  set  of  quantities 
jpk'  pd'  cos0f  cos4>l,  subject  to  the 
constraints 

o  £  p^  £  1  -1  £  cos0  £  1 

0  £  pd  <  1  -1  £  COS$  £  1 


mi  +  dt  xi  +  xi  =  gi  exp(iot) 


where  m^,  d^  and  k^  are  the  eigen¬ 
values  of  M0 ,  Dq  and  kq.  The  analysis 
of  the  last  section  applies  to  each 
mode  to  yield 


2m~2 


It  is  shown  in  [1]  that 


where 

q  =  (kn-w2)2+2pk(kn-w2) (k1-kn)cos2e 


Bn  =  max  [  |x  |/  |g  |  ]  =  max.,  (5) 

o  i 


GENERAL  SYSTEMS 

Large  systems  in  which  (4)  does 
not  hold  are  now  treated  using  the 
author's  recent  results  [1],  which 
involve  a  simple  extension  of  a  theorem 
due  to  Strang  [4],  The  relations  of 
interest  are  summarized  below. 


2  2  2  2  2 
+  Pk  (k1-kn)z  cos^e  +  wzdn 

+  2pd  a)2dn  (d1~dn)  cos24 

+  pd2u2  (d-^-d^  2  cos2i}> 


+  2wpdPk  (k^-kj^)  (d^-d^cosScosifrsinesin^. 

The  quantity  q  is  always  nonegative. 

As  discussed  in  Reference  1,  the  bound 
represented  (7)  is  mathematically  the 
best  possible. 


Equation  (1)  is  rewritten  as 
lx.  +  Dx.  +  Kx.  =  f.  exp(iwt) 


x,  =  UTM  **  x 
I  o 


f.  =  UTM  g 
1  o^o 


D  =  UTM  D  M  _!su  K  =  diag  (k.) 
o  o  o  j 

kj  -  VMo“*  Ko  O 

and  U  is  a  proper  orthogonal  matrix 

which  "diagonalizes"  Ho"15  K0  M0_Js . 
Also,  D  and  K  may  be  called  modal 
damping  and  stiffness  matrices  since 
they  are  referred  to  a  basis  formed 
by  the  eigenvectors  of  the  undamped 
system: 


<V“  Mo)y  =  °' 


NUMERICAL  TREATMENT 

It  is  extremely  tedious,  if  not 
impossible,  to  determine  analytically 
the  values  of  pk,  pj,  cos0,  cos4  and  to 
which  minimize  q  under  the  constraints 
represented  by  (7) .  However,  an 
efficient  numerical  method  can  be  used, 
involving  three  straightforward  steps: 


1.  Choose  the  trial  values 
=  {p.  p  <J>,  cose (k> ,  cos^^f 


where  1  £  i  £  N^,  1  £  j  £  N^, 


1lkiN6'  1  i  *  i  N$* 


2.  For  each  flijknf  determine  the  value 
of  to,  say  wijkfc,  which  minimizes 

q(nijkf'u) * 
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3.  Search  the  values  w.  ..j) 

for  the  minimum  value  B  .  J 

n 

In  regard  to  Step  2,  note  that 


is  a  cubic  equation  .in  w  and  its  roots 
can  bo  calculated  using  simple 
formulae.  Its  positive  real  roots, 
together  with  u  =  o,  may  be  substituted 
into  to  determine  the 

minimizing  value  of  w,  namely 


RESULTS 


Figure  1  displays  the  quantity 
Bn  as  a  function  of  dn  with 
ki  =  10,  kn  =  1  and  d]_  =  5.  As  expect¬ 
ed,  as  dn  approaches  zero  the  response 
bound  becomes  infinite,  but  it 
decreases  strongly  as  dn  increases. 


DISCUSSION 


Simple  computations  serve  to  bound 
the  forced  response  of  a  damped 
mechanical  system.  The  bound  depends 
on  only  four  quantities,  the  maximum 
and  minimum  eigenvalues  of  the  modal 
stiffness  and  modal  damping  matrices. 
The  first  two  are  known  directly  since 
the  modal  stiffness  matrix  is  diagonal. 
The  computational  results  show  the 
expected  trend. 
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INDIRECT  FOURIER  TRANSFORM  < IFT )  AND  SHOCK  RESPONSE 
--a  Detailed  presentation  of  Basic  Theory 


Charles  T.  Morrow 
Consultant 

Encinitas,  California 


An  algorithm,  based  in  part  on  early  work  by  O’Hara, 
is  capable  of  yielding  undamped  residual  shock  spectra  and 
indirect  Fourier  transforms,  with  minimal  calculator  or 
computer  data-memory  requirements,  and  with  about  the  same 
computation  time  as  with  the  fast  Fourier  transform  (FFT).j 
For  the  same  number  of  frequencies  in  the  spectrum,  compu¬ 
tation  is  slower  than  with  the  FFT  algorithm,  but  the  lat¬ 
ter  fundamentally  requires  many  more  frequencies  than  are  | 
otherwise  necessary  for  spectral  analysis  of  shock.  With 
minor  alteration,  the  IFT  algorithm  can  yield  quite  simply 
the  instantaneous  responses  of  undamped  or  damped  linear 
and  some  nonlinear  mechanical  systems.  A  preliminary  adap¬ 
tation  of  this  algorithm,  for  both  spectral  and  response 
computation,  to  the  Radio  Shack  TRS-80  personal  computer, 
with  16  kilobytes  of  memory  for  program  and  data,  was 
demonstrated  at  the  51st  Shock  and  Vibration  Symposium,  in 
San  Diego,  21-23  October  1980.  The  algorithm  is  presented 
bore  essentially  as  originally  developed  for  the  HP-97 
card-programmable  calculator,  whose  memory  limitations  are 
more  obvious. 


INTRODUCTION 

The  most  fundamental  spectral  de¬ 
scription  of  shock,  with  the  most  ap¬ 
peal  to  theoretl cl ansc  is  the  Fourier 
transform,  expressed  by  magnitude  and 
phase  <or  alternately  cosine  and  sine 
terms)  as  functions  of  frequency. tt)  It 
is  uniquely  defined  for  any  one  exci¬ 
tation  time-history  and  vice  versa.  By 
an  inverse  transformation  —  an  inte¬ 
gration  similar  to  that  used  in  the 
definition  of  the  transform,  the  oxcl- 
tation  time-history  can  in  fact  be  re¬ 
constructed  from  the  transform.  An  in¬ 
verse  transformation  after  multiplica¬ 
tion  of  the  transform  of  the  excitation 
by  the  transfer  function  of  any  linear 
mechanical  system  yields  the  response 
time-history  for  that  system. 

Among  shock  and  vibration  engi¬ 
neers,  the  most  common  spectral  crite¬ 
rion  of  shock  severity  is  the  shock 
spectrum  --  the  peak  acceleration  re¬ 
sponse  of  a  simple  linear  mechanical 
resonator  as  a  function  of  frequency  of 
resonance. ( 1 )  Originally  conceived  for 
earthquake  applications,  in  terms  of  an 


undamped  resonator , (2)  it  has  commonly 
been  computed  (usually  by  an  analog 
shock  spectrum  computer)  in  recent 
years  for  resonators  of  finite  Q  in  an 
attempt  to  make  it  a  more  realistic 
representati on  of  possible  internal 
responses  cf  equipment  to  be  shock 
tested. 

In  1962,  by  expressing  the  in¬ 
stantaneous  response  of  a  simple  linear 
mechanical  resonator  as  a  Duhamel  in¬ 
tegral  and  comparing  mathematical 
forms,  O’Hara  ohowed  that  the  undamped 
residual  shock  spectrum  is  proportional 
to  the  magnitude  of  the  Fourier  trans¬ 
form  of  the  instantaneous  velocity 
time-history  of  a  shock  exc i tat  1  on .  < 3) 
Hb  showed  further  that  shock  response 
could  be  computed  by  digital  integra¬ 
tion  and  that  the  same  methods  could 
yield  a  Fourier  analysis.  In  1963, 
Morrow  provided  a  shortened  derivation 
of  the  proportionality  property  in 
terms  of  the  excitation  acceleration 
ti me-history, (4)  These  developments 
have  suggested  there  may  be  virtues  in 
making  the  undamped  residual  spectrum, 
with  phase  information  Incorporated, 
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the  basic  computation  and  obtaining  the 
Fourier  transform,  as  needed,  indi¬ 
rectly  —  hence  the  name  indirect 
'ourier  transform  (IFT)  for  the  present 
:  1  gor  1  thm. 

The  shock  spectrum  commonly  in  use 
today  in  shock  and  vibration  engineer¬ 
ing  is  not  an  undamped  residual  but  a 
damped  maximax,  used  both  as  a  spectral 
description  and  an  indication  of  the 
possible  responses  of  equipment  subject 
to  shock  excitation  —  simulation  of 
equipment  dynamics  is  seldom  carried 
out  in  more  detail  than  that  of  com¬ 
mercially  available  shock  spectrum 
computers.  Partly  to  revert  to  funda¬ 
mentals  and  partly  to  provide  a 
healthier  conservatism  in  test  re¬ 
quirements,  the  author  has  recommended 
that  tt.c  ur,dan,,ied  residual  become  the 
standard  spi  i  iral  description  for 
shoe  l  .  <b >  Fur  i her more,  to  facilitate 
devil  c.pn.u  t  for  greater  reliability  in 
the  shock  environment,  the  author  has 
recommended  that  the  shock  and 
vibration  engineer  be  able  to  explore 
the  effect  of  design  changes  on  re¬ 
sponse  --  in  other  words  that  he  have 
available  a  dynamical  simulator  with 
stored  subroutines  for  an  arbitrary 
number  of  degr  ec‘  of  freedom,  to  be 
chesen  at  will.<5>  Nu  instrument  manu¬ 
facturer  would  market  an  instrument  for 
either  ''ecao-mei ,gat  j  or,  unless  it  is 
mentioneo  in  a  specification.  Con¬ 
versely,  specification  writers  are  ex¬ 
tremely  reluctant  to  require  or  favor  a 
measurement  unlec-s  a  capability  for  it 
already  exists  and  is  generally  avail¬ 
able.  The  IFT  algorithm  provides  a  po¬ 
tential  solution  to  this  dilemma  in  the 
form  of  spectral  and  response  programs 
that  require  only  a  minimal  expenditure 
for  computer  hardware. 

STRATEGY 

The  algorithm  as  it  now  exists 
arose  out  of  the  author’s  interest, 
several  years  ago,  in  making  program¬ 
mable  calculators  accomplish  something 
useful  in  shock  analysis.  Initially, 
most  of  his  effort  was  expended  in 
dealing  with  the  extremely  limited  data 
and  program  memories  of  the  Hewlett 
Packard  HP-63  card-progr ammabl e  calcu¬ 
lator,  using  whatever  programming 
tricks  he  could  devise,  such  as  storing 
two  numbers  in  the  same  register. (6) 

1he  result  was  successful  —  just 
barely.  The  more  recent  HP-97  (prin¬ 
ting)  and  HP-67  calculators  began  to  be 
partners  rather  than  adversaries  to  the 
programmer  for  the  shock  analysis 
challenge  and  permitted  more  program¬ 
ming  features  out  of  choice  rather  than 
necessi ty. 


Minimizing  the  data  memory  re¬ 
quirements,  however,  remained  the  dom¬ 
inant  consideration.  The  strategy  was 
to  approximate  the  shock  excitation 
time-history  by  a  succession  of 
straight  lines,  devise  a  general  re¬ 
sponse  equation  with  arbitrary  coef¬ 
ficients,  and  update  these  coefficients 
after  each  discontinuity  of  slope  or 
acceleration  so  that  not  even  the  input 
data  needed  to  be  retained.  From  the 
beginning,  the  algorithm  was  developed 
in  terms  of  data  inputs  from  the  key¬ 
board  once  its  merit  was  determined, 
analog-digital  converter  inputs  could 
be  provided  for  later.  With  the  user 
able  to  decide  whether  adding  a  RAMP  or 
STEP  would  provide  a  better  approxima¬ 
tion  to  the  excitation  in  the  interval 
between  updates,  both  types  of  input, 
by  choice  of  key,  were  provided  for  in 
all  programs,  once  the  effort  was  no 
longer  limited  by  the  memory  capabili¬ 
ties  of  the  HP— 65.  With  analog-digital 
converter  inputs,  probably  only  the 
RAMP  subroutine  will  be  used. 

FUNDAMENTAL  EQUATIONS 

□nee  the  transfer  function  for  any 
linear  mechanical  system  has  been  de¬ 
termined,  it  becomes  possible  to  es¬ 
tablish  RAMP  and  STEP  responses,  set  up 
a  general  updatable  equation  for  any 
succession  of  RAMPs  and  STEPS,  and  ap¬ 
ply  the  algorithm.  This  will  now  be 
illustrated  for  a  simple  resonator 
shown  in  Figure  1,  which  has  *  unique 
significance  because,  for  zero  damping, 
it  leads  very  Simply  to  a  residual 
spectrum.  However,  it  is  a  very  limited 
approximation  to  equipment  dynamics. 

The  differential  equation  is 

md^x  /  dtA+cd(x-xj^>/dt  +  k(x-x^)  «0,  <  1 ) 

where  m  is  the  mass,  c  is  the  damping 
coefficient,  k  is  the  stiffness,  x  is 
the  absolute  displacement  of  the  base 
of  the  resonator,  and  x  is  the  absolute 
response  displacement  of  the  mass. 
Differentiating  this  twice  and  rear¬ 
ranging  yields 

mdfca/dt^*cda/dt*ka«ka^+cda^/dt.  12) 

Replacing  the  derivative  by  s  and 
rearranging  further  yields  the  transfer 
function 

L  <*}  =  <2*s  +  *^ )  /  <s1  +  2**s+«t) 


=  l-s*/  <sa+2*s+fc>*) 

=  i-s*yCis+A>*  +a'*-3,  <3) 

where 

«=2*f=Vr7m’,  (4) 

<=c/2m=’»f /0=bJ'2Q  and  (5) 

GJ'1  =(**-*•’  (6) 


are  parameters  readily  obtained  by 
measurement  of  response  in  the  region 
of  resonance,  without  necessarily 
looking  deeper  into  the  mechanical  de- 
tai 1 s. 

The  Laplace  transf ormation  of  the 
response  to  a  unit  RAMP  excitation  is 
obtained  by  multiplying  Equation  <3>  by 
1/s*,  the  Laplace  transform  of  the 
RAMP,  to  yield 

L<s)«l/s1-l/j;(s-t'x.)1  +  u'*],  (7) 

from  which  an  inverse  transformation 
yields  the  RAMP  response 

a<t)«t-(l/A)/)e**<'^”sino't.  <B> 

The  Laplace  transf ormation  of  the 
response  to  a  unit  STEP  excitation  is 
obtained  by  multiplying  Equation  (3)  by 
1/s  to  yield 

L<s)«l/s-s/£(s+a,)i+£<)/*]  ,  (9) 

from  which  an  inverse  transf ormation 
yields  the  STEP  response 

a  (t )  «=l-e  ^  cos«  t 

+e'*^<«</M/>sinc»>/t.  (10) 

Examination  of  Equations  (8)  and 
<10>  suggests  an  updatable  equation 
sufficiently  general  for  the  total 
response  after  any  sequence  of  RAMPs 
and  STEPS 

a <t  i  tK>  wB^+Cfct+e”  <DKcos«o  t 

+EKsin<a/t) ,  (11) 

where  t^  is  shown  here  as  the  time  of 

the  last  discontinuity  of  slope  or  ac¬ 

celeration. 

In  actual  data  inputs  t*  may  be 
used  instead,  for  convenience,  as  the 
time  corresponding  to  the  latest  ac¬ 
celeration  input  a  whether  it  deter¬ 
mines  a  RAMP  or  STEP,  so  that  each  RAMP 
will  actually  begin  at  t*.,  .  Thus,  each 
acceleration  input  will  result  in  a  new 
slope 

V<*K-«K-I  >/<tK-tK„  )  (12) 

and  corresponding  slope  change 

,  (13) 

or  an  acceleration  discontinuity  Aa^. 

From  Equation  (8),  the  added  re¬ 
sponse  after  a  RAMP  input  is 

Aa( tn*_,  >-AVt[t 

-(l/«,le“^*"*k-P  slnf/it-tn-i  )].  (14) 


From  Equation  (10),  the  added  re¬ 
sponse  after  a  STEP  input,  with  as  yet 
no  alteration  in  slope,  is 

Aa(t  i  t^)-AaK[l 

-e"*^"”^'k>  cos  A/(t-t^> 

+e**s,^t"^k'  (M/a/lslntt^t-tic^.  tl3> 

Thus,  Equations  (11),  (14)  and 
(15)  become  the  foundation  for  the  1FT 
algorithm  applied  to  the  simple  linear 
mechanical  resonator.  It  would  be  nice 
if  after  each  data  input  the  cosine  and 
sine  coefficients  could  merely  be  in¬ 
creased  by  the  corresponding  multiply¬ 
ing  factors  of  Equation  (14)  or  (15). 
There  is  one  complication  —  after  the 
initial  data  Inputs  the  arguments  of 
the  trigonometric  functions  of  Equation 
(11)  will  not  be  the  same  as  that  of 
the  functions  in  Equation  (14)  and 
(15).  Therefore  either  Equation  (14)  or 
(15)  must  undergo  a  time  shift  in  con¬ 
nection  with  coefficient  updating 
(Method  1),  or  Equation  (11)  must  be 
ratcheted  along  in  time  (Method  2).  It 
will  be  found  that  Method  2  is  drama¬ 
tically  improved  in  computation  time  if 
a  constant  time  increment  is  used.  In 
both  methods,  the  time  shifts  will  be 
accomplished  by  using  the  identities 

cos  (x!  y) “cosxcosy^.  sinxsiny  and  <1&> 

sin  (xtT  y)  "sinxcosyi  cosxsiny.  (17) 

In  practical  application  of  the 
algorithm,  the  excitation  slope  will 
arbitrarily  be  set  to  zero  by  the  cal¬ 
culator  or  computer  after  each  STEP 
data  input.  Since  STEP  inputs  will  be 
infrequent,  there  can  be  no  serious 
penalty  in  computation  time,  but  this 
will  permit  setting  the  terminal  slope 
of  the  excitation  to  zero  without  any 
necessity  for  inputting  a  zero  accele¬ 
ration  for  a  time  t*  after  shock  ter¬ 
mination.  A  terminal  STEP  in  the  data 
inputs  will  automatically  leave  the 
excitation  slope  at  zero.  After  a  tei — 
minal  RAMP  in  the  data  inputs,  a  STEF' 
to  the  same  final  acceleration  at  the 
same  final  t^  will  set  the  slope  to 
zero. 

If  the  actual  slope  of  the  exci¬ 
tation  following  the  STEP  is  not  zero, 
this  will  be  adjusted  by  the  next  RAMP 
1 nput . 

METHOD  J  SPECTRAL  COMPUTATION 

The  first  method  permits  varinhli- 
timc  1  ntrrumenl v,  with  the  uv.wr  input¬ 
ting  both  time  and  ai  crltral inn  data. 

Put  Liu'vt  it  require.*  I  hi.-  t  omput  c.t  i  ui. 
oitics  iHhJ  curin''  «if  I  *•!  cvui  dat  <>  m 
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put  and  each  updating  of  coefficients 
is  therefore  slow,  it  is  practical  only 
for  simple  pulses,  such  as  the  termi¬ 
nal-peak  sawtooth,  that  can  be  defined 
by  ,a  few  data  inputs.  However,  it  is  of 
fundamental  interest  because,  as  ap¬ 
plied  to  an  undamped  simple  resonator, 
it  leads  directly  and  simply  to  a 
spectrum. 

General  updatable  Equation  <11), 
for  an  undamped  simple  resonator,  be¬ 
comes 

a  (t-t  K_, )  =BK+Cj^t-*-D^cos«Jt 

♦E^sinalt  <  18) 

after  a  RAMP  input  or 

a  <  t-t “B^+C^t+D^cosUt+E^si ntft  ( 19  > 

after  a  STEP  input. 

For  a  RAMP  data  input,  Equation 

(14) ,  simplified  for  an  undamped  reso¬ 
nator,  before  addition  of  costit  and  si  nail 
multipliers  to  the  existing  coeffi¬ 
cients  D  K_,  and  EK.,for  updating,  is 
shifted  by  Equations  (16)  and  (17)  to 
yield  tr igonometr ic  functions  of  t 

and  t.  The  new  trigonometric  coeffi¬ 
cients  are 

Dj-D*,..,  +<4.VK/2irf  >sin2iift  and  (20) 

E  =EK  |  -<AS*/2nf )cos2rft  .  (21) 

For  a  STEP  data  input.  Equation 

(15)  is  processed  in  the  same  way  to 
provide  for  updating  additions,  but  the 
excitation  slope  is  set  to  zero  after 
the  STEP,  which  requires  the  the  cal¬ 
culator  or  computer  to  add  also  a  RAMP 
type  correction  for  a  -  i’x-  t  change  of 
slope.  Finally,  the  new  tr i gonometr i c 
coefficients  are 

Dk=Dk..|  -AaKcos2ef  t 

-<l’>(_|/2irf  >sin2rrft  and  (22) 

E  'E^i  -A*K£in2nf  t 

+  <  >K.  I  /2xf  )  cos2jt»  t  ■  (23) 

If  there  is  no  intent  but  a  spec¬ 
trum,  coefficients  B  and  C  need  not 
be  updated,  and  no  actual  response 
computations  need  be  carried  out.  It  is 
merely  necessary  for  the  calculator  or 
computer  to  apply  Equations  (20)  and 
(21)  or  Equations  (22)  and  (23)  as  ap¬ 
propriate  after  each  data  input,  for 
each  assigned  spectral  frequency,  until 
all  data  inputs  are  complete.  The  final 
trigonometric  coefficients  D  and  E 
are  respectively  the  cosine  and  sine 
coefficients  (with  time  measured  from 


the  origin)  of  the  undamped  sinusoid 
persisting  after  the  shock  —  in  other 
words,  they  may  be  interpreted  as  the 
cosine  and  sine  coefficients  of  the 
undamped  residual  spectrum,  from  which 
magnitude  and  angle  may  be  obtained  by 
a  shift  to  polar  coordinates. 

Should  the  program  user  prefer  a 
Fourier  transform,  it  is  shown  in  Ap¬ 
pendix  1  that  the  cosine  and  sine 
transforms  are  given  respectively  by 

Fc(f)*EK/2mf  and  (24) 

F&  (f  >-DK/2*-f,  (25) 

from  which  magnitude  and  angle  may  be 
obtained  by  a  shift  to  polar  coordi¬ 
nates. 

For  practical  purposes,  the  un¬ 
damped  residual  shock  spectrum  contains 
in  slightly  different  form  the  same 
information  as  the  Fourier  transform. 
Its  magnitude  is  expressed  in  terms  of 
acceleration  inetead  of  velocity,  which 
makes  it  more  intuitively  meaningful  to 
the  shock  and  vibration  engineer,  who 
likes  as  direct  a  relationship  as  pos¬ 
sible  to  measures  of  failure.  It  will 
be  shown  in  a  later  paper  that  the 
frequency  derivative  of  the  angle  de¬ 
fined  by  the  undamped  residual  spectrum 
can  be  interpreted  as  the  APPARENT 
STARTING  TIME  of  the  undamped  residual 
sinusoid.  This  is  a  well-behaved  func¬ 
tion  of  frequency  and  more  suitable 
than  the  angle  Itself  for  plotting,  or, 
in  specification  writing,  for  possible 
application  of  tolerances  so  as  to  ap¬ 
proach  a  greater  degree  of  uniqueness 
in  a  test  shock. 

METHOD  2  SPECTRA  AND  RESPONSES 

The  second  method  utilizes  a  con¬ 
stant  time  increment,  declared  by  the 
user  near  the  beginning,  after  which 
only  acceleration  Inputs  are  necessary. 
This  time  increment  must  be  short 
enough  to  permit  defining  the  wave 
shape,  and,  if  instantaneous  responses 
are  desired,  short  enough  to  provide 
the  user  sufficent  detail  at  the  high¬ 
est  response  frequency  of  interest. 
After  each  acceleration  input,  time 
shifts  are  applied  to  the  existing 
response  (the  same  amount  each  time) 
rather  than  to  new  terms  generated  by  a 
RAMP  or  STEP.  As  tri gonometric  func¬ 
tions  are  computed  only  once,  it  is 
faster  than  the  first  method  for  com¬ 
plicated  wave  shapes.  It  is  more  di¬ 
rectly  suitable  for  the  computation  of 
response.  Like  Method  1,  it  can  provide 
a  spectrum  by  its  final  tri gonometric 
coefficients,  but  these  require  an  ac¬ 
cumulated  time-shift  correction  in  or- 
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der  to  yield  the  correct  phase  angles. 

Method  2  will  be  Illustrated  pri¬ 
marily  in  terms,  of  the  undamped  reso¬ 
nator.  Instead  of  Equation  <111,  the 
general  updatable  equation  is 

a(t>t  >  =BK+CK  <  t  - 1  K  —  i  >  -i-D^cosTtif  (t-t,;.,'l 


After  ail  data  inputs  arc  com¬ 
plete,  the  first  t  1  me  tp.ji.tr  a1  phase 
information  is  required,  the  stored  t 
it.  replaced  by  — n  t,  and  the  subroutine 
for  Equations  <‘521  and  13a)  is  utilised 
to  mate  a  one-time  correcting  time 
shift.  Testing  for  a  negative  sign 
prevents  the  operation  from  being  er - 
roneously  repeated. 


+EKsi  n2tif  <t-t  |  >  (26) 

after  a  RAMP  input  or 
a  <t}  tK  )  *=B^+Ck  <t-tK>  +DKcos2*  f  (t-t*.) 

*Dksi  n2*f  ( t -tK  )  (27) 

after  a  STEP  input. 

Note  that 

t-t*.,  -t-t^+tR-tK.,  “t-t,rit,  <28> 

where 

At  =  tK-tK.j  (29) 

is  the  constant  time  increment,  by 
which  the  updatable  equation  will  be 
ratcheted  along  in  time  for  RAMP  and 
for  STEP  after  STEP  fas  in  a  square 
wave)  but  not  STEP  after  RAMP.  This 
requires  a  combination  of  Equations 
(16),  (17)  and  (28)  applied  to  Equation 

(26)  or  (27). 

To  put  it  simply,  the  subscript  k 
is  incremented  by  the  calculator  or 
computer  after  every  RAMP  input  and 
after  every  STEP  after  STEP.  Each  time 
k  is  incremented,  the  updatable  equa¬ 
tion  is  ratcheted  along  one  more  tlitu 
increment  by  equations 

cos2tif  (t-tK>  »co»2iif  Atcos2llf  ( t-t  K_ ,  ) 

+si n2jrf Atsi  n2irf  ( t-t  K_  , )  and  (70) 

Sin2flf  (t-t^)=si  n2rrf  Atcos2nf  ( t-t  K. ,  ) 

-cos2n f  Atsi n2rrf  it-t  k-i  ) »  (31 ) 

or  in  other  words,  the  coefficients  are 
given  by  the  calculator  or  computer  a 
transformation 


K_,  cos2ef At+E*_ 

i  si  n 2nf  A  t  and 

(32) 

K.i  si n2t)f At-E 

cos2nfAt . 

(33) 

Before  this  tr ansf ormat 1  on ,  the 
RAMP  addition  is  mad#  in  accordance 
with  Equation  (14)  with  the  exponential 
set  to  unity.  The  STEP  addition,  pre¬ 
ceded  by  this  transf ormatl on  umless  the 
previous  input  was  a  RAMP,  is  made  in 
accordance  with  Equation  (15)  with  the 
exponential  set  to  unity,  and  a  RAMP 
term  f  or  t*  added. 


If  the  immediate  intent  is  not  one 
or  more  points  in  a  spectrum  but  a  se¬ 
quence  of  instaneous  responses  versus, 
time,  the  operations  are  the  same  ex¬ 
cept  that  the  general  equation  is 
evaluated  after  updating  of  coeffi¬ 
cients  every  time  ).  is  l  ncremerited . 
Setting  t=t  in  Equation  (27)  reduces 
it  to  the  very  simple 

e<tK>“Ey>  Dk  ,  where  (7-4) 

Bx“  **•  ^  ' 


In  the  more  general  case  of  a 
damped  resonator,  the  updating  and 
response  operations  remain  exactly  the 
same,  except  that  the  cosines  and  sines 
of  Equations  (26)  and  (27)  are  multi¬ 
plied  by  Exp  (-et(t-tK..,)  1  or 
Exp  (-«s(t-t,<)  )  and  consequently 
Equations  (32)  and  (33)  are  replaced  by 


Dk  “Dk.|  e  cos2mtAt 

♦  sin2tifAt  and 

-or  At/ 

e 

e"*At  COS2r\fAt, 


(76> 


(37  ) 


After  selection  of  At  by  the  user, 
the  calculator  or  computer  computes 
exponent i al -tr i gonometr 1 c  products  once 
for  each  frequency,  rather  than  merely 
trigonometric  functions,  and  stores 
them  for  use  in  the  updating  time-shift 
operati ons. 


On  the  HP-97  or  HP-67  card-pro¬ 
grammable  calculator,  Method  1  permits 
computation  of  spectra  for  six  fre¬ 
quencies  at  a  time.  Method  2,  requiring 
more  memory  registers  per  freqency, 
permits  spectral  computation  for  four 
frequencies  at  a  time  but  is  faster  for 
a  shock  requiring  many  data  inputs. 
Method  2  also  permits  computation  of 
instantaneous  re sporses  for  two  fre¬ 
quences  of  interest  at  a  time,  with 
whatever  damping  the  user  wishes. 


HYBRID  METHOD 


Method  1  is  satisfactory  for  com¬ 
putation  of  spectra  of  simple  pulses 
and  Method  2  permits  computation  of 
both  spectra  and  responses  for  more 
complicated  shock  excitations.  A  prob¬ 
lem  remains  if  the  user  wants  to  obtain 
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r  «?«.porii:fh  tu  a  simple  pulse  without 
mor.,  Hat. i  inputs  than  art-  necessary  to 
detine  the  Pulse.  Several  hybrid  me¬ 
thods  are  possible  tor  which  the  data 
inputs  are  as  in  Method  1  but  the  res¬ 
ponse  computations  are  more  like  those 
of  Method  2.  According  to  the  method 
selected  tor  the  programmable  calcula¬ 
tor,  after  each  time-acceleration  in¬ 
put,  except  for  an  initial  STEP  or  STEP 
after  RAMP,  the  user  inputs  a  selected 
integer  m  large  enough  to  provide  suf¬ 
ficient  detail  at  the  highest  response 
frequency  of  interest.  The  calculator 
divides  the  interval  from  the  previous 
data  input  into  m  time  segments,  car¬ 
ries  out  suitable  trigonometric  and 
exponential  computations  for  each  fre¬ 
quency  and  stores  the  products,  and 
then  carries  out  updating  and  response 
computations  as  in  Method  2  for  that 
i nter  val . 


multiple-degree-of-frefdom 

RESONATORS 


The  general  response  equation  can 
be  generalized  for  a  mul tl pi e-degree- 
of-freedom  system  while  retaining  es¬ 
sentially  the  same  form.  The  primary 
difference  is  that  there  are  terms  for 
every  frequency  of  the  system,  so  that 
coefficient  updating  must  be  performed 
for  each  of  these. 

However,  the  HP-97  and  HP-67  do 
not  have  sufficient  memory  capability 
for  this  str ai ghtf orward  approach.  A 
variation  on  the  two-resonator  response 
program  permitted  computation  of  the 
response  o+  a  two-degree-ot-treeaom 
system  in  which  the  second  resonator 
does  not  load  the  first  <i.e.  m  /m  =0)  . 
The  computed  response  of  the  first 
resonator  is  used  by  the  calculator  as 
the  RAMP  input  for  the  second  resona¬ 
tor.  After  completion  of  excitation 
data  inputs,  the  user  can  input  zeros 
until  the  response  of  the  first  reso¬ 
nator  is  zero,  or  as  long  as  he  wishes, 
and  observe  the  second  resonator  in¬ 
stantaneous  response  computations. 

It  is  natural  for  a  mechanical 
designer  to  design  equipment  so  that 
successively  smeller  partB  are  attached 
to  larger  parts.  This  is  favorable  for 
withstanding  static  loads.  However, 
when  dynamic  loads  are  propagated 
through  successively  smaller  masses, 
any  coincidence  of  successive  resonance 
frequencies  can  result  in  violent 
whipping  at  the  end  of  the  transmission 
path.  Therefore  the  calculator  program 
for  zero  loading  can  at  least  illus¬ 
trate  a  worst  case  that  should  be 
avoi ded , 


COMPARISON  TO  FFT  ALGORITHM 

The  indirect  Fourier  transform 
algorithm  is  by  far  superior  to  the 
fast  Fourier  transform  algorithm  in 
respect  to  relative  memory  requirement, 
whether  the  user’s  intent  is  spectral 
analysis  or  response  computation.  In 
respect  to  computation  time  the  IFT  is 
for  practical  purposes  about  comparable 
to  the  FFT  for  spectral  analysis  and 
again  superior  for  response  computa¬ 
tion. 


The  development  of  the  FFT  algo¬ 
rithm  (7,8,9,10)  starts  from  an  ap¬ 
proximating  summation  for  each  fre¬ 
quency,  known  as  the  discrete  Fourier 
transform  (DFT)  —  a  set  of  N  simulta¬ 
neous  equations  (one  for  each  frequen¬ 
cy)  each  involving  N  data  points  from 
the  shock  excitation  time-history.  This 
is  expressed  as  a  matrix  equation  witn 
an  NXN  square  matrix  representing 
coefficients  in  quantity  totalling  to  N 
squared,  all  of  which  would  have  to  be 
computed  and  stored  in  memory.  The 
number  N  of  data  points  must  be  at 
least  twice  the  maximum  frequency  of 
the  set.  The  frequencies  must  be 
linearly  spaced  and  equal  to  the  number 
of  data  points.  There  can  be  no  com¬ 
promise  on  these  matters,  even  if  the 
excitation  could  be  defined  by  fewer 
data  inputs  or  only  one  or  two  fre¬ 
quencies  are  of  interest. 

The  number  of  coefficients  to  be 
computed  and  stored  is  decreased  by 
taking  advantage  of  a  potential  redun¬ 
dancy.  This  is  maximized  and  made  most 
explicit  by  making  N  an  integral  power 
of  2i 


where,  by  definition, 

p-log^N.  (39> 

This  changes  the  number  of  coefficients 
to  be  computed  and  stored  from  N 
squared  to  the  much  smaller  Nlog.N.  The 
practical  benefit  may  be  slightly  less, 
since  N  must  be  increased  beyond  twice 
the  maximum  -frequency,  even  if  this 
involves  data  inputs  beyond  the  time 
for  which  the  excitation  has  become 
negligible.  This  summarizes  the  FFT 
algorithm. 

The  IFT  algorithm  places  no  con¬ 
straint  on  the  number  of  frequencies  in 
a  spectral  computation  or  on  their  nu¬ 
merical  relationships.  The  HP-97/HP-67 
spectral  programs  are  for  six  or  less 
clearly  the  FFT  would  be  completely 
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out  of  the  qurstion  for  any  practical 
shock  computation  on  these  calculators. 
IFT  programs  under  continuing  develop¬ 
ment  for  the  Radio  Shack  TRS-BO  per — 
sonal  computer  are  for  301  frequencies 
logarithmically  spaced  from  2  to  2000 
Hz,  or  100  per  decade  —  far  less  than 
required  lay  FFT,  yet  more  realistically 
what  the  shock  and  vibration  engineer 
needs  for  adequate  resolution  over  the 
frequency  range. 

IFT  Method  1  requires  computation 
of  trigonometric  functions  for  every 
frequency  for  each  time-acceleration 
data  input,  but  no  more  data  Inputs 
than  are  necessary  to  define  the  exci¬ 
tation  pulse.  IFT  Method  2  requires  a 
number  N  of  acceleration  data  inputs 
comparable  to  that  of  FFT  but  like  FFT 
permits  computation  of  all  trigonomet¬ 
ric  functions  at  the  beginning,  after 
which  the  mul ti pi y-add-on  operations 
that  consume  most  of  the  computation 
time  are  of  essentially  the  same  type 
for  both  algorithms. 

First,  consider  IFT  Method  2  ver¬ 
sus  FFT  in  respect  to  memory  require¬ 
ments  for  spectral  analysis.  Both  al¬ 
gorithms  require  storage  of  trigono¬ 
metric  functions  for  every  frequency, 
but  the.'  number  M  of  frequencies  chosen 
for  IFT  may  be  much  smaller  or  even 
trivial  in  comparison  to  N,  the  number 
required  by  FFT.  More  important,  IFT 
requires  the  storage  of  only  4M  coef¬ 
ficients  at  any  one  time,  compared  to 
Nlog  N  for  FFT,  and  therefore  has  a 
major  advantage  in  respect  to  memory 
requi rements. 

Second,  consider  IFT  Method  2 
versus  FFT  in  respect  to  computation 
time  for  spectral  analysis.  IFT  re¬ 
quires  NM  multiply-add-on  operations 
versus  Nlog  N  for  FFT.  There  is  no 
general  quantitative  relationship  be¬ 
tween  M  and  log  N,  but  both  are  usually 
much  less  than  N,  so  the  two  algorithms 
can  be  considered  crudely  comparable. 

The  number  of  frequencies  required 
for  acceptable  resolution  in  spectral 
analysis  is  less  for  shock  than  for 
random  vibration,  because  the  problem 
is  less  immediately  statistical.  A  fi¬ 
nite  sample  of  random  vibration  must  be 
analyzed  in  such  a  way  that  the  results 
are  representati ve  of  an  assumed  infi¬ 
nite-duration  stationary  signal  from 
which  the  sample  was  taken  or,  in  the 
case  of  continuous  control  of  a  vibra¬ 
tion  test  system,  so  that  they  will  be 
representati ve  of  the  next  sample  and 
no  more  adjustment  of  the  system  will 
take  place  than  necessary.  In  either 
case,  averaging  in  frequency  is  neces¬ 
sary  to  achieve  statistical  signifi¬ 
cance  in  the  power  spectra.  A  shock 


time-history  is  not  a  sample  of  an  in¬ 
finite  stationary  signal  but  a  complete 
record  from  initiation  to  negligibility 
—  the  challenge  of  spectral  analysis 
is  merely  to  describe  that  onr  shock 
deterministically  and  accurately.  If 
the  shock  should  blend  into  a  random 
vibration  while  becoming  negligible, 
spectral  analysis  procedure  is  the 
same,  except  that  there  is  a  statisti¬ 
cal  error  that  can  be  estimated  inde¬ 
pendently.  Any  one  shock  can  be  con¬ 
sidered  to  be  a  member  of  a  large  non- 
ergodic  ensemble  or  process,  but  this 
involves  in  principle  a  different  kind 
of  statistical  analysis  that  is  in 
practice  impractical  to  carry  out.  In 
practical  shock  and  vibration  engineer¬ 
ing,  only  one  or  two  or  at  most  a  few 
records  of  a  given  type  of  shock  at  the 
same  location  and  direction  will  be  a- 
vailable,  and  these  are  best  compared 
directly  rather  than  analyzed  statis¬ 
tically. 

Finally,  consider  IFT  Method  2 
versus  FFT  for  response  computation. 

IFT  is  essentially  the  same  as  for 
spectral  analysis  except  that  the  num¬ 
ber  of  resonance  frequencies  of 
interest  in  a  practical  equipment  item 
is  usually  much  much  less  than  the 
number  of  frequencies  required  by  FFT 
spectral  analysis  or  even  that  desired 
for  IFT  spectral  analysis.  On  the  other 
hand,  for  any  one  set  of  resonance 
frequencies  and  any  one  shock  excita¬ 
tion,  FFT  requires  the  computation  of 
the  Fourier  transform  of  the  excita¬ 
tion,  multiplication  by  the  transfer 
function  of  the  equipment,  and  compu¬ 
tation  of  an  inverse  transform.  There¬ 
fore  IFT  is  superior  in  respect  to  both 
memory  requirement  and  computation  time 
for  equipment  response  computation, 
starting  from  excitation  time-history 
data. 

APPENDIX  1  —  O’HARA'S  RELATIONSHIP 

Previous  authors  (3,4)  have  de¬ 
rived  a  relationship  between  the  re¬ 
sidual  shock  spectrum  and  the  Fourier 
transform  by  expressing  a  succession  of 
velocity  STEPs  as  a  Duhamel  integral. 
The  present  derivation  will  start  from 
a  succession  of  acceleration  STEF'S  be¬ 
ginning  at  t=0.  From  Equation  (10),  the 
IFT  summation  that  represents  the  res¬ 
ponse  of  an  undamped  simple  resonator 
can  be  expressed  as 

a,<t>V 

=  §1  < l-cos2nf lt-tK)ia  ,  (40) 

K  ;  o 

which  in  the  limit  yields  the  integral 
a, ( t£u ) 
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.14:1 


■=  f  <  l-CO«2TT-f  <t-U)  )d# 
=  C  ( l-cos2xf <t-u> )da, 

JliT? 


(41) 


because  there  i s  no  error  in  changing 
the  limits  on  the  integral  if  they  re¬ 
main  outside  the  shock  duration.  When 
this  expression  is  integrated  by  parts, 
the  -first  term  generated  will  disappear 
because  a(0)«:0  and  a«**>=0: 

a  r  <  t  >  *  (  l-cos2mf  (t-u>  )  a  <u> 

r00 

+2rr-f  \  a  (u)  si  n2tif  <t-u)  du 
l 

=-2nf  cos2rrf  t  ^  a (u> sin2«f udu 
+2mfsin2tift  r°a<u>  cos2ttf  udu 
=  2-^Fs(-f  )cos2irft+2m-fF(.  (f  )sin2mft,  (42) 


U  -  o 


2  IFT  and  undamped  residual  2,3 

magnitudes  and  phases,  up  to  -four 
■frequencies,  constant  time  incre¬ 
ment  initially  and  acceleration 

time  inputs  only  thereafter 

3  Undamped  single  resonator  4,5,9 

responses  after  each  acceleration 
input,  constant  time  increment,  up 

to  two  frequencies,  IFT  and  residual 

4  Undamped  coupled  resonator  4,6 

response  after  each  acceleration 
input,  constant  time  increment,  two 

f requen-cies,  second  mass  negligible 
compared  to  the  first. 

5  Responses  and  spectrum  4,6,9 

modified  by  a  damped  by  a  damped  reso¬ 
nator  ,  constant  time  increment,  two 
frequencies,  one  Q. 


where  Fc  <f)  and  Fs<f)  are  respectively 
the  cosine  and  sine  Fourier  transforms 
of  a(t).  The  latter  involves  a  minus 
sign  because  in  the  exponential  version 
of  the  transform  the  exponent  is  nega¬ 
tive.  Equation  (42)  is  the  equation  for 
the  undamped  sinusoid,  or  in  other 
words  the  residual  response,  at  the 
frequency  of  the  resonator,  that  per¬ 
sists  after  shock  termination.  Inasmuch 
as  the  cosine  and  sine  are  functions  of 
t  as  in  IFT  Method  1,  this  leads  di¬ 
rectly  to  the  relationship  expressed  by 
Equations  <24)  and  (25). 


6  Damped  single  resonator  4,5 

responses,  up  to  two  frequencies  and 
Q’s,  residual  magnitudes  only. 

7  Damped  coupled  resonator  4,6 

responses,  constant  time  incre¬ 
ment,  two  frequencies  and  Q's. 

8  Responses  and  spectrum  4,8,9 

modified  by  a  damped  resonator,  hy¬ 
brid  time  increments, two  frequen¬ 
cies,  one  0,  responses  for  m  equal 
increments  between  acceleration¬ 
time  increments. 


For  the  typical  shock  excitation, 
a  sequence  of  RAMPs  is  preferable  in 
practical  spectral  analysis  because, 
without  increasing  the  computation  time 
siqnif icantly,  it  maintains  a  slope 
that  is  a  good  approximation  to  that  of 
the  excitation.  Derivation  of  O’Hara's 
relationship  from  a  succession  of  RAMPs 
is  quite  feasible  but  would  require 
more  integrations  by  parts.  In  any 
event,  the  derivation  given  above 
should  be  sufficient. 


9  Damped  si ngl e-resonator  4,7 

responses,  hybrid  time  incre¬ 
ments,  up  to  two  frequencies 

and  Q’s. 

10  Damped  coupled  resonator  4,8 

responses,  hybrid  time  incre¬ 
ments,  two  frequencies  and  Q’s. 


The  individual  magnetic  program 
cards  function  as  follows: 


APPENDIX  2  —  HP97/67  PROGRAMS 

There  are  ten  programs,  utilizing 
nine  magnetic  cards  in  various  combi¬ 
nations.  After  each  data  input,  the 
format  of  the  printout  (on  HP-97)  and 
display  allow  the  user  to  keep  his 
place  in  the  data  bank  even  in  the 
event  of  distractions  or  1  nt  er  rupt  i  or  >s 

PROGRAMS..  CARDS 


1  IH  and  undamped  residual  1 

magnitudes  and  phases,  up  to  six 
frequencies,  variable  time  incre¬ 
ments. 


1  IFT  and  undamped  residual,  up  to 
six  frequency  inputs,  successive  va¬ 
riable  time  inputs,  and  correspondi ng 
acceleration  inputs  until  chock  termi¬ 
nation,  spectral  printout. 

2  IFT  and  undamped  residual,  up  to 
four  frequencies,  constant  time  incre¬ 
ment,  acceleration  inputs  to  shock 

ter  mi nat i on . 

3  Four-frequency  spectral  printout. 

4  Up  to  two  frequency  inputs  and  up 
to  two  G  inputs. 
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Si  rigl  e-resonator  responses 


f  or  up 


to  two  frequencies  and  Q's,  constant 
time  Increment  and  successive  acceli? 
ration  inputs  to  shock  termination, 
response  printouts. 

o  Coup  1 ed-resonator  responses  for 
two  frequencies  and  Q's,  second  mass 
negligible  compared  to  first,  constant 
time  Increment  and  successive  accele¬ 
ration  inputs  to  shock  termination, 
response  printouts. 

7  Si ngl e-resonator  responses  for  up 
to  two  frequencies  and  Q's,  hybrid, 
successive  variable  time  inputs,  number 
of  subsegments  inputs  and  acceleration 
inputs  to  shock  termination,  response 
printouts. 

0  Coupl ed-resonator  responses  for 

two  frequencies  and  Q's,  second  mass 
negligible  compared  to  first,  hybrid, 
successive  variable  time  inputs,  number 
of  subsegments  inputs  and  acceleration 
inputs  to  shock  termination,  response 
printouts. 

9  Two-frequency  spectral  printouts. 
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ACTIVE  VIBRATION  CONTROL  OF  LARGE  FLEXIBLE  STRUCTURES 
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State  University  of  New  York  at  Buffalo 
Amherst  Campus,  Buffalo,  New  York  14260 


This  paper  is  concerned  with  active  vibration  control  of  large  and  complex 
structures.  An  important  problem  of  actively  controlling  large  flexible 
structures  is  one  of  compensating  for  control  and  observation  spillover 
when  a  large-dimensional  system  must  be  controlled  by  a  much  smaller 
dimensional  controller.  A  modal  control  design  procedure  is  developed  in 
this  paper  which  not  only  insures  that  the  controlled  structural  modes 
stay  close  to  the'designed  values  but  also  preserves  stability  in  the 
uncontrolled  modes.  The  sensitivity  of  spillover  compensation  to  the 
placement  of  controllers  and  sensors  is  also  studied. 


INTRODUCTION 

The  application  of  modern  control  theory 
to  the  control  of  flexible  structures  has 
produced  some  notable  successes  in  the  past. 
Aircraft  flutter  control  and  motion  control  of 
rockets  and  aerospace  vehicles  are  two  prime 
examples  in  which  control  is  applied  in  order 
to  reduce  excessive  vibration  and  to  insure 
structural  integrity.  In  recent  years,  how¬ 
ever,  interest  in  the  study  of  structural 
control  has  been  extended  to  control  problems 
associated  with  very  large  and  complicated 
structures.  Two  of  the  important  areas  are: 

( a )  Large  Space  Structures  (LSS).  The 
development  of  space  systems  has  led  to  the 
consideration  of  very  large  spacecrafts  and 
satellites  which  could  be  assembled  and 
deployed  in  space.  These  structures  concep¬ 
tually  can  span  literally  miles  in  size  with 
large  flexible  appendages.  Stringent  pointing 
and  motion  requirements  immediately  suggests 
the  use  of  active  control  concepts  whereby 
sensors  and  actuators  are  located  about  the 
structure  to  perform  required  functions  via  on 
board  computers. 

(b)  Civil  Engineering  Structures  (CES). 
The  idea  of  actively  controlling  the  motion  of 
tall  buildings  and  long  bridges  subject  to 
environmental  loads  also  has  a  recent  origin. 
With  the  trend  toward  taller,  longer,  and  more 
flexible  structures,  control  concepts  are 
advanced  for  the  purpose  of  increasing 
structural  integrity,  enhancing  human  comfort 
and  safety,  and  reducing  potential  damages  by 
means  of  modifying  a  structure's  response  to 


environmental  loads  induced  by  wind,  earth¬ 
quake,  and  other  disturbances. 

The  development  of  control  methodology 
for  flexible  structures  of  sizes  and  complex¬ 
ities  as  encountered  in  LSS  and  CES  gives  rise 
to  a  number  of  unique  and  important  problems 
from  both  theoretical  and  practical  points  of 
view.  These  include  (1)  the  necessity  of 
using  low-order  discretized  systems  to  appro¬ 
ximate  flexible  structures  which  are  basically 
distributed-parameter  systems,  (2)  the  problem 
of  control  and  observation  spillovers  when 
control  is  designed  based  on  the  discretized 
system  but  is  applied  to  the  actual  system, 

(3)  the  problem  of  placement  of  limited  number 
of  sensors  and  controllers  in  some  optimal 
*ashion,  and  (4)  control  design  under  practical 
constraints  such  as  external  energy  supply. 

This  paper  is  primarily  concerned  with 
active  modal  control  design  which  compensates 
for  control  and  observation  spillover.  Since 
control  and  observation  spillover  leads  to 
potential  instabilities  in  the  uncontrolled 
modes,  one  of  the  fundamental  problems  in 
active  control  of  complex  structures  is  that  of 
spillover  compensation  and  preservation  of 
stability  in  all  modes.  In  this  paper,  a 
design  procedure  is  developed  which  not  only 
insures  that  the  controlled  modes  of  the 
structures  stay  close  to  the  designed  values 
but  also  preserves  stability  in  the  uncon¬ 
trolled  modes.  It  is  shown  that  the  appropri¬ 
ate  control  methodology  obtained  based  upon 
this  approach  is  in  general  different  from 
conventional  control  design. 


47 


(5) 


The  sensitivity  of  spillover  compensation 
to  the  placement  of  controllers  and  sensors  is 
also  studied.  Given  the  available  number  of 
controllers  and  sensors  and  under  controll¬ 
ability  and  observability  conditions,  optimal 
controller  and  sensor  configurations  can  also 
be  determined  with  respect  to  spillover  mini¬ 
mi  zation. 


Ec  = 


Acrxr 


and 


Rr  = 

c  r  r 


where  x  is  the  state  vector  associated  with 
the  residual  (or  uncontrolled)  modes  of  the 
FOS.  It  is  governed  by 


A  x_  +  B  u 
r  r  r 


+  E. 


(6) 


MODEL  REDUCTION  AND  CONTROL-OBSERVATION 
SPILLOVER 

Complex  structures  are  conti nua  whose 
dynamic  behavior  is  generally  described  by 
distributed-parameter  systems.  In  the  design 
of  active  control  for  such  systems  using  known 
state  variable  methods,  a  lumped- parameter 
approximation  is  usually  applied  which 
possesses  very  large  or  infinite  dimension  in 
its  state  space.  However,  due  to  limitations 
on  the  number  of  implementable  controllers  and 
sensors  as  well  as  limited  on-board  computa¬ 
tion  capacity,  it  is  impractical  or  impossible 
to  carry  out  control  design  based  upon  full- 
order  discretized  systems.  Hence,  reduced- 
order  models  are  necessary  for  the  purpose  of 
control  design,  resulting  in  control  and 
observation  spillover  into  the  vibrational 
modes  ignored  in  the  reduced-order  model. 

In  order  to  see  this  spillover  effect, 
let  us  start  with  the  full-order  discretized 
system  (FOS)  represented  by  the  vector-matrix 
equation 

x  =  Ax  +  Bu  (1) 

with  the  observation  equation 

y  =  Cx  (2) 

where  x  is  an  n-dimensional  state  vector  of 
the  structural  system  (n  large),  A  is  the 
system  matrix,  u  is  a  p-dimensional  control 
vector,  and  B  is  the  control  location  matrix. 
In  Eq.  (2),  y  is  the  k-dimensional  output  or 
observation  vector  and  C  is  the  observation 
matrix. 

A  reduced-order  model  (ROM)  can  be  gene¬ 
rated  through  aggregation  or  modal  eigen¬ 
function  expansion  techniques  by  retaining 
only  the  controlled  modes  of  the  system, 
gi  ving 


X,  =  A„x„  +  B.u  +  E„ 
c  c  c  c  c 

(3) 

with  the  observation  equation 

y  =  Ccxc  +  rc 

(4) 

In  the  above,  the  dimension  of  x  is 
general  much  smaller  than  that  ofc  x  . 
and  R  are  error  terms  introduced 

in 

Ec 

c  through  the  truncation  process;  they 
can  be  represented  by 


The  error  term  E  in  the  residue  equation 
has  the  form 


The  error  term  Ec  in  Eq.  (3)  represents 
the  modelling  error  due  to  the  model  reduction 
process.  The  term  Bru  in  Eq.  (6)  shows  the 
effect  of  control  u(t)  entering  the  residue 
subsystem,  or  control  spillover  to  the  residue 
modes.  The  contamination  of  observations  in 
Eq.  (4)  with  residue  information  R  produces 
observation  spillover.  Thus,  the  Controller 
imparts  energy  to  the  residual  modes  through 
the  interaction  term  Bru  and  the  resulting 
residual  mode  excitation  is  in  turn  detected 
by  the  sensors  through  the  term  Rc  for 
control  design,  resulting  in  an  escalating 
performance  degradation.  These  interactions 
are  graphically  shown  in  Fig.  1.  It  can  be 
shown  that  spillovers  can  reduce  stability 
margins  of  the  actual  structure  and  are  at  the 
heart  of  the  control  problem  based  upon 
reduced-order  models  Q3. 

Clearly,  the  magnitude  of  control  and 
observation  spillover  is  a  function  of  the 
model  reduction  process.  It  is  also  a  func¬ 
tion  of  controller  and  sensor  locations  and 
their  effects  on  the  residue  modes.  Our 
interest  here  is,  however,  not  with  the 
derivation  of  reduced-order  models  but  with 
the  interaction  of  spillover  and  control 
design,  together  with  the  problem  of  control¬ 
ler  and  sensor  placement  from  the  point  of 
view  of  spillover  minimization.  This  is 
developed  in  the  next  section. 


CONTROL  DESIGN  AND  EFFECT  OF  SPILLOVER 

In  this  section,  we  begin  by  developing 
the  feedback  control  u(t)  based  upon  the 
reduced-order  system  given  by  Eqs.  (3)  and 
(4)  with  E.  =  0  and  R  =  0  .  It  is 
assumed  that  the  system  C(A  ,  B  ,  C  )  is 
controllable  and  observablecL2H. 

The  active  controller  consists  of  (a)  a 
state  estimator  which  accepts  the  sensor 
measurement  y(t)  and  produces  an  estimate 
x  (t)  of  the  state  x  (t)  and  (b)  a  linear 
state  feedback  controlciaw  which  gives  control 
u(t)  as 

u(t)  =  Kxc(t)  (8) 

where  the  constant  gain  K  is  determined  as 
though  the  true  state  xc(t)  were  available 
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Controller  Number  Sensor  Number 

and  Locations  Actual  Structure  and  Locations 


Fig.  1.  -  Interaction  Among  Model  Reduction,  Spillover,  and 
Sensor  and  Controller  Placement. 


instead  of  x  (t)  and  is  obtained  using 
either  modal  c  control  or  optimal  control 
methods.  In  the  modal  control  approach,  for 
example,  the  gain  K  is  found  in  such  a  way 
that  the  eigenvalues  of  the  matrix  A  +  B  K 
are  appropriately  placed  and  this  canc 
always  be  accomplished  when  (A  ,B  ,C  )  is 
controllable  and  observable.  c  c 


Let 

e(t)  =  xc(t)  -  xc(t)  and  xc  =  Dx 

(11) 

we  then  have 

x  =  (A  +  BKD)x  +  BKe  (12) 


The  state  estimator  can  be  designed  as  a 
Luenberger  observer  when  the  signal-to-noise 
ratio  for  the  output  is  sufficiently  high  and 
as  a  Kalman  filter  otherwise.  It  has  the  form 

xc(t)  =  Ac^t)  +  Bcu(t)  +  GCy(t)  -  y(t)D 

(9) 

xc(0)  =  0  ;  y( t)  =  Ccxc(t) 

that  is,  it  has  an  internal  model  of  the 
system  (A  ,8  ,C  )  being  estimated  and  it 
corrects  c.  the  model  by  a  linear  feed¬ 

back  of  the  difference  between  the  measured 
output  y(t)  and  the  computed  output  y(t)  . 
In  the  Luenberger  version,  the  estimator  gain 
G  is  chosen  so  that  the  estimator  error 
x  (t)  -  x  (t)  decays  exponentially  at  a  pre- 
cscribedcrate. 

Consider  now  the  effect  of  spillover  when 
the  controller,  designed  based  on  the  reduced- 
order  system,  is  applied  to  the  full-order 
system  given  by  Eqs.  (1)  and  (2).  The  substi¬ 
tution  of  Eq.  (8)  into  Eq.  (1)  yields 

x  =  Ax  +  8Kxc 

=  Ax  +  BKxc  +  BK[xc  -  xc]  (10) 
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It  is  seen  that  the  sensor  output  is  con¬ 
taminated  by  the  residue  inodes  through  the 
term  (C  -  CcD)x(t)  ,  which  can  be  identified 
as  C  l  ,  the  observation  spillover.  Thus, 
while  tne  poles  of  A  +  BKD  and  A-  -  GC 
can  be  designed  with  substantial  stability 
margin,  the  presence  of  observation  spillover 
can  lead  to  instabilities  in  the  residue  modes 
This  is  especially  true  in  the  lightly  damped 
system.  The  theorem  stated  below  helps  to 
quantify  this  pole  shifting  effect  due  to  the 
observation  spillover;  its  proof  can  be  found 
in  [3]. 


,  Theorem.  Let  the  j_t±  eigenvalue  and  its 
corresponding  eigenvector  of  Q  in  the 
absence  of  observation  spillover  be  denoted 
by  x.  and  u,  ,  respectively,  and  assume 
that  J  the  J  eigenvalues  are  distinct 
without  loss  of  generality.  Then  the  amounts 
of  change  in  and  u.  due  to  the  presence 
of  Q21  are  J  given  J  by 


[5Qui]  vi 
T 

Uj  Vj 


(17) 


SUj 


=  I 


[6quj]  Vi 


where 


<5Q 


0  ]  0 


I 


i 


(18) 


(19) 


of  measurements  for  more  complete  state 
feedback  [7D.  However,  these  procedures  are 
indirect  and  can  become  ineffective  when  the 
residue  modes  are  closely  spaced  or  when  it 
becomes  impractical  to  add  required  number  of 
sensors . 


The  control  design  procedure  proposed  in 
this  paper  is  a  direct  modification  of  the 
spillover-free  control  law  as  indicated  in 
Sec.  Ill  by  requiring  that  the  controlled  modes 
of  the  system  stay  close  to  the  designed  values 
and  that  the  stability  of  the  uncontrolled 
modes  be  preserved. 


in  Eq.  (1)  and 
respectively, 

+  m)  matrix  Q 
( 16) .  For  structural 
Q  consist  of 


Let  the  dimensions  of  x 
xc  in  Eq.  (3)  be  n  and  m  , 
and  consider  the  (n  +  m  )X(n 
defined  in  Eqs.  (15)  and 
systems,  the  eigenvalues  of 
complex  conjugate  pairs 
k)  and,  for 

convenience,  we  shall  assume  that 
they  are  distinct  at  least  in  the  controlled 
modes.  In  modal  control,  the  control  objective 
is  to  affect  changes  in  the  controlled  modes  so 
that  they  take  prescribed  eigenvalue  pairs 


^  ^n+m’^n+m 


(Aj.A^Mx 


2*^2*) » * 


Pj,pl 


'),( 


P  2 


'),*••  ,(p 


m’pm 


') 


In  the  absence  of  spillover,  it  is 
straightforward  to  determine  the  control  gain 
K  as  indicated  in  Sec.  IV.  With  the  presence 
of  spillover,  the  proposed  procedure  calls  for 
a  modification  in  the  value  of  K  by  mini¬ 
mizing  the  cost  function 


m 

I  rj 
J=1  J 


*j 


Pjl2  =  wcV 


where 


(20) 


and  v,  is  the  jth  eigenvector  associated 
witii  J  Q*  ,  the  complex  conjugate  of  the 
spillover  -  free  matrix  Q  . 


ACTIVE  CONTROL  DESIGN  WITH  SPILLOVER 
COMPENSATION 

In  view  of  the  fact  that  spillover  can 
cause  serious  system  performance  degradation, 
it  is  important  that  conventional  design 
procedure  be  modified  in  order  to  eliminate 
or  minimize  spillover  effects.  The  most 
obvious  method  of  spillover  reduction  is  to 
locate  the  controllers  and  sensors  at  or 
very  near  the  zeros  of  the  affected  modes. 
However,  this  is  difficult,  if  not  impossible 
to  do  as  the  freedom  of  locating  sensors  and 
controllers  is  rarely  available  to  the 
control  designer.  Other  attempts  include  the 
introduction  of  a  "comb"  filter  between  the 
sensor  output  and  state  estimator  for  the 
purpose  of  "combing  out"  the  residue  modes 
[4],  implementation  of  an  orthogonal  filter 
in  an  attempt  to  counteract  spillover  as  an 
unmodelled  disturbance  [5,6],  and  addition 


1  '  P1 


and 

R  =  diag[rj*  (22) 


while  a  set  of  inequality  constraints  is  satis 
fied.  These  inequality  constraints  arise  from 
stability  requirements  in  the  uncontrolled 
modes  and  can  be  written  in  the  form 

Re(Aj)  +  Ej  s  0  ,  j  =  m+1,***,  n  (23) 

where  e.  are  some  prescribed  small  positive 
numbers . 

The  optimization  problem  with  the  cost 
function  defined  by  Eq.  (20)  and  inequality 
constraints  given  by  Eq.  (23),  although  highly 
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nonlinear,  can  be  numerically  carried  out  using 
the  method  of  Lagrange  multipliers  with  the 
help  of  carefully  defined  slack  variables.  It 
can  be  shown  that  the  problem  reduces  to  that 
of  finding  the  solution  of  a  set  of  (r+n-m) 
simultaneous  nonlinear  equations,  where  r  is 
the  number  of  unknown  parameters  in  the  opti¬ 
mization  problem.  While  the  dimension  (r+n-m) 
is  in. genera]  large  due  to  large  n  ;  the  pro¬ 
cedure  can  be  facilitated  by  seeking  the 
control  gain  K  sequentially  by  incorpora¬ 
ting  into  the  solution  procedure  the 
inequality  constraints  given  by  Eq.  (23) 
sequentially.  Numerical  experimentations 
show  that  the  solution  for  control  gain  stabi¬ 
lizes  at  a  rate  proportional  to  the  number  of 
inequality  constraints  considered  at  each 
stage. 

It  is  noted  that,  in  addition  to  K  ,  the 
optimization  process  can  also  be  carried  out 
with  respect  to  B  and  C  ,  leading  to 
optimal  locations  for  sensors  and  contollers. 

In  these  cases,  we  see  that  the  value  of  r 
increases  and  a  more  difficult  numerical 
problem  is  encountered. 


In  this  example,  the  critical  modes  are 
taken  to  be  the  first  three  structural  modes 
(the  first  three  pairs  of  eigenvalues)  and  the 
fourth  and  fifth  modes  are  the  residue  modes. 
Thus,  the  reduced-order  system  is  one  of  order 


6)  with 

=  [000 

0.12  -  0.16  0.86] 

(28) 

=  [001 

0  0  20.0] 

(29) 

The  control  objective  is  to  apply  active 
control  to  the  uncontrolled  system  so  that  the 
three  controlled  modes  take  the  following 
desired  values: 

Pj,  Pj*  =  -1.370  +  16 ,679i 

p2,  p2*  =  -1.888  +  40. 0111  (  30) 

p3*  p3*  B  -2-583  t  61  - 344i 

In  the  control  design,  the  following 
cases  are  of  interest: 


A  NUMERICAL  EXAMPLE 


For  the  purpose  of  numerical  comparison, 
it  is  instructive  to  illustrate  the  results 
with  a  simple  example  in  which  all  modal  data 
are  readily  obtained.  Consider  a  structural 
system  whose  FOS  is  described  by  Eqs.  (1)  and 
(2)  with  n  =  10,  p  =  1,  k  =  1  and 


- 1 

O 

I 

A21 

A22 

t 

BT  =  [0  0  0  0  0  0  0  0  0  1.0] 


(24) 


(25) 


C  =[000010000  20.0]  (26) 


in  which  the  matrices  A2-  and  A22  take 
values  so  that  FOS  “represents 

a  lightly  damped  fi ve-degree-of- freedom  mass¬ 
spring-damper  system.  Eq,  (25)  indicates  that 
a  single  controller  is  applied  at  the  fifth 
mass  and  Eq.  (26)  shows  that  a  single  sensor 
is  located  at  the  same  mass  with  its  dis¬ 
placement  and  velocity  observed.  The  eigen¬ 
values'  of  A  are 


Xj,  Aj*  =  -0.0036  +  12.6791 
X2,  a2*  =  -0.0055  +  37.0111 
A3,  a3*  =  -0.0012  +  58.3441 
V  x4*  =  -0-0458  +  74.9501 
A5,  a5*  =  -0.0941  +  85. 484 i 


(27) 


Case  A.  The  conventional  modal  control  design 
based  upon  the  ROM  while  ignoring  the 
uncontrolled  modes. 

Case  B.  The  modified  modal  control  design 

where  the  control  gain  is  determined 
by  minimizing  the  cost  function  given 
by  Eq.  (20)  with  inequality  con¬ 
straints  given  by  Eq.  (23).  The 
matrix  R  in  Eq.  (20)  is  taken  to  be 
I  and  Ej  =  e2  =  0.00001  in  Eq.  (23). 

Case  C.  The  same  as  Case  B  but  with 
el  =  e2  =  0-1  ’ 

The  pole  shifting  characteristics  for  all 
three  cases  are  summarized  in  Tables  I  - 1 1 1 . 

It  is  shown  that  conventional  modal  control 
design  (Case  A)  can  lead  to  instabilities  in 
the  residue  modes  in  the  presence  of  spillover. 
On  the  other  hand,  the  modified  procedure 
(Cases  B  and  C)  insures  stability  in  the 
residue  modes  while  the  controlled  modes  are 
kept  close  to  their  desired  values.  Results 
for  Cases  B  and  C  also  show  that  varied 
stability  margins  in  the  residue  modes  can  be 
achieved  but  modal  accuracy  in  the  controlled 
modes  is  somewhat  sacrificed. 

A  more  dramatic  difference  in  results 
between  Cases  A  and  B  is  shown  in  Figs.  2  and 
3  when  the  system  is  subjected  to  a  somewhat 
arbitrary  forcing  function.  Fig.  2  shows  xg, 
the  displacement  of  the  fifth  mass,  as  a  J 
function  of  time  under  uncontrolled  condition 
and  under  conventional  control  (Case  A).  While 
a  reduction  of  displacement  magnitude  is 
affected  by  Case  A  control,  instabilities  in 
the  residue  modes  cause  oscillation  with  in¬ 
creasing  magnitude.  In  contrast,  Case  B 


51 


TABLE  I 

Pole  Shifting  Characteristics  (Case  A) 


Mode 

Uncontrol  led 

Control  led 
without 
Spillover 

Controlled 

with 

Spi llover 

1 

-0.0036  +  12.68i 

-1.370  +  16 . 68i 

-1.376  +  16.67i 

2 

-0.0055  +  37 . 0 li 

-1.888  +  40 . 01  i 

-1.876  +  39 . 9  3i 

3 

-0.0012  +  58. 34 i 

-2.583  +  61 . 34i 

-2.107  +  60 . 9 1 i 

D 

-0.0458  +  74.95i 

-0.0458  +  74 . 95i 

+0.189  +  75 .6 li 

H 

-0.0941  +  85.48i 

-0.0941  +  85.48i 

-0.033  +  85 . 59i 

TABLE  II 

Pole  Shifting  Characteristics  (Case  B) 


Mode 

Uncontrolled 

Controlled 

without 

Spillover 

Controlled 

with 

Spillover 

1 

-1.404  +  16 . 68i 

-1.410  +  16.67i 

1 

-1.974  +  40 . 05i 

-1.971  +  39 . 97i 

mm 

Same  as 

1  ■ 

-4.118  +  61 . 27 i 

-3.038  +  60.79i 

tm 

Case  A 

-0.046  +  74 . 95i 

-0.00001  +  75 ,81i 

-0.094  +  85.48i 

-0.054  +  85.64i 

TABLE  III 

Pole  Shifting  Characteristics  (Case  C) 


Mode 

Uncontrolled 

Controlled 

without 

Spillover 

Controlled 

with 

Spillover 

1 

-2.105  +  16 . 32i 

-2.109  +  16. 29 i 

2 

-3.143  +  38.24i 

-2.937  +  38.26i 

Same  as 

3 

-0.807  +  58 . 84 i 

-0.778  +  58 . 85 i 

Case  A 

m 

-0.046  +  74 . 9  5 i 

-0.100  +  75 . 26i 

-0.094  +  85.48i 

-0.100  +  85 . 55 i 
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Fig.  2  -  Displacement  x ^  -  Uncontrolled  and  Controlled  (Case  A) 


control  leads  to  stable  results  as  shown  in 
Fig.  3. 


CONCLUDING  REMARKS 

Since  reduced-order  systems  are  generally 
needed  for  control  design  for  control  of  com¬ 
plex  structural  systems,  it  is  shown  that 
serious  system  performance  degradation  can 
result  due  to  control  and  observation  spill¬ 
over.  In  particular,  possible  instability 
in  the  residue  modes  due  to  observation  spill¬ 
over  is  quantified. 

In  this  paper,  a  procedure  is  proposed 
wh i ch  modi f i es  the  conventional  control  design 
in  order  to  remove  undesirable  spillover 
effects  from  the  residue  modes.  The  proposed 
procedure  also  permits  a  study  of  the  sensiti¬ 
vity  of  sensor  and  controller  placement  to 
spillover  compensation. 
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INTRODUCTION 


1.5  In  the  era  of  the  MX  missile  and  the 
neutron  bonb,  the  basic  tool  of  the  military 
IS  Still  the  gun.  Whether  its  form  is  the 
rifle  for  a  fuotsoiaier,  an  automatic  cannon 
on  an  aircraft,  or  how'tzer  In  an  artillery 
battalion,  the  gun  is  effective,  reliable,  and 
economical.  The  inherent  wide  mission  versa¬ 
tility  of  the  gun  allows  the  quick  response 
employment  of  gun-type  weapons  in  the  broadest 
range  of  battle  scenarios. 

Today  heavy  emphasis  is  placed  on  the 
ability  to  provide  global  response  with  mini- 
mu-  time  lapse  by  the  airlift  of  troops  and 
materiel  .  In  the  battle  bone,  high  combat 
fluidity  is  produced  with  helicopter  dispatched 
movement  of  troops  and  materiel  under  coordi¬ 
nated  command  and  control  of  the  combined  arms 
team  concept. 

The  need  to  airlift  materiel  requires 
the  armament  engineer  to  design  systems  that 
are  lightweight,  yet  retain  or  increase  the 
firepower  previously  provided.  When  gun  sys¬ 
tems  were  first  employed  on  helicopter  gun- 
ships  during  the  early  1960's,  low  impulse 
7,62mm  machine  guns  and  grenade  launchers  were 
employed.  Today  the  threat  posed  by  the  Sino- 
Sovlet  military  machine  requires  that  auto¬ 
matic  cannons  replace  the  low  impulse  weapons 
to  provide  greater  standoff  range  and  greater 
terminal  effects. 

The  gun  is  a  classical  demonstration  of 
Newton's  first  law.  The  action  of  a  gun  is 
the  release  of  a  large  amount  of  energy  in  a 
few  milliseconds.  The  dissipation  of  this 
energy  is  one  of  the  key  design  factors  in 


the  integration  of  the  gun  into  its  system 
application.  Typically,  a  spring  damper  unit 
is  imposed  between  the  gun  and  its  mount  to 
absorb  the  energy.  The  spring  system  lowers 
the  peak  force  generated  by  the  gun  and 
lengthens  the  action  time.  The  actual  force 
level  is  a  function  of  the  propellant  impulse, 
the  masses  of  the  projectile  and  recoiling 
weapon,  friction  and  the  spring  system  design. 
The  spring  system  design  presents  a  tradeoff 
between  the  tolerable  force  level,  the  dis¬ 
tance  the  qun  is  allowed  to  recoil,  and  the 
period  between  firings. 

While  the  design  problem  is  essentially 
the  same  for  any  gun  system  integration,  the 
helicopter  gunship  offers  some  unique  chal¬ 
lenges  to  the  designer.  First,  weight  is  a 
critical  consideration  in  helicopter  design 
so  the  basic  airframe  is  a  skeletal  structure 
that  is  very  sensitive  to  vibration  loading 
such  as  produced  by  a  rapidly  firing  gun.  The 
lightweight  structure  also  requires  the  peak 
recoil  force  transferred  to  it  to  be  held  at  a 
minimum  level  to  preclude  damage  through  im¬ 
mediate  stresses  or  longer  term  fatigue  ef¬ 
fects.  The  gun  is  employed  primarily  as  a 
suppressive  weapon  and  is  turret  mounted  to 
provide  the  widest  volume  of  coverage  possi¬ 
ble.  This  restricts  the  length  of  recoil 
within  the  turret  envelope  and  causes  the 
direction  of  the  loading  to  vary  widely  as  it 
is  transferred  through  the  surrounding  struc¬ 
ture.  These  design  considerations  coupled 
with  the  need  to  provide  greater  firepowei  . 
are  approaching  the  limits  of  what  can  be 
accomplished  with  passive  spring  damper  sys¬ 
tems  on  the  current  helicopter  airframes.  As 


the  peak  recoil  force  increases,  the  sensi¬ 
tivity  of  other  system  components,  such  as 
optical  Sighting  systems,  to  firing  rate  fre¬ 
quency  increases  because  the  lightweight 
structure  transmits  the  vibrations  throughout 
the  structure. 


Continuing  to  increase  the  firepower,  yet 
retain  the  other  desired  or  required  armament 
system  features  demands  a  departure  from  the 
current  mounting  philosophy.  Replacing  the 
passive  spring-damper  unit  with  a  microproces¬ 
sor  controlled  electro-hydraulic  cylinder 
allows  a  maximum  reduction  in  the  peak  recoil 
load,  indeed  changing  the  nature  of  the  load¬ 
ing  from  a  vibration  generating  pulse  to  a 
constant  force  that  reacts  with  the  local 
structure  as  if  it  were  a  static  load  during 
the  firing  period. 

This  paper  will  discuss  a  fire-out-of- 
battery  concept  for  reducing  gun  peak  recoil 
loads  and  test  results  obtained  from  two  sig¬ 
nificantly  different  automatic,  rapid  fire 
guns.  This  Force  Opt  1  mi  zed  Recoil  Controller 
(FORC)  system  reduced  the  transmitted  recoil 
loads  from  the  firing  guns  by  over  70*1  when 
compared  to  recoil  loads  measured  wh°n  using 
conventional  recoil  adapters. 

The  theory  of  the  FORC  system  will  be  dis¬ 
cussed  in  Section  2.0  along  with  the  control 
algorithm  used  to  adjust  changes  In  the  recoil 
displacement  and  velocity  of  the  system  during 
firing  due  to  variations  in  system  parameters. 
Section  3.0  will  discuss  the  hardware  used  to 
Implement  the  FORC  system  and  the  guns  and  am¬ 
munition  that  were  used  in  testing  the  system. 
Test  results  for  two  different  guns  are  pro¬ 
vided  in  Section  4.0,  with  comparison  made  be¬ 
tween  recoil  loads  measured  with  standard 
adapters  and  with  the  FORC  system.  Finally,  a 
summary  of  results  is  presented  in  Section  5.C. 

2 . 0  FORC  CONCEPT 

The  FORC  concept  is  to  average  the  im¬ 
pulse  of  a  fired  round  of  ammunition  over  the 
total  time  between  rounds.  The  average  force  Is 
then  much  lower  than  the  large  Impulse  force  of 
the  round,  reducing  shock  loads  throughout  the 
structure  to  which  the  gun  is  mounted. 


Consider  a  round  of  ammunition  with  an 
Impulse,  I,  causing  a  recoil  force,  F(t).  Then, 
if  no  other  dissipative  forces  such  as  friction 
are  present,  we  know  that 


I  =  fTf(t)dt 

^0 


(1) 


Fav  is  the  minimum  recoil  fore*  that  can  then 
be  achieved  by  the  gun  system  with  no  other 
energy  dissipative  system  present. 

2. 1  Fire-Out-Of  Battery  Principle 

The  fire-out-of-battery  principle  uses 
the  initial  momentum  of  the  gun's  dynamic  com¬ 
ponents  to  absorb  a  portion  of  the  ammunitions 
energy.  The  recoil  system  provides  a  constant 
force  to  the  gun  before  it  fires  and  ideally 
the  gun  fires  when  Its  forward  momentum  is 
equal  to  one  half  the  round  Impulse.  Consider 
Eqn.  (2)  rewritten  in  terms  of  the  constant 
acceleration  of  the  system.  Then 

I 

V  =  T-M  (3) 

where  M  is  the  mass  of  the  recoiling  components 
of  the  gun  system.  Integrating  this  equation 
with  the  system  Initially  at  rest  and  with  the 
gun  firing  at  time  T/2,  half  the  time  between 
rounds,  the  velocity  is  then  given  by 

*F  *  2H i"  (4; 

The  momentum  of  the  moving  system  at  the  time 
of  fire  is  then  one  half  the  round  mementun  as 
stated  previously.  The  impulse  of  the  round 
then  causes  the  velocity  of  the  system  to  re¬ 
verse  and  it  is  equal  to  ~xp.  This  is  shown  in 
Figure  1,  which  1$  a  graph  of  the  constant  ac¬ 
celeration,  velocity,  and  displacement  for  an 
ideal  recoil  system. 

The  constant  forward  acceleration  causes 
the  velocity  to  increase  linearly  to  zero  at 
time  T,  the  time  between  rounds.  At  this  time, 
the  displacement  is  also  again  zero  and  the 
cycle  repeats . 

2 . 2  Hydropneumatic  Spring 

The  constant  forward  acceleration  for  the 
FORC  system  is  provided  by  a  hydropneumatic 
spring.  To  maintain  neatly  constant  accelera¬ 
tion  requires  that  the  force-displacement  curve 
for  tne  spring  be  flat,  i.e.,  a  large  preload 
on  a  low  spring  rate.  This  was  achieved  by 
means  of  a  hydraulic  piston  with  an  integral 
nitrogen  accumulator  to  act  as  the  spring.  The 
hydraulic  fluid  provided  the  preload  for  the 
spring  and  its  compressibility  can  be  neglected 
when  compared  to  that  of  the  nitrogen. 

For  an  ideal  system  the  average  force  re¬ 
quired  for  the  FORC  system  can  be  determined 
from  Eqn.  (2).  This  force  is  then  equal  to 


where  T  is  the  time  between  rounds.  If  the  re¬ 
coil  system  can  provide  a  constant  force  trans¬ 
mitted  from  the  gun  to  the  mount  between  rounds 
equivalent  to  the  Impulsive  force,  then 

I  =  fAV  '  T  (2) 


PI  +  PF 

fAV  *  ^  2  4  ■  AP  ('J' 

where  Pj  Is  the  Initial  nitrogen  pressure,  Pp 
is  the  nitrogen  pressure  at  the  time  of  firing, 
and  Ap  is  the  piston  a*-ea.  Due  to  the  snail 
vo^me  change  adiabatic  expansion  of  the 
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nitrogen  is  assumed  and  we  have 


piviK4  =  PfV-'1  (6) 

where  is  the  initial  nitrogen  volume  and  VF 
is  the  nitrogen  volume  at  the  time  of  firing. 


distance  for  the  gun  occurs  at  the  initial 
equilibrium  position  (see  Figure  1).  The  al¬ 
gorithm  provides  corrections  at  two  points  in 
time  during  each  firing  cycle;  the  first,  im¬ 
mediately  after  firing  and  the  second,  when 
the  velocity  passes  through  zero  from  the  nega 
tive  to  the  positive  side. 


With  the  gun  displacement  at  the  time  of 
firing,  xF,  known,  the  two  nitrogen* volumes  can 
be  related  by 

VF  =  Vr  *  xp.Ap  (7) 


Substituting  Eqns  (5)  and  (  7)  into  Eqn  (5) 
and  solving  for  Pj,  we  obtain 


2F. 


=  Ac 


AV 


(1  +  (VT+Ap.xp 


1.4 


(A) 


9y  including  friction,  Fc,  and  back  pressure 
in  the  hydraulic  system,  Pgj  Eqn  {8)  becomes 

Pj  ,  ?FAV  +  Fc  f  PBAB _  (9) 

AP  (1  +  (  VI  )  1-4) 

Vj  +  Ap.Xp 

Ag  is  the  area  of  the  piston  opposite  the 
working  side  (see  next  section).  This  equa¬ 
tion  can  be  used  to  size  the  piston,  accumula¬ 
tor  volumes,  and  to  determine  system  working 
pressure.  However,  since  all  values  are  not 
known  exactly  the  system  was  designed  so  that 
the  preload  of  the  hydropneumatic  spring  could 
be  adjusted  by  the  addition  and  subtraction  of 
oil  from  the  hydraulic  side  of  the  spring. 

The  system,  therefore,  was  designed  as  a 
closed  loop  system  capable  of  handling  a  vari¬ 
ety  of  parameter  variations. 


■The  explanation  of  the  algorithm  that 
follows  will  be  somewhat  simplified  since  in 
actual  implementation  adjustments  were  made  to 
account  for  time  delays  in  the  system,  to  ac¬ 
count  for  wait  times  built  into  the  system  to 
allow  noise  to  reduce  immediately  after  firing 
and  because  all  calculations  were  performed  in 
the  microprocessor  in  integer  arithmetic  to 
speed  solution  of  the  algorithm. 

Figure  1  will  be  used  to  discuss  the  al¬ 
gorithm  and  parameters  will  be  referred  to  the 
points  annotated  on  the  velocity  curve.  For 
instance,  Ti 2  refers  to  the  time  from  point  1 
to  2  on  the  velocity  curve  and  V2  refers  to 
the  velocity  at  point  2.  The  calculated 
values  which  refer  to  events  that  occurred 
previously  will  be  unprimed,  while  calculated 
values  for  events  to  occur  in  the  future  will 
be  primed. 

At  the  time  of  fire  of  the  first  round, 
the  microprocessor  calculates  the  average 
pressure  of  the  recoil  cylinder  as  given  below 

P12  =  +  f£  a°) 

T12  *  AP  AP 

where  Pj?  is  the  average  pressure  and  the  re¬ 
maining  values  were  explained  above  or  in  Eqn 
(»>. 


The  time  expected  for  the  system  to  reach 
zero  velocity,  T’45,  is  then  calculated  by 


2.3  FORC  Control  Algorithm 

Control  of  the  recoiling  gun  system  is 
maintained  by  monitoring  key  system  parameters 
with  a  microprocessor  and  then  solving  a  con¬ 
trol  algorithm  to  vary  the  preload  on  the 
hydropneumatic  sprinq.  The  preload  is  con¬ 
trolled  by  a  servovalve  which  adds  or  sub¬ 
tracts  hydraulic  fluid  from  the  recoil  piston. 

Parameters  which  are  used  by  the  control 
algorithm  include  piston  pressure,  recoil  tra¬ 
vel,  and  recoil  velocity.  These  were  measured 
by  standard  transducers  and  their  output  was 
fed  to  an  A/D  converter.  From  the  A/n  convert¬ 
er,  the  data  was  transferred  to  a  6R02  micro¬ 
processor,  which  performed  all  calculations, 
and  then  commands  were  sent  to  the  servovalve. 

The  control  algorithm  was  designed  to  ad¬ 
just  the  constant  force  applied  by  the  hydro¬ 
pneumatic  spring  to  maintain  the- velocity  at 
the  time  of  fire  to  one  half  the  round  momen¬ 
tum  and  to  insure  that  maximum  counterrecoil 


T'45  «  (T-T12)  -  Wz  (ii) 

where  T  is  the  time  between  rounds,  Xz  is  the 
distance  the  system  displacement  was  from 
equilibrium  at  zero  velocity  for  the  previous 
round  (Xz  =  0  after  the  first  round)  and  Dg  is 
a  gain  factor  arrived  at  from  digital  computer 
simulations  of  the  system  when  using  realistic 
friction  forces.  This  expected  time  is  then 
used  to  estimate  the  average  pressure  required 
to  reach  zero  velocity  at  point  5. 


P'45 


v4  M 
T'45  AP 


Ap 


(12) 


Note  that  the  sign  of  the  friction  is  opposite 
that  of  Eqn  (13)  since  the  friction  now  assists 
the  spring  in  resisting  motion  of  the  piston. 
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*Pue  to  the  cylinder  design,  a  change  in  vol¬ 
ume  within  It  causes  an  equivalent  to  a  change 
in  volume  of  the  nitrogen  accumulator. 


The  change  in  pressure  for  'he  preload  can  now 
oe  calculated  as 


From  Fqns  (15)  and  (16)  the  average  recoil 
pressure  required  is  then  found. 


A  P 


45 


-  P 


12 


(13) 


This  pressure  increment  is  achieved  by  opening 
the  system  servovalve  for  a  length  of  time  cal¬ 
culated  from  empirical  results.  The  command  ix 
given  to  the  servovalve  to  open  fully  for  the 
calculated  time,  either  adding  or  subtracting 
oil.  The  times  are  dependent  or.  the  pressure- 
drop  across  the  servovalve  and  the  empirical 
equations  were  determined  separately  for  add¬ 
ing  or  subtracting  oil  . 


A  second  preload  correction  is  made  at 
point  5  on  the  velocity  curve.  The  average 
pressure  of  the  recoil  cylinder  is  calculated 
as 


V 

4 


M 

A 


(14) 


The  desired  velocity  at  point  6,  the  next 
time  of  fire,  is  determined  from 


(WV, 


(15) 


where  V  is  a  velocity  gain  constant  based  on 
the  average  impulse  of  the  round  and  for  an 
ideal  system  is  given  by  Vp  ] 

The  time  to  fire  the  next  round  is  given  by 


T '  56  '■ 


T-T 
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(16) 


P'ct  =  -  •  -  +  -  (17) 

J  T'  Ap  Ap 

The  change  in  pressure  required  at  time  5  on 
the  velocity  curve  is  then 

=  P'  -  F  (IP) 

K  56  45  Uw' 

The  servovalve  command  Is  determined  from  the 
sane  empirical  formulas  discussed  previously. 

This  completes  one  cycle  through  the  con 
trol  algorithm  and  for  each  successive  round 
the  system  loops  back  to  Eqn  (10)  until  the 
number  of  rounds  requested  is  fired  or  in  an 
operational  system  when  the  trigger  is  re¬ 
leased.  At  that  time,  the  system  transfers 
to  an  algorithm  to  return  the  gun  to  its 
equilibrium  position  so  it  is  ready  to  fire 
another  burst . 

Throughout  the  firing  cycle  the  micro¬ 
processor  also  checks  system  parameters  to 
determine  that  they  are  maintained  within  pre 
set  bounds.  If  any  parameter  falls  outside 
the  bounds  or  the  gun  misfires,  the  cyle  is 
aborted  and  the  system  is  prepared  to  begin 
another  burst. 


FIGLIPE  I.  CURVES  FOR  IDEAL  HPE-OUT-OF-BATTERf  GUN 


3 . 0  HARDWARE  DESCRIPTION 

Two  different  gun  systems  were  tested 
using  the  FORC  system.  Due  to  the  wide  varia¬ 
tions  between  the  guns,  different  recoil  cylin¬ 
ders  were  designed  for  each  gun,  however,  other 
components  such  as  servovalves,  sensors,  and  the 
microprocessor  were  identical  for  both  systems. 
The  hardware  description  of  the  FORC  system  will 
therefore  be  given  for  one  system  since  the  dif¬ 
ferences  between  the  two  are  only  in  the  sizing 
of  recoil  cylinders  and  the  nitrogen  accumula¬ 
tors  andin  the  construction  of  the  hydraulic 
mani  fold. 

3. 1  FORC  Hardware 

A  general  diagram  of  the  hydropneumatic 
system  for  FORC  is  shown  in  Figure  2.  Recoil 
cylinders  are  mounted  on  each  side  of  the  gun 
so  all  fluid  flow  occurs  in  parallel.  Lengths 
of  hydraulic  lines  were  kept  equal  to  insure 
symmetry  of  the  system. 

A  double  sided  piston  is  used  to  maintain 
the  system  at  the  equilibrium  position  prior  to 
firing.  Servo  valves  A  and  8  of  Figure  2  are 
adjusted  during  the  prefire  stage  to  maintain 
the  equilibrium  position  and  to  maintain  the 
proper  preload  on  the  nitrogen  spring.  At  the 
initiation  of  the  firing  sequence  the  dump  valve 
and  servo  valve  B  are  opened  to  the  return  line. 
(The  dump  valve  was  only  required  for  the 
largest  gun  system  due  to  its  increased  flow  re¬ 
quirements.)  The  nitrogen  spring  then  applied 
a  force  to  move  the  recoil  cylinders  and  gun 
forward.  Servo  valve  A  is  then  used  to  adjust 
the  system  preload  as  described  in  Section  2.4. 
The  back  pressure  used  in  Eqn.  (9)  is  due  to 
the  return  line  pressure  and  during  testing  did 
vary  as  the  piston  moved  back  and  forth. 

The  sensors  used  in  the  system  were  off 
the  shelf  transducers  including  an  LVDT  for 
displacement,  an  LVT  for  velocity  and  a  pres¬ 
sure  transducer.  Care  was  needed  in  the 
mounting  of  the  transducers  to  reduce  system 
noise  during  firing,  but  otherwise  no  unique 
requirements  were  necessary  for  the  trans¬ 
ducers  . 

The  microprocessor  system  used  to  control 
the  FORC  system  was  a  Honeywell  H100  system.  It 
consists  of  a  Motorola  6802  microprocessor,  A/D 
and  D/A  boards,  real  time  clock  and  a  RS232  In¬ 
terface.  All  programming  of  the  system  was 
performed  in  assembly  language  to  insure  timely 
solution  of  the  control  algorithm. 

The  final  hardware  required  to  insure 
proper  operation  of  the  FORC  system  was  the 
sliders  which  contained  the  gun  motion.  Unless 
these  sliders  were  low  friction,  too  much  power 
would  be  required  to  operate  the  system  effec¬ 
tively.  Two  different  methods  of  eliminating 
friction  were  used  and  both  worked  effectively. 
The  first  system  consisted  of  cylindrical  rods 
attached  to  the  gun  which  rode  in  self  aligning 
ball  bushings.  In  the  second  system,  wheels 


were  attached  to  the  gun  which  then  rode  in  a 
channel  attached  to  the  gun  cradle. 

3.2  Guns  and  Ammunition 

Two  different  guns,  with  round  Impulse 
varying  by  over  a  factor  of  two,  have  been 
tested  using  the  FORC  concept.  These  were  a 
prototype  model  of  the  30mm  XM230  chain  gun 
developed  by  Hughes  Helicopter  and  the  30mm 
GAIM3/A  gun  developed  by  General  Electric. 

The  XM230  chain  gun  is  a  single  barrel, 
externally  powered  weapon  which  Incorporates 
a  rotating  bolt  mechanism  driven  by  a  chain 
drive.  The  production  model  of  this  weapon  will 
be  used  on  the  Advanced  Attack  Helicopter  (AAH) 
in  a  secondary  armament  role.  At  the  time  of 
testing  only  a  prototype  model  was  available, 
however,  the  operation  of  this  weapon  is  iden¬ 
tical  to  the  production  model.  A  reduced  rate 
of  fire  from  the  production  model  was  used  due 
to  the  gear  ratio  of  the  drive  system  (500  SPM 
vs  625  SPM). 

A  feed  system  was  not  available  for  the 
gun  so  only  five  rounds  could  be  loaded  for 
each  test.  This  was  considered  sufficient  to 
effectively  test  the  FORC  concept  since  it  was 
estimated  the  system  would  have  reached  steady 
state  operation  within  five  rounds. 

The  ammunition  fired  from  the  XM230  was 
the  XM788  Target  Practice  (TP)  round. 


The  characteristics  of  the  gun/ammunition 
system  of  primary  interest  for  recoil  control 
are  given  below: 


Rate  of  fire 

500  SPM 

Muzzle  Velocity 

800  m/sec 

Impulse  w/o  muzzle  brake 

245  N-sec 

Impulse  w/muzzle  brake 

209  N-sec 

Mass  of  gun 

54.4  kg 

Mass  of  gun  and  FORC  system 

70.3  kg 

The  second  weapon  tested  using  the  FORC 
system,  the  GAU-13/A  gun,  is  a  four-barrel ,  i 

ternally  powered.  Gatling-type  weapon.  This 
weapon.  In  a  pod  mount,  has  been  extensively 
tested  cn  several  high  performance  aircraft 
including  the  F-15.  A  circular  feeder  was  fab¬ 
ricated  by  GE  for  the  FORC  testing  that  could 
store  a  maximum  of  15  rounds.  The  FORC  testing 
was  limited  to  10  round  bursts  since  recoil 
control  operation  could  be  effectively  deter¬ 
mined  over  this  period. 

The  gun  fired  the  GAU-8/A  target  practice 
round  during  the  testing.  Characteristics  for 
this  gun/ammunition  system  are  listed  below: 
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Rate  of  fire  360  SPM 

Muzzle  velocity  1036  m/sec 

Impulse  600  N-sec 

Mass  of  gun  214  kg 

Mass  of  gun  and  FORC  system  259  kg 


The  two  different  gun/ammunition  systems, 
therefore,  provided  an  ideal  test  of  the  adapt¬ 
ability  of  the  FORC  concept.  Between  the  t’./o 
systems  there  were  significant  variations  in 
size,  mass,  round  impulse,  and  rate  of  fire. 
However,  the  design  of  the  FORC  system  was 
similar  for  both  guns  with  the  most  significant 
difference  being  the  size  of  the  recoil  cylin¬ 
ders  and  the  nitrogen  accumulators. 

4,0  TEST  RESULTS 

Results  obtained  from  testing  the  two 
weapon  systems  will  be  presented  in  this  sec¬ 
tion  and  will  be  compared  to  ideal  results. 
General  results  discovered  during  testing  of 
both  systems  are:  (1)  Friction  between  the  gun 
and  mount  must  be  minimized  to  reduce  system 
power  requirements  and  maintain  constant  system 
acceleration;  (2)  Maximum  flow  rates  occur  at 
system  start-up  and  are  significantly  lower 
(less  than  10“5  of  maximum  rate)  during  firing; 
(3)  System  back  pressure  must  be  minimized  to 
insure  proper  operation;  (4)  The  system  servo 
valve  operated  effectively  in  the  high  shock 
environment  of  the  gun  mount;  (5)  The  system 
microprocessor  can  solve  the  control  algorithm 
for  even  higher  rates  of  fire  (estimated  limit 
is  800  SPM). 

Both  weapons  were  initially  fired  from  hard 
stands  using  conventional  recoil  adapters  and 
then  tested  using  the  hydraulically  controlled 
recoil  system  for  comparison  purposes. 

4.1  XM230  Test  Firings 

Original  testing  of  the  FORC  system  was 
performed  with  the  XM220  gun.  The  recoil  loads 
and  recoil  displacement  obtained  from  a  5  shot 
firing  burst  from  the  XM230  using  the  standard 
recoil  adapters  that  were  supplied  with  the 
prototype  weapon  are  shown  in  Figure  3.  The 
peak  recoil  load  for  this  test  was  19.1kN. 

From  this  displacement  curve  for  the  re¬ 
coil  adapters,  it  can  be  seen  that  they  were 
not  fully  tuned  to  the  firing  rate  of  500  SPM 
since  the  recoil  piston  did  not  return  to  zero 
between  shots.  However,  with  proper  tuning, 
the  minimum  recoil  force  that  could  be  expected 
would  still  be  at  least  as  great  as  obtained 
from  the  first  round,  11.3kN.  The  shape  of  the 
recoil  curve  is  consistent  with  that  obtained 
using  standard  spring-damper  recoil  adapters. 

The  maximum  recoil  travel  was  3.5cm. 


The  test  fixture  for  testing  the  XM230 
with  the  FORC  system  is  shown  in  Figure  4.  The 
hydraulic  manifold  which  also  contains  the  ni¬ 
trogen  sprina  and  control  servovalves  is  at¬ 
tached  to  the  barrel  of  the  gun.  One  of  the 
two  ring  springs  used  to  measure  the  recoil 
force  is  seen  attached  to  the  triangular  mount¬ 
ing  fixture  in  the  center  of  the  picture.  The 
Honeywell  microprocessor  system  used  to  solve 
the  control  algorithm  is  setting  on  the  table 
next  to  the  gun.  During  firing  tests  the  micro¬ 
processor  was  located  in  a  remote  room  to 
shield  it  from  the  shock  and  blast  overpressure 
that  occur  during  firing  tests. 

Test  results  obtained  from  a  5  round  firing 
burst  with  the  FORC  system  are  shown  in  Figures 
5  and  6.  The  scale  for  the  recoil  force  is  the 
same  as  that  for  the  hard  stand  firings  to  ef¬ 
fectively  reveal  the  recoil  force  reduction. 

Peak  recoil  force  for  the  burst  was  4.8kN,  four 
times  less  than  the  peak  force  measured  with 
standard  recoil  adapters. 

The  recoil  displacement,  shown  in  Figure  5, 
varies  considerably  from  the  ideal  in  that  the 
recoil  distance  is  not  consistent  from  round  to 
round  and  does  not  reach  zero  velocity  at  zero 
displacement.  As  mentioned  above,  this  was 
caused  by  binding  in  the  recoil  cylinder  and 
this  was  corrected  in  the  design  of  the  cylinder 
for  the  GAU-13/A  gun.  The  maximum  recoil  travel, 
minimum  displacement  to  maximum  displacement, 
was  5.5cm  while  the  maximum  travel  for  a  single 
round  was  4.8cm.  This  distance  is  larger  than 
that  of  the  spring-damper  system  and  is  a  penal¬ 
ty  obtained  when  reducing  the  recoil  loads. 

Velocity  and  trim  hydraulic  oil  pressure 
(equal  to  the  nitrogen  accumulator  pressure) 
are  shown  in  Figure  6.  The  slope  of  the  velo¬ 
city  curve  between  rounds  is  expected  to  remain 
constant,  however,  variations  in  slope  can  be 
seen  particularly  at  the  zero  velocity  point. 

The  control  algorithm  is  programmed  to  make 
corrections  in  trim  pressure  approximately 
6msec  after  firing  and  when  the  velocity 
reaches  zero.  The  changes  in  pressure  com¬ 
manded  by  the  control  algorithm  can  readily  be 
seen  with  maximum  pressure  changes  approaching 
1 . 8MPa . 

The  results  from  the  XM230  revealed  that 
the  FORC  concept  was  viable  but  that  extreme 
care  was  required  in  both  piston  and  mount  de¬ 
sign  to  minimize  friction.  Based  on  these  re¬ 
sults  a  second  recoil  system  was  designed  for 
the  GAU-13/A  gun  using  many  of  the  components 
from  the  XM230  FORC  system. 

4.2  GAD- 13/ A  Test  Firings 

Test  results  obtained  from  firing  a  10 
round  burst  from  the  GAU-13/A  gun  with  a  con¬ 
ventional  spring-damper  recoil  adapter  is 
shown  in  Figure  7.  The  firing  rate  was  360  SPM 
and  the  recoil  adapter  was  tuned  for  this 
firing  rate.  The  adapter  was  designed  to  take  a 
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PISTONS  AND  RODS  ARE  STATIONARY 
CYLINDERS  MOVE  WITH  WEAPON 

FIGURE  2.  FORC  HYDROPNEUMATIC  SYSTEM 
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FIGURE  5.  RECOIL  FORCE  AND  DISPLACEMENT  FOR  XM230  WITH  FORC  SYSTEM 
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set  back  displacement  on  the  first  round  and 
then  dither  around  this  displacement.  Com¬ 
paring  Figure  7  with  Figure  3,  It  can  be  seen 
that  the  shape  of  the  recoil  force  curves  and 
recoil  displacement  curves  are  very  similar 
for  the  standard  recoil  adapter  even  though 
gun  characteristics  vary  significantly. 

The  peak  recoil  force  obtained  from  this 
test  was  27.9kN  and  the  maximum  displacement 
was  6.0cm. 

The  GAU-13/A  gun  mounted  In  the  FORC  test 
fixture  Is  shown  In  Figure  8.  The  gun  was  at¬ 
tached  to  wheels  which  were  allowed  to  move 
freely  along  tracks  In  the  gun  cradle.  The 
hydropneumatic  recoil  cylinders  were  located 
inside  the  cradle  and  were  attached  to  the 
cradle  and  the  gun  receiver.  The  cradle  was 
supported  by  front  and  rear  legs  and  was  at¬ 
tached  to  the  legs  by  taper  bearings.  The 
recoil  forces  were  measured  by  force  washers 
on  each  side  of  the  gun  that  were  attached  to 
the  cradle  and  to  the  stiff  triangular  struc¬ 
ture  bolted  to  the  gun  mount  table. 

Tests  results  obtained  from  a  10  round 
burst  using  the  FORC  system  are  shown  In 
Figures  9  and  10.  The  maximum  recoil  force 
was  7.6kN,  a  reduction  In  peak  recoil  force 
of  greater  than  20kN.  The  range  of  the  re¬ 
coil  displacement  was  only  6.4cm,  slightly 
larger  than  that  obtained  with  conventional 
recoil  adapters.  Operation  of  the  control 
algorithm  can  be  seen  throughout  the  firing 
test  as  the  zero  displacement  position  is  ad¬ 
justed  during  the  burst.  There  Is  some  delay 
in  obtaining  displacement  corrections  for  two 
reasons:  (1)  The  control  algorithm  is  de¬ 
pendent  on  system  velocity  as  well  as  dis¬ 
placement;  (2)  The  nitrogen  volume  Is  larger 
for  the  GAU-13/A  than  for  the  XM230  and  there¬ 
fore,  the  maximum  pressure  corrections  that 
could  be  achieved  each  round  were  less  than 
for  the  XM230.  The  trim  oil  pressure,  shown 
In  Figure  10,  changes  by  a  maximum  of  0.4MPa 
during  servo  valve  commands  as  compared  to 
the  1.8MPa  change  achieved  during  the  XM230 
testing.  This  was  not  unexpected,  but  did  slow 
system  response  In  some  cases. 


The  velocity  curves  shown  in  Figure  10  are 
approximately  as  expected.  Small  variations 
in  peak  velocity  (velocity  at  the  time  of 
firing)  were  obtained.  The  velocity  measured 
Immediately  after  firing  was  noisy  and  there¬ 
fore  the  measurement  of  recoil  velocity  war, 
not  made  until  6msec  after  firing. 

These  results  show  Improved  system  per¬ 
formance  over  that  obtained  with  the  XM230. 
This  was  due  to  Improved  piston  design  re¬ 
ducing  internal  friction  In  the  system.  One 
problem  that  did  affect  performance  with  the 
GAU-13/A  was  system  back  pressure.  As  the 
system  recoiled  after  firing,  back  pressures 
as  high  as  l.OMPa  were  measured  and  slowed 
system  recoil  velocity.  Since  back  pressure 
was  not  measured  by  the  microprocessor,  it  was 
treated  as  an  Increased  friction  term  in  the 
recoil  direction  by  the  control  algorithm. 

5.0  SUMMARY 

The  FORC  concept  for  reducing  the  recoil 
force  of  high  rate  of  fire  automatic  guns  has 
been  tested  and  proven  effective.  Reductions 
in  the  total  recoil  force  for  the  two  weapons 
tested  are  shown  In  the  table  below: 


TABLE  I 

RECOIL  LOAD  (kN) 

GUN 

CONVEN. ADAPTER  FORC  SYS 

%  RED 

XM230 

19.1  4.8 

75 

GAU-13/A 

27.9  7.6 

73 

This  system  will  allow  consideration  of 
more  powerful  guns  for  use  In  both  helicopter 
and  armored  personnel  carrier  applications.  By 
substituting  the  large  shock  loads  of  firing 
guns  with  a  nearly  constant  force,  both  vibra¬ 
tion  and  fatigue  problems  that  prevent  mount¬ 
ing  of  powerful  automatic  guns  can  be  elimi¬ 
nated. 

Continued  study  of  the  FORC  system  is 
underway  in  the  Army  and  concepts  for  field 
applications  are  being  considered. 
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Discussrcw 


recoil? 


Mr.  Sutherland  (Vfrle  Labs):  You  briefly  men¬ 
tioned  the  weight  penalty.  Could  you  elaborate 
on  that  Just  a  bit  more? 

Mr.  Townsend:  The  passive  recoil  adapters  are 
just  mechanical  spring  type  systems.  Normally 
they  weigh  about  8-10  pounds,  depending  on  the 
size  of  the  system  you're  working  with.  We 
figure  the  hydraulic  system  weighs  about  18-25 
pounds,  depending  on  the  design  and  the  nature 
of  the  integration.  So  there  is  a  weight 
penalty,  but  we  may  have  to  pay  that  penalty  in 
order  to  mount  the  higher  impulse  weapons. 

Mr.  Sutherland:  Is  the  hydraulic  system  supply 
self-contained? 

Mr.  Townsend:  It  depends  again  on  the  system. 
There  is  a  system  hydraulic  supply  on  the  Cobra 
helicopter  and  the  Advance  Tech  helicopter,  so  I 
wasn't  attributing  any  weight  to  that.  We  could 
build  an  independent  hydraulic  supply,  and  we 
looked  briefly  at  that  to  power  the  system.  It 
would  be  electrically  powered  or  powered  by  an 
accumulator,  depending  on  the  mission  length. 

Mr.  Silver  (Westinghouse  Electric  Corporation): 
I'm  curious  about  the  change  in  the  frequency 
spectrum  one  can  attain  in  a  forcing  function 
with  or  without  the  damping  .  Could  you  change 
the  frequency  spectrum  of  the  forcing  function? 

Mr .  Townsend :  No.  In  this  case  we  are  using  an 
externally  powered  gun,  and  it  would  depend  on 
the  nature  of  the  basic  design. 

Voice :  If  you  are  talking  about  the  energy 

transmitted  into  the  helicopter,  yes,  we  did. 
We  have  the  curves  that  were  done  early  in  the 
cycle,  and  we  have  smoothed  them  out  quite  a 
bit,  so  we  have  a  much  smoother  constant  forcing 
level  now.  When  you  apply  energy  at  the 
harmonics  of  the  •  gunfiring  rate  to  the 
helicopter,  you  have  a  very  sharp  energy  input 
to  the  mount.  With  this  system  you  get  some 
ringing  due  to  friction  in  the  system;  you  don't 
get  rid  of  it  entirely. 

Mr.  Silver:  How  much  of  the  energy  goes  into 

the  blast  itself,  and  how  much  energy  goes  into 


Mr.  Townsend:  We  really  aren't  changing  the 
amount  of  energy  that  goes  into  the  structure. 
We  are  Just  averaging  it  out  over  the  firing 
cycle.  So  there  is  just  as  much  energy,  and  we 
are  Just  taking  away  the  peak  forces. 

Mr.  Silver;  I  Just  wondered  about  the  different 
influences  on  the  dynamic  environment  for 
equipment  on  helicopters. 

Mr.  Townsend:  Again,  it  depends  on  the 
particular  system.  The  basic  vibration 
frequency  won't  change,  but  its  magnitude  will 
be  lower.  The  frequency  doesn't  change  because 
the  basic  frequency  is  associated  with  the 
firing  rate. 

Mr.  Frydman  (Harry  Diamond  Labs):  Has  your 
control  system  reduced  the  vibrations  in  the 
direction  other  than  the  firing  direction? 

Mr.  Townsend:  We  really  didn't  measure  it 
appreciably  throughout  the  aircraft  structure  in 
this  particular  series  of  tests.  It  probably 
would  not.  Most  of  the  recoil  load  is  directed 
fore  and  aft,  and  we  were  only  interested  in  the 
fore  and  aft  peak  recoil  forces.  It  wouldn't 
change  in  another  direction. 

Mr.  Moran  (Argonne  National  Laboratory);  You 
apparently  chose  to  optimize  on  the  peak  force 
of  that  impulse.  Did  you  look  at  any  other 
parameters  of  that  impulse? 

Mr.  Townsend:  Yes.  We  also  looked  at  position 
control  of  the  gun  and  the  control  algorithm. 
That  is  the  beauty  of  being  able  to  use  the 
micro-processor  for  control.  You  can  optimize 
on  the  parameter  that  you  want  to.  You  can  also 
trade  off  peak  recoil  force  versus  displacement, 
recoil  distance,  if  you  want  to. 

Mr.  Moran:  You  decided  that  peak  force  indeed 
is  the  most  important  parameter  for  this 
purpose? 

Mr.  Townsend:  The  primary  problem  was  to  get 
rid  of  the  vibration  and  minimize  the  force  on 
the  helicopter  structure.  So  that  is  what  we 
looked  at  initially. 
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PERFORMANCE  ANALYSIS  OF  HIGH-SPEED  HYDRAULIC  SUSPENSION  SYSTEMS 
IN  MULTIPLE  WHEELED  LAND  TRANSPORTERS 


Phineas  Woods 

Martin  Marietta  Corporation 
Denver,  Colorado 


Fluid/Structure  interaction  is  developed  for  a  hydraulic  suspension 
system.  Finite  element  models  of  the  fluid  are  developed  in  a 
manner  identical  to  structural  elements.  After  imposing  continuity, 
the  fluid  system  is  coupled  to  the  structural  system  by  Rayleigh-Ritz 
assumed  modes  which  satisfy  boundary  conditions.  Damping  in  the 
combined  system  is  built  up  from  discrete  constant  coefficients  for 
the  tires,  from  laminar  flow  resistance  in  the  fluid  and  from  modal 
damping  assumed  for  the  structure.  Input  disturbances  at  the  roadway 
surface  are  expressed  as  functions  of  time  or  random  acceleration 
spectra.  Response  of  the  transporter  system  is  expressed  in  time  or 
frequency  domains.  Good  agreement  is  obtained  with  a  limited  amount 
of  test  data. 


NOTATION 

2 

A^  =  Cross  sectional  area  of  ^th  element,  m 

c  =  Damping  coefficient  in  structure.  Ns/m 
cc  =  Critical  damping  coefficient  in  structure 

C .  =  Compliance  of  ^ th  fluid  element,  m/N 

Cf  =  Compliance  matrix 
D  =  Inside  diameter  of  hydraulic  line,  m 

2 

E  =  Modulus  of  elasticity  in  structure,  N/m 

2 

Eb  =  Bulk  modulus  of  hydraulic  fluid,  N/m 

2 

Eeff  =  Effective  modulus  of  elasticity,  N/m 

f  *  Frequency  or  friction  factor,  hz  or  non- 
g  =  Gravity  constant,  m/s^  ‘ 

&h  =  Stroke  of  hydraulic  piston,  m 

2 

21.  =  Inertance  of  ^th  fluid  element,  ms  /N 

1^  =  Inertance  matrix 

I  =  Unit  matrix 

'J'  =  Relative  coordinate  transformation 

matrix 

k  -  Stiffness  of  structural  element,  N/m 


=  Stiffness  of  accumulator,  N/m 
Kt  =  Radial  tire  stiffness,  N/m 

2 

m  =  Mass  of  structural  element.  Ns  /m 
p.j  =  Pressure  head  on  ^th  fluid  element,  m 

p  =  Fluid  system  pressure  head,  m 

q  =  Generalized  coordinate 

2R.  =  Resistance  of  ^ th  fluid  element,  ms/N 

Rf  =  Resistance  matrix 

=  Ratio  of  piston  stroke  to  axle  stroke 

S»(f)=  Power  spectral  density  of  base  drive 
u  acceleration,  g2/hz. 

t  =  Wall  Thickness,  m 

T  =  Static  or  Guyan  reduction  matrix 

T-  =  Transformation  matrix  from  fluid  to 

r  structure 

V  =  Velocity,  m/s 

=  Flow  of  f th  fluid  element,  N 

W  =  Total  flow  degree  of  freedom,  N 
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w  =  Relative  flow  degree  of  freedom,  N 

x  =  Displacement  of  structural  degree  of 
freedom,  m 

!'  «  Modal  participation  factor 

•» 

v  -  Kinematic  viscosity  of  hydraulic  fluid,  mt/s 
$r  =  th  system  mode 


INTRODUCTION  AND  BACKGROUND 

Hydraulic  suspension  systems  used  in 
moving  massive,  heavy  structures  are  fairly 
recent  developments  in  Europe.  Most  applica¬ 
tions  are  confined  to  the  slow-speed  transport 
of  such  items  as  ship  hulls,  massive  generators 
or  heavy  oil  field  equipment  over  short 
distances.  This  paper  presents  some  ideas, 
conceived  on  the  MX  program,  for  application 
to  high-speed  transporters;  in  particular, 
a  heavy  duty  trailer  or  a  self-propelled 
vehicle  for  commercial  transport  on  the  inter¬ 
state  Highway  network  of  the  USA.  This 
application  might  never  have  been  possible 
under  present  weight  per  axle  limitations 
until  the  development  of  multiple  wheeled 
hydraulic  suspension. 

Typically,  hydraulic  suspensions  take;  the 
form  of  pendulum  axles  supporting  interconnect¬ 
ed  hydraulic  struts  at  each  set  of  bogies. 
Examples  are  shown  in  Figs.  (1),  (2)  and  (3). 
Accumulators  are  often,  but  not  always,  used 
in  the  hydraulic  circuit  to  control  trans- 
mi  ssibility  of  input  forces  at  the  road/tire 
interface.  At  very  slow  speeds  the  forces  on 
all  tires  are  uniformly  distributed  regardless 
of  irregularities  in  the  road  surface.  At 
moderate  and  high  speeds,  the  interaction 
between  fluid,  structure  and  tires  quickly 
becomes  a  dominant  factor  in  the  "ride" 
transmitted  to  the  payload. 

Finite  element  models  of  structure  have 
been  around  for  many  years.  On  the  other  hand, 
finite  element  models  of  fluid  have  not  been 
as  extensively  used  as  continuous  fluid  models 
because  structural  interaction  is  rarely 
designed  into  a  fluid  system.  Most  familiar 
examples  of  interaction  have  resulted  from 
accidental  design  whether  it  be  water  hawner, 
cooling  water  flow  in  a  nuclear  power  plant, 
or  POGO  instability  in  a  liquid  fueled  rocket. 
The  spectacular  POGO  phenomenon  has  driven 
engineers  to  study  fluid/structure  coupling  in 
great  detail.  In  particular,  White  and  Berry, 
Ref.  (1),  formulated  a  method  based  on  clas¬ 
sical  fluid  dynamic  theory  for  coupling 
finite  elements  of  fluid  with  structure  which 
is  consistent  with  state-of-the-art  methods 
used  in  structural  dynamic  analysis.  This 
method  was  successfully  applied  to  a  liquid- 
fueled  Titan  III  launch  vehicle  in  prepara¬ 
tion  for  the  Viking  launches  in  the  mid-1970's. 
The  method  was  verified  by  excellent  agree¬ 
ment  with  test  data. 


$  =  Mode  matrix 

w  ■  System  modal  frequency,  Rad/s. 

<’  ■  Strain  matrix 
-t  *  Camming  ratio,  | 

c 

-  =  Weight  density  of  hydraulic  fluid,  N/m 


Transporters  with  hydraulic  suspension 
may  seem  only  remotely  related  to  the  Titan 
III  vehicle.  They  are,  in  fact,  similar  in  all 
respects  except  for  closed-system  plumbing  of 
the  hydraulic  fluid  as  opposed  to  the  open- 
system  flow  of  the  Titan  III  propellant.  In 
other  words,  the  transporter  fluid  system  is 
oscillatory  but  non-flowing  whereas  the  Titan 
III  fluid  system  consists  of  oscillatory  flow 
superposed  on  steady  state  flow.  This  is  an 
importai.1  distinction  for  it  allows  the 
damping  of  the  hydraulic  fluid  in  the  trans¬ 
porter  to  be  accurately  described  by  constant 
coefficients  rather  than  by  the  more  complex 
energy  losses  in  a  flowing  system.  As  a 
consequence,  system  performance  can  be  studied 
on  the  basis  of  linear  analysis. 

METHOD  OF  APPROACH 

The  equations  of  motion  of  the  fluid 
elements  are  first  written  as  finite  elements 
possessing  Inertance,  resistance  and  compliance 
analagous  to  mass,  damping  and  stiffness 
respectively  of  a  structural  system.  After 
imposing  continuity  at  all  finite  fluid  degrees 
of  freedom,  the  fluid  system  is  coupled  to  the 
structural  system  by  Rayleigh-Ritz  assumed 
modes  which  satisfy  the  boundary  conditions. 

Modes  and  frequencies  of  the  undamped 
coupled  system  are  calculated  by  standard 
eigenproblem  routines. 

Damping  in  the  combined  system  is  built 
up  from  discrete  constant  coefficients  at  each 
tire/axle  differential  displacement;  from 
laminar  flow  resistance  In  each  fluid  element; 
and  from  modal  damping  expressed  as  a  percen¬ 
tage  of  critical  damping  In  the  structure. 

The  response  of  the  system  to  input 
disturbances  at  the  roadway  surface  are  ex¬ 
pressed  as  accelerations  or  loads,  shears  and 
moments  by  standard  load  transformation 
methods  commonly  in  use.  The  input  dis¬ 
turbances  can  take  the  form  of  discrete  time 
functions  or  random  acceleration  spectra  at 
the  road/tire  interface. 

The  fidelity  of  the  analytical  model  Is 
demonstrated  by  comparison  with  test  data. 


74 


FINITE  ELEMENTS  OF  THE  FLUID  MODEL 

Fluid  elements  possess  the  fundamental 
properties  of  mass,  damping  and  stiffness  and 
can  be  modelled  in  a  manner  identical  to 
structural  elements,  requiring  only  the  preser¬ 
vation  of  continuity,  pAV  =  constant,  from  one 
section  to  another.  However,  it  is  much  easier 
to  work  in  flow  units  instead  of  displacements 
as  in  the  case  of  structural  elements;  in  flow 
rates,  instead  of  velocities  and  in  flow  rates 
per  second,  instead  of  accelerations.  For 
this  reason,  it  is  customary  to  express  fluid 
mass  as  inertance;  fluid  damping  as  resistance 
and  fluid  stiffness  as  compliance. 

Consider,  then,  these  properties  in  a 
finite  elastic  fluid  element  flowing  in  an 
elastic  pipe. 


The  effect  of  longitudinal  elasticity  in 
the  pipe  is  ignored  in  this  expression  which 
contains  only  the  effect  of  circumferential 
pipe  strain.  Comparing  the  two  elements: 

Structural  Element 


mass:  m  =  pA^t 

~zr 

damping:  c  or  ;  =  c/cc 

stiffness:  k  =  A..E 

~T~ 

Fluid  Element 

l 

inertance:  I.  =  JpA^g 

resistance:  R.  =  64v/£\_]_ 

(laminar  flow)  u  (^/-gD3 


As  in  the  case  of  a  structural  element, 
the  total  mass  of  the  fluid  is  divided  into  two 
equal  inertances  at  each  end  of  a  spring.  The 
degrees  of  freedom  are  denoted  by  flows  W,  and 


Similarly,  the  total  resistance  to  flow  of 
the  fluid  element  relative  to  the  pipe  wall 
is  divided  into  two  equal  coefficients  of  flow 
rates  ilj  and  W,,. 


Compliance  of  the  element  reflects  the 
elastic  properties  of  both  the  fluid  and  the 
pipe.  An  effective  bulk  modulus  is  used  for 
this  purpose;  namely,  the  well  known  expression 


compliance:  Ci  =  E0ff 

For  a  typical  hydraulic  suspension  system 
the  finite  elements  follow  a  repeating  pattern 
at  each  bogie.  One  loop  of  this  pattern  is 
shown  in  Fig.  (4),  where  four  finite  fluid 
elements  are  arranged  to  show  their  relation 
to  the  hydraulic  cylinder  containing  a  piston 
driven  by  the  axle.  Also  shown  is  a  grounded 
accumulator.  The  loop  shares  a  common  line 
with  all  other  loops.  For  simplicity, 
accumulator  mass  and  damping  are  neglected.  A 
half  model  of  the  fluid  system  is  shown  in 
Fig.  (5)  for  the  5-axle  semitrailer  shown  in 
Fig.  (2). 

FLOW  CONTINUITY 

Before  imposing  continuity  on  the  finite 
elements  of  fluid  it  is  necessary  to  condition 
the  compliance  of  the  element  by  a  strain 
matrix  defined  as. 


ik  -  1,-1, 

,  1,-1 

Thus,  for  one  element  and  compliance,  C, 
having  degrees  of  freedom  at  each  end  of  the 
element 
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The  compatible  arrangement  of  inertance, 
resistance  and  compliance  matrices  for  one 
loop  of  three  finite  elements  with  six  element¬ 
al  degrees  of  freedom  plus  a  grounded  accumu¬ 
lator,  C.,  would  take  the  form 


Similarly,  for  a  3-element  junction 


By  performing  these  operations  at  every 
junction  in  the  system,  we  arrive  at  the 
relation 

{W.}  =  [C0NTJ  {W} 

where:  [CONT ]  =  Continuity  matrix  (9) 

{W}  =  Independent  absolute 
flow  coordinate 

The  fluid  equation  of  motion  now  becomes 
[ CONT] T  Ii  [CONT]  {W}+[C0NT]T  ^  [C0NT]{WJ 


The  fluid  equation  becomes 

I,  {H1}+  Ri  {W,.}+  Jc^  {W-}={pi}  (8) 

Flow  continuity  requires  the  imposition  of 
Kirchoff's  law  at  every  junction  between  fluid 
elements.  That  is,  £1^=0  at  each  junction.  For 

the  two-element  junction  the  flows  =  0 

or  W2  =  W3 


+  [C0NTT[i/;TC.||Jj]  [ CONT ]  { W}  =  [CONT ]T{ pi }  (10) 

or  If  {W}  +  Rf  {W}  +  Cf  {W}  =  (p) 

FLUID/STRUCTURE  COUPLING 

Writing  the  two  systems  of  equations  in 
Isolation: 


m  (x)  +  c  { x>  +  k  { x>  =  -{mg} 
If  {Ii'}  +  Rf  {W}  +  Cf  {W}  =  {p} 


(11) 


The  structural  equations  include  the  axles 
and  tires  of  the  transporter.  The  tires  are 
represented  by  grounded  springs.  Since  the 
structural  system  Is  Isolated  from  the  fluid 
system,  the  axles  and  tires  will  not  even 
support  the  weight,  -{mg}.  Imposed  by  the  trans¬ 
porter  on  the  free  pendulum  axles  until  the 
fluid  is  coupled. 


76 


The  W  coordinate  represents  absolute  fluid 

flow. 

Let:  {W}  =  Tp  {x}  +  (W)  '  (12) 

Where:  TF  { x }  =  Flow  induced  by  structural 

motion. 

% 

{ W>  =  Flow  relative  to 
structure. 

The  flow,  W,  produced  by  motion  of  the 
hydraulic  pistons  shown  for  example  in  fig.  5, 
can  be  determined  from  the  static  fluid  equa¬ 
tions  where  ^  and  ^  =  0.  Thus,  at  rest 


Where:  { W  }  =  Flow  out  of  hydraulic  cylind- 
p  ers  due  to  piston  displacement 

{ WQ }  ■  All  other  remaining  flows. 


Successive  unit  flows  out  of  each  cylinder; 
namely,  u  u  17  17  u  (referring  to  Fig. 

"A*  WE’  Wj*  V  WT 

5)  will  yield  five  static  modes  of  flow. 


= 


ru 

][Cfop] 


Eq.  (14)  is  a  familiar  operation  to 
structural  dynamicists.  It  is  a  static;  i.e. 
Guyan  reduction  of  the  fluid  to  the  flows  jy  j 

{ Wpl  is  related  to  piston  displacement  by 

{Wp}  =  -  (pAp)  {Ah}  {15) 

The  minus  sign  is  consistant  with  the 
positive  sign  of  ah  shown  in  Fig.  6. 

Hi;)  ~ 

indicated  in  the  sketch  below. 


But,  {ah}  = 


(ft)  [r  iJ 


Substituting  Eq.  (15)  and  (16)  into  (14) 
and  then  substituting  (14)  into  (12) 


Further  simplification  is  obtained  by 
noting  that  relative  flow  at  the  piston  and 
cylinder  head  =  0.  That  is, 

{Wp}  *  0  and  may  be  discarded 
Therefore:  {W}  =  |^p|=  Tp  {x}  +  I  {W} 

or  {W}  =  Tf!  I  {*  ]  (18) 

I  JM 

'V 

where:  I  *  Relative  coordinate  transformation 


■V 


or  simply  n.  %  % 

=  I  {W},  dropping  the  sub- 

V 

"V 

script  o  on  WQ. 

Returning  to  the  original  equations  of 
motion  in  Isolation,  Eq.  11,  we  substitute 
the  Rayleigh-Ritz  transformation 


and  impose  the  principle  of  Virtual  Work. 
Setting  the  right-hand  side  to  zero  and  neg¬ 
lecting  damping,  the  modes  of  the  coupled 
system  are  determined  from 
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SYSTEM  RESPONSE 


m  +  Tp  I fTf 


•Vf 


<V 


k  +  Tp  CfTp 


^  X 

rcfi 


(*) 

l;r° 


(20) 


where  modes  are  defined  by:  Y  x  j 

far 


(21) 


It  is  shown  in  Ref^  (1)  that  stiffness 
coupling  between  x  and  cannot  exist.  This 

accounts  for  the  zeroes  in  Eq.  (20). 


FLUID  DAMPING 


Fluid  damping  is  assumed  to  be  consistent 
with  laminar  flow  in  the  hydraulic  lines  due  to 
non-flowing  oscillatory  motion.  This  implies 
Reynolds  numbers  are  less  than  about  10,000. 
Under  such  conditions,  the  pressure  head  drop 
is 


where:  f  =  friction  factor 
i  =  pipe  length 
D  =  pipe  diameter 
V  =  mean  flow  velocity 


From  the  Hagen-Pouseille  Law  for  laminar  flow 
f  =  64 


nr  =  vd 

,  V 


Consequently  fip  =  f/t\/V2\  =  64 Mm  u.  ?R  u 

Id)\2?/  WAD)  11 

Substituting  pA . V  =  W, 

'  *  * 


2*i 


(23) 


Eq.  (23)  represents  elemental  resistance  and 
must  be  conditioned  by  the  continuity  matrix, 
[CGNTj  to  form 

Rf  =  [corrrl T  r1  [cont] 
in  the  fluid  system  equations,  Eq.  (11). 


The  response  of  the  system  to  excitation 
at  the  road/tire  Interface  is  a  straight¬ 
forward  application  of  base-drive  techniques. 
It  should  De  noted  that  when  the  Rayleigh- 
Ritz  transformation,  Eq.  (19),  Is  applied 
to  the  right-hand  side  of  Eq.  (11): 


H-  j 

(-mg)  .  +  tF  T  <P0>j  (24) 

| - 

O 

■’1 

1  poj  1  {po>  ) 

where  p  =  static  equilibrum 
0  pressure 

If,  now,  the  tire  contact  points  are 
introduced  as  the  base  drive  degrees  of 
freedom  xt,  the  perturbation  equations  about 

static  equilibrium  pressure  will  take  the  form 


Mst  =  4% 


4  =  modes,  Eq.  (21; 

M  *  mass  matrix  of  Eq.  (20) 

T  =  static  modes  of  stiffness 
matrix,  Eq.  (20)  reduced  to 


2t$w  =  structural  damping 


The  lower  set  of  equations  in  Eq.  (25)  can 
be  rearranged  to  give 

ft]  (q}+  M  (q)+  M(q}=  -  [<I>TMt] {x’t }  (26) 

An  example  of  an  input  displacement  func¬ 
tion  Is  shown  In  Fig.  (6)  for  a  tire  rolling 
over  a  finite  step.  The  step  is  represented 
by  an  equivalent  cam.  Acceleration  of  the  cam 
follower  Is  then  used  in  Eq.  (26)  to  calculate 
response.  Load  transformation  matrices  are 
used  to  calculate  accelerations  or  loads, 
shears  and  bending  moments  at  any  point  on  the 
transporter  or  payload. 
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When  the  input  is  random,  it  is  usually 
expressed  in  the  form  of  displacement  spectra 
as  shown  in  Fig.  (7).  From  Ref.  (2),  datp 
gathered  from  roughness  measurements  on  many 
types  of  roads  were  placed  in  one  of  two  broad 
catagories:  Primary  Roads  and  Secondary  Roads. 
The  plots  shown  are  intended  to  envelope  the 
two  types  of  data.  For  any  given  speed,  Fig. 

(7)  is  converted  to  acceleration  power  spectral 
density  vs.  frequency,  shown  in  Fig,  (8)  and 
(9).  In  this  form,  the  RMS  value  of  response 
is  readily  calculated  by  methods  of  Ref.  (3). 

For  example,  an  approximate  solution  for 
RMS  response  is  defined  by 

n 

x2  -  E  ■  Qfrs;<vr2  «n 

where:  Q  =  1 

TT~ 

{ rr>  =  [♦Jht]  [*  1 1  No.  of  input  drivers 

=  modal  participation  factor  for 
uncorrelated  base  drive. 

Matrix  multiplication  must  be  preserved 
before  squaring  r  . 

COMPARISON  OF  CALCULATED  RESPONSE  WITH  TEST  DATA 

A  limited  amount  of  test  data  has  become 
available  for  direct  comparison  with  predicted 
response.  A  tractor/semitrailer  test  vehicle 
developed  by  Goodyear  Aerospace  Corp.  similar 
to  Fig.  (2),  was  driven  at  various  speeds  over 
a  single  step  input  consisting  of  a  board  of 
rectangular  1x8  inch  cross-section  anchored  to 
the  roadway  surface.  The  vehicle  was  driven 
in  a  direction  perpendicular  to  the  length  of 
the  board  so  as  to  produce  a  symmetric  dis¬ 
turbance  to  the  vehicle.  Accelerations  at  a 
number  of  points  were  recorded  by  isolated 
equipment  carried  in  a  chase  van.  The  recording 
equipment  was  connected  to  Instrumentation 
located  on  the  semitrailer  by  hard  line 
umbilical.  The  speed  of  the  test  vehicle  was 
varied  between  5  and  16  mph.  The  load  on  the 
semitrailer  was  a  water  tank  filled  to  a  level 
simulating  the  payload  weight. 

The  entire  vehicle  was  modelled  mathemat¬ 
ically.  Structural  elements  are  shown  in 
Fig.  (10).  Hydraulic  suspension  elements  are 
shown  In  Fig.  (4)  and  (5)  Including  the 
accumulators  precharged  to  300  psi.  The  base 
drive  Input  at  eight  axles  was  simulated  by  the 
cam-follower  arrangement  of  Fig.  (6).  Viscosity 
of  the  hydraulic  fluid  was  taken  as  18.5 
centlpoise  at  an  assumed  test  condition  of 
100°F.  All  system  modes  were  retained  up  to 
40  hz  for  calculating  response. 

Accelerations  calculated  on  the  semi¬ 
trailer  bed  at  the  forward  and  aft  supporting 
points  of  the  water  tank  payload  are  shown  in 


Fig.  (11)  and  (12).  Actual  test  measurements 
are  also  shown.  Similar  plots  of  accelera¬ 
tions  measured  at  the  front  and  rear  semi¬ 
trailer  axles  are  shown  in  Fig.  (13)  and  (14). 

An  analysis  of  errors  in  the  test 
measurements  indicates  a  root-sum-square  error 
of  about  +30SS.  Although  the  amount  of  test 
data  available  is  limited,  good  agreement 
was  obtained  with  the  analytical  model. 

CONCLUSIONS 

Good  agreement  between  test  and  analysis 
leads  to  the  following  conclusions: 

(1)  The  finite  element  method,  applied 
to  the  fluid  elements  of  a  hyd¬ 
raulic  suspension  system,  is 
compatible  with  state-of-the-art 
finite  element  methods  used  in 
structural  dynamics. 

(2)  The  method  of  analysis  outlined 
here  is  capable  of  providing  a 
precise  design  tool  for  evaluating 
performance  and  stability  of  a  high 
speed  transporter. 

(3)  Fluid/structural  interaction  will  be 
a  feature  of  many  new  transporters 
which  will  be  in  general  commercial 
use  on  the  Interstate  Highway  network 
of  the  USA. 
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DISCUSSION 

Mr.  Sutherland  (Wyle  Labs):  Did  you  integrate 
the  hydraulic  finite  element  Into  a  structural 
finite  element  on  a  combined  system? 

Mr.  Woods:  Yes. 

Mr.  Sutherland:  With  how  many  elements  roughly? 

Mr.  WoodB:  We  had  120  degrees  of  freedom  for 
the  structure,  and  about  !*3  degrees  of  freedom 
for  the  fluid. 
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Figure  1  Side  View  of  Bogie  Assembly 


Figure  2  Tractor/Semi trai Ter  Transporter 


■.I  oy. 


V-t  • 


-  \Vm\ 


Accumulator 


Fiqure  4  Typical  Repeating  Pattern  of  Fluid  Elements  in  a  Hydraulic  Suspension  System 
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for  Vehicle  Traveling  on  Primary  Roads  for  Vehicle  Traveling  on  Secondary  Roads 


celeraticn,  q's  £  '3eal<  Acceleration 


Peak  Acceleration,  g's  Peak  Acceleration," 
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This  paper  deals  with  pneumatic  isolators  using  passive  and  active  force  gene¬ 
rators.  Through  non-linear  analysis,  realistic  digital  simulation  programmes 
have  been  developed  for  investigating  the  transmissibility  characteristics  of 
active  and  passive  pneumatic  systems.  It  is  shown  that  active  system  offers 
greater  flexibility  to  the  designer  than  the  passive  system.  Based  on  the  results 
of  the  study  of  the  active  system,  guide  lines  for  selecting  various  feed¬ 
back  gains  are  presented. 


INTRODUCTION 

For  isolating  a  mechanical  system  from  vi¬ 
brations  produced  by  the  environment  within 
which  it  operates,  a  vibration  control  system 
is  employed.  In  the  past,  only  passive  vibra¬ 
tion  control  system; were  considered  by  designers 
because  active  vibration  control  systems  were 
very  expensive.  However,  passive  systems  have 
many  drawbacks  and  a  designer  has  no  choice  but 
to  accept  a  compromise  solution  when  designing 
a  passive  vibration  control  system.  In  situa¬ 
tions  where  the  performance  limitations  of  pas¬ 
sive  systems  that  are  imposed  by  the  lack  of 
flexibility  in  designing  cannot  be  accepted, 
and  the  high  cost  of  active  control  systems  is 
justifiable  in  view  of  their  flexibility,  active 
vibration  control  systems  are  potential  alterna¬ 
tives.'  The  scope  of  the  present  investigation 
is  limited  to  passive  and  active  pneumatic  iso¬ 
lation  systems. 

Some  of  the  basic  aspects  of  pneumatic  iso¬ 
lation  systems  were  discussed  in  references 
[1,2].  Pneumatic  suspension  systems  were  des¬ 
cribed  in  references  [3,4,5],  Cavanaugh  [6], 
Kunica  [7]  and  Esmailzadeh  [8]  studied  servo- 
controlled  pneumatic  isolator  systems.  Klinger 
and  Calzado  [9]  proposed  an  active  pneumatic 
suspension  system  for  a  passenger  rail  car. 
Karnopp,  Crosby  and  Harwood  [10]  used  the  con¬ 
cept  of  control  force  and  described  a  means  by 


which  the  desired  performance  of  a  vibration 
control  system  could  be  obtained  with  the  aid  of 
semi  active  force  generators.  Sankar  and  Guntur 
[11]  studied  the  transmissibility  characteristics 
of  active  vibration  control  system  that  used 
pneumatic  force  generators;  however,  this  ana¬ 
lysis  of  the  performance  of  an  active  system  was 
based  on  a  linearized  model. 

In  this  paper,  transmissibility  characteri¬ 
stics  of  an  active  pneumatic  vibration  control 
system  will  be  studied  using  a  non-linear  model. 
The  objective  of  this  investigation  is  to  deter¬ 
mine  the  effect  of  the  various  feedback  gains  on 
the  transmissibility  characteristics.  The  per¬ 
formance  of  the  active  system  is  compared  with 
that  of  a  passive  pneumatic  vibration  control 
system  that  uses  a  fixed  size  orifice  as  a  means 
to  provide  the  required  amount  of  damping. 

Based  on  the  results  of  this  paper,  general  guide 
lines  for  selecting  various  feedback  gains  are 
out! ined. 


PASSIVE  SYSTEM 

A  schematic  diagram  of  a  passive  isolator 
is  shown  in  Figure  1.  The  mass  is  supported  by 
the  force  generated  across  the  piston  of  the 
actuator  and  the  mechanical  spring.  A  damping 
force  is  produced  whenever  there  is  a  flow  of 
air  through  the  orifice  area.  Thus,  the  effec- 
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tive  damping  coefficient  is  dependent  on  the 
orifice  area. 


The  non-dimensional  ized  equations  for  the- 
rate  of  change  of  pressure  chambers  can  be  wri¬ 
tten  as  follows: 


P,  =  V 


,  "  Y 


rrArr  '  rnrV)  K +  V 

1  2  1 

P, 

'f!*  rn+x^TT  ‘  Tux^lT)  (V5,) 

r  2  i  ;i 


(1) 

(2) 


The  mass  flow  is  given  by, 
p  a  6  N 

M*  =  -  -i - '—L2  if  p  >  0.5283  p  (3) 

t' 


where 

H 


Y+l/y-1 


(4) 


P  a  p  N 

and  ft*  =  r- ^  p  <  0.5283  p 

ti  2  1 

2 


where 

N 


(p  /P  )2/y  -  (p  /P  )~L  J 
_1 _ 2_ _ 1 - 2 - 1 - 

(ri) 


(5) 


(6) 


The  equation  of  motion  is  as  follows: 
x  =cp  -cp  +c(x  +x  -x)-c  (7) 

1  1  1  2  2  2  3  2  1  "• 

For  the  performance  analysis  of  the  passive 
system,  a  simple  sinusoidal  input  excitation 
given  by  the  following  relation  is  employed: 

x  =  x„  sin  ojt  (8) 

2  0 

The  equations  (1-8)  are  employed  in  a  digi¬ 
tal'  simulation  program  and  .the  results  are  pre¬ 
sented  in  the  form  of  absolute  displacement 
transmissibility  and  absolute  acceleration 
transmissibil ity  characteristics  in  Figures  2 
and  3.  The  values  of  various  variables  used 
in  the  simulation  program  are  given  in  Table  1. 


bility  is  very  high.  By  employing  optimiza¬ 
tion  techniques,  the  area  'a'  for  which  the  peak 
value  of  the  absolute  displacement  transmissi¬ 
bility  is  the  minimum  is  determined  and  it  is 
found  to  be  0.00045.  As  'a'  is  increased 
above  this  optimum  value,  the  peak  absolute  dis¬ 
placement  transmissibility  increases  as  shown 
in  Fig.  2.  It  should  be  noted  that  even  though 
the  optimum  orifice  area  of  0.00045  minimizes, 
the  peak  value  of  the  displacement  transmissi¬ 
bility,  with  this  orifice  area  of  0.00045  the 
displacement  transmissibility  is  higher  than 
that  with  an  orifice  area  of  0.00018  in  the 
frequency  range  of  5  to  19  rad/s. 

Similar  qualitative  aspects  have  been  exhi¬ 
bited  by  the  absolute  acceleration  transmissi¬ 
bility  characteristics  shown  in  Fig.  3.  The 
results  in  Figs.  2  and  3  show  the  deficiencies 
of  a  passive  system.  One  of  these  deficiencies 
is  that  the  absolute  displacement  or  accelera¬ 
tion  transmissibility  will  not  be  lower  than 
1.0  at  near  zero  frequencies.  It  is  also  noted 
that  when  an  attempt  is  made  to  minimize  the 
peak  displacement  transmissibility,  the  displa¬ 
cement  at  either  the  low  frequency  end  or  at 
the  high  frequency  end  will  be  adversely 
affected. 


ACTIVE  SYSTEM 

An  active  pneumatic  vibration  control  sys¬ 
tem  offers  considerable  design  flexibility. 
Sankar  et  al  [11]  investigated  the  effect  of 
various  feedback  terms  on  the  performance  of  a 
vibration  control  system  that  employs  a  pneuma¬ 
tic  force  generator  with  the  help  of  a  lineani- 
sed  model.  Present  study  will  take  into  account 
non-linearities  and  wil1  be  useful  in  comparing 
the  results  of  planned  experimental  work  in  this 
area. 


A  schematic  diagram  of  an  active  isolator 
using  a  servo-controlled  pneumatic  force  gene¬ 
rator  is  shown  in  Fig.  4.  The  piston  of  the 
pneumatic  actuator  forms  a  wall  between  the  two 
chambers  of  the  actuator.  The  lower  chamber  is 
sealed  and  the  upper  chamber  is  connected  to  an 
electro-pneumatic  servo-valve.  This  servo-valve 
regulates  the  flow  in  and  out  of  chamber  1.  tThe 
output  displacement  (x',)>  output  velocity  (x'j) 
and  output  acceleration' (x* j )  are  used  as  feed¬ 
back  signals  with  respective  feedback  gains  k3 
k2  and  kj  in  controlling  the  mass  flow  and  thus 
the  control  force. 


PERFORMANCE  ANALYSIS  OF  THE  PASSIVE  SYSTEM 

The  absolute  displacement  transmissibility 
(TADR)  vs  frequency  (F:rad/s)  curves  for 
x3=  0.50  (=Al)  are  shown  in  Figure  2.  The 
absolute  acceleration  transmissibility(AR) 
vs  frequency  (F:rad/s)  curves  for  x.)  =  0.50 
(=AL)  are  shown  in  Fig.  3.  The  results  in 
Fig.  2  indicate  that  when  the  normalized  area 
of  the  orifice  is  very  small  0.00018,  the  peak 
value  of  the  absolute  displacement  transmissi- 


The  non-dimensional ized  equations  for  rates 
of  change  of  pressure  with  respect  to  time  are 
as  follows: 


P  =  Y 


P  =  Y 
2 


t.  P 

**  n-x'ixT  ~  rnrin  (-\  +  V 


TT+jT-TT  (J2  -  V 

2  1 


(9) 


(10) 
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The  non-dimensional ized  equations  of  flow  are 
as  follows: 


w, 

t  i 
1 


(11) 


Ifkx  +kx  +kx  >0,  and  if  p  <  0.5283  p 

11  2  1  3  1  «  l 

where 


To  obtain  the  absolute  displacement  trans- 
missibility  of  the  active  vibration  control 
system,  equation  11-22  are  solved  using  a  digi 
tal  computer.  Data  for  the  active  system  are 
given  in  Table  2. 


PERFORMANCE  OF  THE  ACTIVE  PNEUMATIC 
VIBRATION  CONTROL  SYSTEM 


si 


(as. 


(12) 


and  is  given  by  the  following  relation 

a  =  (a  )  if  Ik  x  +  k  x  +  k  xj>(a  )  _  (13) 
Si  '  Si 'max  'ii  2i  ii  si  max' 

Otherwise, 


a,  =  kx  +  kx  +  kx 

51  11  21  31 


(14) 


Ifkx  +  kx  +  kx  20,  and  if  p  >  0.5283  p 

112  13  1  a  1 

a*  B  p  Ne 

m*  =  -  -^-^--1-  (15) 

1  t  i 

i 


Equations  (12)  to  (14)  define  other  vari- 

Y_ 


ables  and  N  is  given  by 
ei 


f/pa\2/Y  / 

Pa£ 

Ne>  " 

K)  -< 

4 

Y 

(16) 


Ifkx  +  kx  +  kx  <0,  and  if  p  <  0.5283  p_. 

112  13  1  i  > 
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(17) 


where  a*  =  (a.  -  a*  )  — 

Si  Si  Si  . 


(18) 


a.  =  -(a  )  i  f  [  k  x  +  k  x  +  kx|  a(a  )  09) 

Si  Si  max  'ii  2i  3i  Simiax 


and 


a  =  k  x  +  kx  +  kx 

S  11  2  1  3  1 


(20) 


ifkx  +  k  x  +  kx<0,  and  if  p  >  0.5283  p. 

112  13  1  1  s 


a*  B  P  N 
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Equations  (18)  to  (20)  define  other  variab¬ 
les  and  N  is  given  by. 

Si 


The  variations  of  the  absolute  displacement 
transmissibil ity  at  a  frequency  of  2.5  rad/s 
with  k2  for  various  values  of  ki  and  k3are  shown 
in  Fig.  5.  There  are  five  bands  (1  to  5)  in 
which  the  values  of  the  absolute  displacement 
transmissibility  fall  for  five  different 
values  of  ka,  namely,  1,2, 3, 4  and  5.  In  all 
these  cases,  ki  varies  from  0.04  to  0.14. 
Evidently,  as  k3  is  increased,  the  absolute  dis¬ 
placement  transmissibility  at  a  frequency  of 
2.5  rad/s  decreases  for  a  given  set  of  values  of 
ki  and  k2  .  For  a  given  set  of  values  of  ki  and 
k3,  the  absolute  displacement  transmissibility 
decreases  as  k2  is  increased.  It  is  also  obser¬ 
ved  from  the  results  (not  shown  in  Fig.  5)  that 
when  ki  is  lower  than  0.04,  the  absolute  dis¬ 
placement  transmissibility  is  higher  than  1.0 
indicating  that  a  part  of  the  control  force 
produced  by  the  force  generator  should  depend 
on  the  acceleration.  However,  if  kj  is  higher 
than  0.14,  the  absolute  displacement  transmissi¬ 
bility  will  be  higher  than  1.0  indicating  that 
very  high  gains  for  the  acceleration  feedback 
term  are  not  suitable.  Previous  linear  ana¬ 
lysis  [8,11]  did  not  reveal  the  fact  that  the 
gain  for  the  acceleration  feedback  term  should 
have  a  small  positive  value. 

The  absolute  displacement  transmissibility 
characteristics  for  four  different  values  of 
k2  (0.5,  1.0,1 .5  and  2.0)  when  k)  =  0.04  and 
k3  =  1.0  are  given  in  Fig.  6.  The  results  in 
Fig.  6  indicate  that  the  peak  value  of  the 
absolute  displacement  transmissibility  for  any 
of  the  four  values  of  k2  used  in  the  simulation 
is  very  high.  It  is  also  noted  that  as  k2  is 
increased,  the  frequency  at  which  the  absolute 
displacement  transmissibility  peaks( resonance 
frequency) is  also  increased.  The  reason  for 
this  can  be  explained  from  the  fact  that  an 
increase  in  the  velocity  feedback  gain  k2  in¬ 
creases  the  effective  stiffness  of  the  system 
and  thus  increases  the  natural  frequency  of  the 
system. 

Figure  7  shows  the  absolute  transmissibility 
displacement  characteristics  for  four  values  of 
k2,  namely  0.5,  1.0,  1.5  and  2.0,  when  kj  =0.06 
and  k3*1.0.  By  comparing  the  results  in  Fig.  7 
with  those  in  Fig.  6,  it  is  observed  that  as  ki 
is  increased,  the  peak  value  of  the  absolute  dis¬ 
placement  transmissibility  is  decreased  for  a 
given  set  of  values  of  k2  and  k3.  It  is  also 
noted  from  the  results  in  Fig.  7  that  as  k2is 
increased,  the  frequency  at  which  the  absolute 
displacement  transmissibility  reaches  its  maxi¬ 
mum  value  also  Increases. 
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Figure  8  presents  the  absolute  displacement 
transmissibility  characteristics  for  four  values 
of  k 2 (0 . 5 , 1 .0,1 .5  and  2.0)  if  ki  =  0.04  and 
k3=5.0.  The  results  in  Fig.  8  Indicate  that  for 
any  value  of  k2  considered  the  peak  value  of  the 
absolute  displacement  transmissibility  is  very 
high.  It  is  also  noted  that  as  k 2 i s  increased, 
the  resonance  frequency  is  also  increased.  In 
Figure  8, it  can  also  be  seen  that  an  increase 
in  the  velocity  feedback  gain  for  given  values 
of  the  displacement  and  acceleration  feedback 
gain,  decreases  the  peak  value  of  the  absolute 
displacement  transmissibility. 

By  comparing  the  results  in  Fig.  6  with 
those  in  Fig. 8,  one  can  determine  the  effect 
of  k9on  the  absolute  displacement  transmissibi¬ 
lity  for  a  given  set  of  values  of  k3and  k2.  It 
is  noted  from  Figs.  6  and  8  that  for  a  given 
set  of  values  of  k3and  k2,  an  increase  in  the 
value  of  k3decreases  the  value  of  the  absolute 
displacement  transmissibility  at  a  frequency  of 
2.5  rad/s jhowever,  an  increase  in  the  value  of 
k3also  increases  the  peak  value  of  the  absolute 
displacement  transmissibility. 

In  Fig.  9  are  presented  the  absolute  dis¬ 
placement  transmissibility  characteristics 
for  four  values  of  k2(0. 5,1 .0,1 .5,2.0)  when 
ki=0.06  and  k2=5.00.  The  results  in  Fig.  9 
show  that  as  k2  is  increased,  the  resonance 
frequency  is  increased.  By  comparing  the  resu¬ 
lts  in  Fig.  9  with  those  in  Fig.  8,  it  is  gath¬ 
ered  that  as  k 3 i s  increased,  the  peak  value  of 
the  absolute  displacement  transmissibility  is 
decreased  for  a  given  set  of  values  of  kiand 
k2.  By  comparing  the  results  in  Fig.  9  with 
those  in  Fig.  7,  the  effect  of  k3  can  be  de¬ 
termined  for  a  given  set  of  values  of  k]  and 
k,2.  An  increase  in  k3  decreases  the  absolute 
displacement  transmissibility  at  a  frequency 
of  2.5  rad/s.  An  increase  in  k3also  results  in 
an  increase  in  the  peak  value  of  the  absolute 
displacement  transmissibility  for  a  given  set 
of  values  of  k,  and  k2  .  Comparing  the  results 
in  Figs.  6,7,8  and  9  with  tliose  in  Fig.  2,  one 
can  easily  note  the  flexibility  offered  by  the 
active  system. 


CONCLUSION 

Based  on  the  discussion  of  the  results  pre¬ 
sented  above,  the  following  conclusions  can  be 
drawn: 

The  active  system  offers  greater  flexibi¬ 
lity  to  the  designer  than  the  passive  system. 

A  small  amount  of  the  total  control  force 
generated  by  the  active  components  of  the  sys¬ 
tem  should  depend  on  the  acceleration  of  the 
mass  of  the  system.  The  value  of  the  accelera¬ 
tion  feedback  should  be  in  the  range  of  0.04  - 
0.14  for  the  system  under  consideration.  As  k3 
is  increased,  the  peak  value  of  the  absolute 
displacement  transmissibility  Is  decreased  for 
a  given  set  of  values  of  k2  and  k3. 


An  Increase  in  the  value  of  the  velocity 
feedback  gain  k2  will  result  in  an  increase  in 
the  resonance  frequency. 

An  increase  in  the  value  of  the  displace¬ 
ment  feedback  gain  k3  also  increases  the  peak 
values  of  the  absolute  displacement  transmissi¬ 
bility  for  a  given  set  of  values  of  k3  and  k2. 

It  is  hoped  that  the  above  guidelines  for 
selecting  various  feedback  gains  will  be  useful 
in  designing  active  pneumatic  isolators. 


ACKNOWLEDGEMENT 

This  investigation  was  supported  through 
grants  from  the  Natural  Sciences  and  Engi  neering 
Research  Council  of  Canada. 


REFERENCES 

1.  Hirtreitar,  A.B.,  "Air  Springs",  Machine 
Design,  April  1965. 

2.  Sainsbury,  J.H.,  "Air  suspension  for  Road 
Vehicles",  Proc.  Inst.  Mech.  Engrs.  (A.D.), 

No.  3  1957-58. 

3.  Nicholas,  K.E.,  "New  trends  in  using  air 
suspensions".  Engineering  Materials  and  Desiqn, 
July  1959. 

4.  O'Shea,  C.F.,  "The  Ford  approach  to  air 
suspension",  S.A.E.  Transactions,  Vol .  66,  1958. 

5.  Berry,  W.S.,  "The  air-coil  spring",  S.A.E, 
Transactions,  Vol.  66,  1958. 

6.  Cavanaugh,  R.D.,  "Air  suspension  and  servo- 
controlled  isolation  systems".  Shock  and  Vibra¬ 
tion  Handbook  (Edited  by  C.M.  Harris  and 

C.E."  C'redi") Vol .  2,  McGraw-Hill,  1961. 

7.  Kunica,  S.,  "Servo  controlled  pneumatic 
isolators",  Desiqn  News,  September  15,  1965. 

8.  Esmailzadeh,  E.,  "Servo-valve  controlled 
Pneumatic  suspensions",  Journal  of  Mechanical 
Engineering  Science,  Vol .  21  ,  1979. 

9.  Klinger,  D.L.,  and  Calzado,  A.J.,  "A pneuma¬ 
tic  on-off  vehicle  suspension  system".  Journal 
of  Dynamic  Systems,  Measurement  and  Control, 

Vol .  99,  Series  G,  1977. 

10.  Karnopp,  D.C.,  Crosby,  M.J.,  and  Harwood, 
R.A.,  "Vibration  control  using  active  force  ge¬ 
nerators",  Journal  of  Engineering  for  Industry, 
Vol.  96,  Series  B,  No.  2,  May  1974. 

11.  Sankar,  S.,  and  Guntur,  R.R.,  "Pneumatic 

vibration  control  using  active  force  generator^' 
The  Shock  and  Vibration  Bulletin  51.  Part  I. 
MayHW. - 


90 


TABLE  1 :  DATA  FOR  THE  PASSIVE  SYSTEM 


Variable 

Value  Used  in  the  Simulation 

A 

i 

1 .14  x-'lO'3  nr 

A 

1  2 

1.069  x  10‘3  m 

k 

2.635  :<  103  N/m 

L 

7.62  x  10-2  m 

mg 

4.45  x  102  N 

Y 

1.4 

Po 

5.52  x  10s  N/m2 

To 

295°k 

Vo 

8.6868  x  10-5  m3 

x' 

2.06  x  10-2  m 

9 

TABLE  2:  DATA  FOR  THE  ACTIVE  SYSTEM 


Variable 

!  Value  Used  in  the  Simulation 

A 

1 

1.14  x  10-3  m2 

A 

1.069  x  lO’3  m 

2 

■ 

2.635  x  103  N/m 

IH 

7.62  x  lO’2  m 

4.45  x  102  N 

|H 

1 .4 

5.52  x  105  N/m2 

ih 

8.3  x  105  N/m2 

H 

295°k 

Vo 

8.6868  x  10-5  m 

x' 

2.06  x  10-2  m 

3 

T 

0.01  sec 

V 
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NOMENCLATURE 

Pa 

3  0 

A 

Area  of  the  orifice  between  the  two 

Pc 

p  /p 

l  2 

chambers  (passive  system). 

s 

S  0 

P 

p  /f>_ 

A 

Head  side  area  of  the  piston 

i 

]  0 

i 

P 

p  /p 

A 

Rod  side  area  of  the  piston 

2 

2  0 

2 

R 

Gas  constant 

AL 

X 

3 

Tn 

Reference  temperature 

A 

A  /A 

0 

r 

2  1 

T 

Temperature  in  chamber  1 

A 

Area  of  the  orifice  created  by  the 

i 

Si 

movement  of  the  spool  in  the  servo¬ 

T 

Temperature  in  chamber  2 

valve  of  the  active  system. 

2 

Ts 

Temperature  of  the  air  being  supplii 

A„ 

Reference  area 

0 

t 

time 

a 

A  /A 

1  2  0 

ts 

VTo 

A* 

A  ,/A 

b 

si 

si  0 

t 

T  /T 

A  a2P 

i 

1  o 

c 

_1 _ o 

t 

T 

1 

L  m 

2 

2  0 

V 

Reference  volume  A  L 

A  a2P 

0 

i 

c 

2  0 

Output  displacement 

2 

L  m 

x' 

i 

ka2 

X1 

Input  displacement 

C 

3 

m 

2 

Initial  compression  of  the  spring 

_  2  P,a2 

x' 

3 

C 

>* 

xo 

Input  amplitude 

k 

Mechanical  spring  stiffness 

X 

1 

x'/L 

i 

k 

i 

Acceleration  feedback  gain 

X 

2 

x'/L 

2 

k 

2 

Velocity  feedback  gain 

X 

3 

x'/L  =  AL 

3 

k 

3 

Displacement  feedback  gain 

Ot 

Reference  time 

L 

Reference  length 

B  ,B 

Dimensionless  constants 

1  2 

Mo 

Reference  mass  -  (  .T-°) 

RTo 

Y 

(c  /c  )  the  ratio  of  specific  heats 
p  of  air 

m 

Mass  of  the  system  to  be  isolated 

T 

t/a 

M* 

i 

Dimensionless  mass  flow  rate  into 
chamber  1  of  the  passive  system 

Tv 

Valve  time  delay 

M* 

Dimensionless  mass  flow  rate  into 

(•) 

Denotes  derivative  with  respect  tor 

2 

chamber  2  of  the  passive  system. 

m* 

Dimensionless  mass  flow  rate  into 

i 

chamber  1  of  the  active  system. 

P 

a 

Atmospheric  pressure 

V6 

Reference  pressure 

Ps 

Supply  pressure 

P 

1 

Pressure  In  chamber  1 

P 

Pressure  in  chamber  2 

2 
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(3 


10 


A  L  =  0.50 


FIGURE  1:  Absolute  Displacement  Transmissibillty  (TADR)  vs  Frequency  (F:  rad/s) 
Curves  for  the  Passive  System  for  Three  Different  Normalized  Orifice 
Areas,  0.00018,  0.00050  and  .00045. 
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FIGURE  4:  Schematic  Diagram  of  the  Active  Pneumatic  System 
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FIGURE  6:  Absolute  Displacement  Transmi ssibi 1 i ty  (TADR)  vs  Frequency  (F) 

for  Four  Values  of  k  (0.5,  1.0,  1.5  and  2.0)  when  k  =  0.04  and  k 


REDUCTION' OF  HYDRAULIC  LINE  OSCILLATING  PRESSURES 


INDUCED  BY  PUMP  CAVITATION 

By  George  Druhak,  Paul  Marino,  and  Murray  Bernstein 
Grumman  Aerospace  Corp. 

Bethpage,  New  York 


A  Helmholtz  resonator  cavitation  attenuator  was  developed  to 
reduce  oscillating  pressure  and  resulting  vibration  induced 
1  stresses.  Its  development,  the  magnitude  of  reduction  it 
|  effected  in  hydraulic  line  and  bracket  stresses,  and  the 
analytic  procedure  to  calculate  the  standing  pressure  wave 
!  induced  stresses  in  hydraulic  lines  are  described. 


INTRODUCTION 

Piston  pump  induced  cavitation  is  an  in¬ 
herent  problem  in  all  current  aircraft,  and 
its  severity  increases  with  higher  energy 
systems.  When  an  aircraft  loses  hydraulic 
fluid,  the  normal  ripple  pulses  caused  by  the 
engine  driven  hydraulic  pump  are  increased 
significantly,  resulting  in  highly  fluctuating 
pressures  that  can  Induce  appreciable 
vibratory  motion  in  critical  locations. 

The  aircraft  described  in  this  report  has 
two  main  hydraulic  systems.  One  is  the  Com¬ 
bined  hydraulic  system,  which  powers  the 
flight  control  actuators  and  all  the  aircraft 
utilities;  and  the  other  is  the  Flight  hydraulic 
system,  which  powers  only  the  flight  control 
actuators.  Each  is  a  completely  independent, 
closed  system  powered  by  a  var  able  volume 
engine  driven  pump  that  can  supply  85  gpm  at 
3000  psl  when  operating  at  5550  RPM.  Between 
the  pump  and  the  filter  module,  each  system 
contains  a  section  of  approximately  15  ft 
of  hydraulic  line  in  which  the  effects  of 
bracket  and  hydraulic  line  failures  caused 
by  cavitation  generally  occur.  Elements 
downstream  of  this  section  are  less  severely 
affected  because  the  filter  module  acts  as  an 
attenuator. 

The  highly  affected  sections  in  each  system 
differ  considerably  in  geometry  as  well  as 
response  to  cavitation.  In  the  Combined 
system  Tig.  1),  the  affected  section  shows  a 
violent  line  response  resulting  in  both  line  and 


bracket  failure.  The  Flight  system  (Fig.  2) 
exhibits  a  low  level  line  response  and  high 
bracket  stresses. 

This  paper  describes  the  steps  taken  at 
Grumman  Aerospace  Corporation  to  reduce  the 
catastrophic  effects  of  cavitation  and  the 
analytical  studies  developed  to  improve  the 
understanding  of  the  behavior  of  the  two 
systems  during  cavitation. 

BACKGROUND 

The  loss  of  hydraulic  fluid  in  one  of  the  two 
self-contained  systems,  although  infrequent, 
has  occurred  often  enough  to  be  considered  a 
problem.  Tests  on  a  hydraulic  system  sim¬ 
ulator  have  demonstrated  that  at  some  point  in 
the  loss  of  hydraulic  fluid  the  pump  starts  to 
cavitate.  When  cavitation  occurs,  the  normal 
ripple  pressure  imposed  by  each  piston  in¬ 
creases  markedly,  often  by  more  than  an  order 
of  magnitude.  The  fundamental  exciting  fre¬ 
quency  is  still  at  piston  frequency,  although 
higher  harmonics  are  present.  In  our  case, 
the  pump  had  nine  pistons  operating  over  a 
speed  range  of  3300  RPM  to  5550  RPM,  thus 
producing  a  fundamental  exciting  frequency  of 
•495-825  Hz.  In  some  instances  during  the  sim¬ 
ulation,  cavitation  of  10  to  20  sec  duration  was 
enough  to  cause  failures  in  the  line  support 
brackets.  Redesigning  the  brackets,  their 
support  structure,  and  the  adjacent  structural 
areas  in  order  to  avoid  these  failures  would  re¬ 
quire  an  increase  in  fatigue  life  of  about  10  . 
The  necessary  redesign  would  require  rework 
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and  then  the  retrofitting  of  all  aircraft,  both 
very  costly.  In  addition,  because  In  many 
locations  the  structural  areas  are  difficult  to 
access,  reworking  wculd  require  substantial 
time,  keeping  alrciaft  out  of  service  for  long 
periods.  Therefore.  Grumman  decided  to 
look  for  other  alternatives  to  correct  the 
problem. 

Grumman  previously  had  done  work  to  re¬ 
duce  the  pressure  pulsations  due  to  ripple.  A 
commercially  available  ripple  attenuator  was 
installed  In  both  the  hydraulic  system  simu¬ 
lator  and  in  an  actual  aircraft  for  ground  tests. 
Stresses  were  measured  at  locations  con¬ 
sidered  critical  in  the  pressure  line.  The 
effect  on  stress  levels,  shown  in  Fig.  3,  in¬ 
cluded  reductions  of  up  to  .  5;  but  over  the 
lower  portion  of  the  frequency  range,  the 
levels  actually  were  slightly  higher.  In 
addition,  the  unit  was  too  large  to  install  in 
the  areas  where  it  was  required,  and  there 
were  difficulties  in  achieving  the  required 
operational  integrity.  There  also  was 
some  uncertainty  as  to  the  unit’s  effective¬ 
ness  under  cavitation  induced  pressure 
oscillation. 

Later,  an  expansion  chamber  type  of 
attenuation  was  Investigated  on  the  hydraulic 
system  simulator.  A  configuration  was  devel¬ 
oped  that  reduced  the  pressure  ripple  mag¬ 


nitudes  by  as  much  as  a  factor  of  5  10. 2  of 
ripple  pressure  without  attenuator),  as  shown 
in  Fig.  4.  This  unit  also  attenuated  system 
response  during  cavitation.  However,  the 
size  of  the  chamber  was  excessive  for  the 
available  space.  In  addition  during  cavitation 
the  unit  interacted  adversely  with  the  pump 
pressure  ccmpensation  system.  Failures 
occurred  in  pump  compensator  springs  during 
some  of  the  tests. 


Fig.  4  -  Effect  of  expansion  chamber  on  ripple 
pressures  in  Combined  system 


Fig.  3  Effect  of  commercial  damper  on  lino  stress  nt  Input  to  OHe»  module  In 
Combined  system 


ATTENUATOR  SELECTION 

An  analytical  study  was  undertaken  at  this 
point  to  define  the  most  suitable  type  of 
attenuator.  The  information  obtained  from 
Ref.  6  was  a  useful  starting  point.  The 
analysis  was  complicated  because,  unlike 
conventional  ripple  attenuators  that  operate 
in  a  homogenous  fluid,  the  cavitation  attenuator 
had  to  function  in  a  non-homogeneous  fluid-air 
mixture.  Important  considerations  in  the 
attenuator  selection  process  included  achiev¬ 
ing  minimum  effect  on  steady  line  pressure 
and  flow,  high  structural  integrity,  no 
significant  effect  on  pump  service  life,  and 
high  effectiveness  under  both  normal  and 
cavitating  conditions. 

Various  devices  were  analytically  studied  to 
determine  whether  they  provided  a  suitable 
means  of  attenuating  normal  ripple  and 
cavitation  pulsations.  A  broad  frequency 
range  was  adopted  as  a  design  requirement  in 
order  to  provide  attenuation  during  cavitation 
and  ripple  throughout  the  entire  speed  range  of 
the  engine-driven  hydraulic  pump. 


An  expansion  chamber  could  provide  high 
attenuation  over  a  large  frequency  range 


during  cavitation,  but  a  computer  analysis 
indicated  that  this  installation  would  have  an 
adverse  effect  on  pump  stability.  A  tuned 
standpipe  could  generate  high  attenuation  but 
only  over  a  very  narrow  frequency  range.  An 
in-line  filter  provided  some  attenuation  during 
normal  ripple  and  cavitation  modes  of  operation 
over  a  large  frequency  range.  The  attenuation 
was  not  as  large  as  that  provided  by  the  ex¬ 
pansion  chamber.  The  drawback  of  the  in-line 
filter,  as  well  as  the  other  devices  discussed, 
was  the  difficulty  in  installing  the  unit  in  an 
existing  aircraft  system  and  the  effect  on  line 
pressure  and  system  flow. 

After  a  review  of  available  devices,  a 
Helmholtz  resonator  was  selected  as  the  most 
feasible  attenuating  device.  The  Helmholtz 
resonator  is  normally  employed  as  a  narrow 
frequency  band  device;  but  by  suitably  select¬ 
ing  the  characteristic  features,  it  appeared 
possible  to  cover  an  adequately  wide  fre¬ 
quency  range  for  both  normal  ripple  and 
cavitating  conditions.  The  design  parameters 
for  the  attenuator  are  shown  in  Fig.  5.  The 
size  of  the  Helmholtz  resonator  permitted  it 
to  be  installed  at  the  outlet  port  of  the  hy¬ 
draulic  pump.  This  location  is  considered  the 
optimum  since  it  provides  for  attenuation  of 
pump  pulsations  immediately  exiting  the  pump. 


ATTENUATOR  -  BRANCH  TYPE 

GENERAL  CONFIGURATION  &  CRITICAL  PARAMETERS 


V  -  VOLUME  OF  RESONANT  CHAMBER 

a  -  RADIUS  OF  CONNECTOR 

Cc  *  LENGTH  OF  CONNECTOR 

S  -  CROSS -SECTIONAL  AREA 

C0  -  CONDUCTIVITY  OF  CONNECTOR 

0,  -  EMIRICAL  CONSTANT  (BETWEEN  j  AND  J) 


(REFERENCE:  NACA  RPT  1192,  1952,  REF  6) 


GENERAL  EQUATIONS 


ATTENUATION  -  10  Log,0 


fr  -  RESONANT  FREQUENCY 
f  -  FREQUENCY 
C  -  VELOCITY  OF  SOUND 
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Fig.  5  -  Design  parameters  for  Helmholtz  resonator 
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ATTENUATOR  TESTING 

Initially  there  was  an  uncertainty  about  the 
applicability  of  the  attenuator  design  formulas, 
■which  are  based  upon  air  as  the  fluid  medium, 
to  hydraulic  line  operation  under  normal  and 
cavitatlng  conditions.  Therefore,  the  attenu¬ 
ator  was  fabricated  with  inserts  to  permit 
varying  the  tuning  by  modifying  the  connection 
geometry,  and  several  configuration  variables 
were  tested  during  the  program. 

Prior  to  ttie  installation  of  the  attenuators 
in  the  hydraulic  system  simulator,  acoustical 
characteristics  ol  each  configuration  were 
measured  in  air  and  compared  to  the  cal¬ 
culated  values.  The  testing  was  conducted  on 
a  modified  acoustical  standing  wave  apparatus 
consisting  of  two  straight  tubes  with  a  speaker 
that  was  located  at  one  end  and  that  generated 
a  constant  frequency  noise  signal,  The 
attenuator  was  placed  between  the  tubes.  A 
microphone  was  used  to  record  the  peak  noise 
measurement  in  the  tubes  on  either  side  of  the 
resonator.  A  fiberglass  termination  was 
utilized  to  minimize  reflected  waves.  Typical 
measured  attenuation  curves  for  various  de¬ 
signs,  Including  an  expansion  chamber,  are 
shown  in  Fig.  6, 


The  significant  geometry  for  these  atten¬ 
uators  is  shown  in  Table  1.  The  attenuator 
design  is  sensitive  to  the  dimension  of  the 
connection,  which  is  part  of  a  manifold  having 
instrumentation  ports;  so  determining  the 
effective  geometry  is  difficult  except  by  test. 

An  available  aircraft  hydraulic  simulator  was 
adopted  for  the  test  as  shown  in  Fig,  7,  The 
hydraulic  line  runs  and  supporting  brackets 
duplicated  the  aircraft  installation  from  the 
pump  to  the  filter  module.  Pump  pressures, 
line  accelerations  and  strains,  and  bracket 


TABLE  1 

Attenuator  Geometry 


Config¬ 

uration 

Volume 

Throat 

Diameter 

m 

Throat 

Length 

4 

Frequency 

Of  Peak  Hz 

2 

.00044 

.0139 

.0139 

205 

3 

.00044 

.0144 

.0139 

205 

4 

.00044 

.0158 

.0155 

225 

5 

.00044 

.0158 

.0155 

235 

6 

.00044 

0165 

.0102 

235 

7 

.00044 

.0158 

.0102 

245 

8 

.00044 

.0165 

.0191 

310 

Large 

Volume 

.00069 

0208 

.0191 

_ 

245 

Fig.  C  -  Cotnpnrison  of  rcsonntor  attenuations  in  nlr 
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ATTENUATOR  CONFIGURATION 


I- if'.  T  -  Might  system  test  setup 


strains  were  measured  In  order  to  determine 
the  effectiveness  of  the  resonator  throughout 
the  frequency  range.  Pressure,  temperature 
and  flow  parameters  were  monitored  in  an 
effort  to  provide  a  method  of  verifying  capa¬ 
bility  over  the  entire  speed  range  of  the  engine- 
driven  hydraulic  pump.  Manual  flow  control 
valves  were  utilized  to  Induce  the  cavitation 
mode  of  operation,  rather  than  an  actual 
depletion  of  the  hydraulic  system  during  each 
test  run,  A  series  of  baseline  -uns  was  made 
to  determine  the  pump  speeds  that  generated 
the  highest  peak  stresses  during  normal  system 
operation.  Five  critical  pump  ; ;  ceds  were 
selected  on  the  basis  of  produciu;.  the  highest 
system  response.  These  speeds  were  then 
used  when  cavitation  was  induced  to  determine 
the  performance  of  the  attenuator. 

The  first  series  of  cavitation  runs  was  per¬ 
formed  to  determine  the  tuning  of  an  optimum 
attenuator  that  would  provide  the  greatest 
reduction  of  destruction  energy  over 
the  entire  speed  range.  The  pump  was 


stabilized  at  a  selected  RPM  and  the  ball 
valve  in  the  suction  line  was  gradually  closed 
until  cavitation  occurred.  This  condition  was 
maintained  while  stress  readings  were  ob¬ 
tained  from  the  various  gages. 

During  the  course  of  these  investigations,  it 
was  noted  that  the  Flight  system  stress  vari¬ 
ation  with  attenuator  configurations  was  appreci¬ 
able  at  a  pump  speed  of  5550  RPM  but  did  not 
change  significantly  at  3850  RPM.  The  magni¬ 
tude  of  the  system  response  at  the  lower  RPM 
imposed  higher-than-deslrable  stresses  at 
several  bracket  locations. 

It  was  decided  to  increase  the  peak 
attenuation  in  order  to  reduce  the  stresses  at 
the  lower  frequency  by  increasing  the  spherical 
volume  of  the  attenuator.  Acoustical  tests  in 
air  of  the  larger  volume  attenuator  showed  a 
broadening  of  the  characteristic  attenuation 
curve  but  not  a  large  increase  in  the  peak 
attenuation.  Figure  8  shows  a  comparison 
between  the  theoretical  frequency  band  cal- 
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8  -  Comparison  of  calculated  &  measured 
attenuation  in  air 

culated  for  the  42-cu.  -in.  -volume  attenuator 
and  the  measured  values  for  the  27-cu.-in.  - 
and  42-cu.  -in.  -volume  attenuators  .  The  plot 
shows  tiie  increase  In  attenuation  gained  at  the 
low  end  of  the  frequency  range  by  increasing 
the  volume.  At  a  frequency  of  190  Hz  the  level 
of  attenuation  for  the  new  volume  was  22  dB 
level  compared  to  16  dB  level  for  the  old 
volume.  This  type  of  improvement  was  typical 
over  the  entire  frequency  band.  The  attenuator 
was  also  designed  to  provide  a  connection  for 
external  hydraulic  power  during  ground  main¬ 
tenance.  This  Is  most  likely  the  cause  of  the 
non-linearities  in  the  measured  valves. 

Simulator  results  using  this  attenuator 
showed  a  general  reduction  in  system  stress 
levels  at  all  pump  speeds,  with  the  smallest 
reduction  occurring  at  3850  RPM,  A  review 
of  the  hydraulic  line  geometry  indicated  that 
the  segment  leading  to  the  dead- ended  manifold 
used  during  ground  servicing  could  be  the 
source  of  a  hydraulic  resonance  close  to  the 
pump  ripple  value  at  3850  RPM.  In  an  effort 
to  move  the  line  frequency  out  of  the  low 
range,  a  1-in.  -dla  by  10-ln,  -long  pipe  was 
added  to  the  ground  manifold  pressure  port. 

The  stresses  as  generated  from  this  test  run 
showed  an  increase  in  bracket  stresses  at 
3850  RPM  and  a  decrease  at  4450  RPM.  The 
assumption  made  was  that  the  internal  passages 
in  the  ground  manifold  were  distorting  the 
results.  There  Is  a  mechanical  connection  in 
the  ground  service  line  12  in.  from  the  tee  to 
the  main  line.  The  ground  service  line  and 
the  manifold  were  removed  and  replaced  by  a 
1-In.  -dia  by  24-in.  -long  pipe  that  yielded  the 
same  overall  length  to  the  ground  service  line 


as  adding  the  10-in.  pipe  to  the  manifold.  The 
stresses  recorded  from  this  test  run  showed 
approximately  a  35%  reduction  in  bracket 
stresses  at  3850  RPM  In  order  to  establish 
whether  removal  of  the  ground  service  line 
would  reduce  the  stresses,  the  24-in  pipe 
was  removed  and  the  12-in.  length  of  pipe  teed 
off  the  main  pressure  line  was  capped,  The 
stresses  recorded  during  this  test  run  showed 
no  reduction  over  the  original  configuration 
with  the  ground  service  line  and  manifold 
installed, 

The  results  of  some  of  the  testing  performed 
are  shown  in  Fig,  9  and  10  for  the  Combined 
hydraulic  s  ystem  and  in  Fig.  11  for  the  Flight 
hydraulic  system.  The  curves  illustrate  the 
impact  that  the  attenuator  has  on  reducing  the 
oscillating  pressure  stresses  in  the  bracket 
supports  and  the  hydraulic  lines  in  the  two 
systems  during  cavitation.  Hoop  stresses 
were  measured  as  a  convenient  method  of 
determining  pressures  over  a  line  segment. 

DATA  ANALYSIS 

One  problem  encountered  during  the  analysis 
was  that  the  maximum  response  at  the  various 
locations  occurred  at  different  pump  fre¬ 
quencies.  Furthermore,  the  highly  unsteady 
nature  of  cavitation  produced  a  large  scatter  in 
the  data.  This  problem  Is  illustrated  in  Fig. 
12,  which  shows  the  measured  stress  as  a 
function  of  pump  frequencies  at  two  bracket 
locations.  This  condition  was  compounded  by 
the  additional  measurements  made  at  other 
line  and  bracket  locations.  These  variations 
In  frequency  response  and  large  data  scatter 
made  it  difficult  to  determine  the  tuning  and 
effectiveness  of  the  attenuator  configurations 
under  test. 

Since  we  desired  to  reduce  the  stresses  in 
the  entire  system,  we  reasoned  that  a  mean 
system  stress  would  be  Indicative  of  an 
attenuator's  performance  at  a  given  frequency. 

To  obtain  the  mean  system  stress,  we  re¬ 
peated  the  cavitation  conditions  six  times  at 
each  of  five  different  pump  speeds  and  mea¬ 
sured  the  stresses  at  various  bracket  and  line 
locations.  Next  we  calculated  and  tabulated 
the  mean  stress  at  each  location  as  shown  in 
Table  2.  The  mean  system  stress  was  ob¬ 
tained  from  the  summation  of  the  individual 
line  and  bracket  mean  stresses  at  each  fre¬ 
quency.  These  mean  system  stresses  were 
plotted  as  a  function  of  pump  RPM  for  the 
various  attenuator  configurations.  The 
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Fig.  11  -  Bracket  No.  3  stress  reduction,  Flight  system 


Fig.  12  Bracket  stress  at  two  locations  vs  pump 
HPM,  Flight  system,  cavitation  with 
attenuator 


attenuators  are  identified  by  their  resonant 
frequency  in  air.  Figure  13  shows  the  mean 
system  stress  for  the  Flight  hydraulic  system. 

In  addition  to  determining  the  behavior  of 
each  attenuator  as  a  function  of  pump  fre¬ 
quency,  we  wanted  to  determine  the  attenuator 
configuration  that  would  provide  the  most 


effective  stress  reduction  over  the  entire 
operating  range  of  pump  speeds. 

For  this  purpose  we  developed  the  "grand 
mean.  "  This  grand  mean  was  obtained  from 
the  summation  of  the  system  means  at  the  five 
test  frequencies. 

Figure  14  shows  the  grand  moan  for  the  Flight 
system  as  a  function  of  attenuator  resonant 
frequency  in  air.  The  data  indicates  that  the 
optimum  frequency  was  2B0  Hz  for  the  Flight 
system  and  208  Hz  for  the  Combined  system. 

ATTENUATOR  TEST  RESULTS 

After  the  selection  of  the  optimum  attenuator, 
the  final  phase  of  testing  was  undertaken.  This 
involved  running  the  entire  hydraulic  system 
and  cavitating  for  prolonged  periods  of  time. 

The  first  series  of  tests  had  determined  the 
optimum  attenuator  tuning  for  each  system. 
Installation  considerations  indicated  a  common 
attenuator  for  both  systems.  Thus,  a  com¬ 
promise  resonator  with  a  resonant  frequency 
of  245  Hz  was  fabricated  and  used  during  the 
second  series  of  tests. 

The  goal  of  this  second  test  series  was  to 
survive  4  hr  of  cumulative  cavitation  and  main¬ 
tain  the  system  intact. 
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TABLE  2 

Flight  System  Stress  With  Attenuator 
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lit:.  13  -  Flight  system  mean  stress  (all  gages) 
vs  pump  RPM 

The  testing  established  the  feasibility  of 
utilizing  an  attenuator  in  a  hydraulic  system 
in  order  to  attenuate  cavitation  pulsations. 

The  hydraulic  line  and  bracket  stresses  re¬ 
corded  throughout  the  testing  consistently 
verified  the  reduction  in  stress  levels  when 
using  the  attenuator.  In  addition,  throughout 
the  testing  visual  evidence  confirmed  the 
effectiveness  of  the  attenuators.  During  the 
test  runs,  without  the  attenuator  installed,  jam 
nuts  on  bulkhead  fittings  loosened,  line  clamp 
screws  sheared,  hydraulic  line  brackets 
cracked,  and  plastic  hydraulic  line  support 
blocks  melted.  These  conditions  occurred 
after  less  than  20  sec  of  cavitation. 
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Fig.  14  -  Grand  mean  stress  vs  attenuator 
natural  frequency 

The  Combined  hydraulic  system  success¬ 
fully  completed  4  hr  of  cavitation  with  the 
attenuator  installed  without  damage  to  lines, 
brackets,  and  line  support  blocks.  The  Flight 
hydraulic  system  completed  4  hr  of  cavitation 
without  damage  to  lines  and  line  support  blocks. 
However,  at  3850  rpm,  bracket  No.  4  (Fig.  2) 
cracked  several  times  during  the  testing.  A 
material  change  was  instituted  for  this  bracket 
and  an  additional  2  1/2  hr  of  cavitation  was 
run  without  failure. 

The  addition  of  the  attenuator  established  a 
means  of  reducing  the  damaging  pulsations 
generated  during  cavitation  at  the  pump  outlet 
without  compromising  the  hydraulic  system. 
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LOADS  PREDICTION’  PROGRAM 

Concurrently  with  the  development  of  the 
attenuator,  an  analytical  procedure  was 
developed  to  calculate  line  and  bracket  loads 
caused  by  standing  hydraulic  pressure  waves. 
The  results  of  this  analysis  were  intended  to 
provide  the  design  engineer  with  criteria  to  be 
used  during  the  routing  of  hydraulic  lines  and 
the  location  of  line  supports  to  minimize  sys¬ 
tem  stresses. 

The  attenuator  development  program  using 
an  aircraft  hydraulic  system  simulator 
afforded  an  opportunity  to  obtain  data  to  verify 
analytical  results.  The  concepts  used  in  the 
program  are  described  below. 

LOAD  CALCULATION* 

Pressure  standing  waves  in  hydraulic  lines 
can  be  determined  from  impedance  analyses 
as  described  in  Ref.  1  and  2.  These  induce 
radial  forces  at  the  location  of  bends.  The 
forces  on  the  fluid  include  the  reaction  of  the 
pipe  bend  as  shown  in  Fig.  15  (Ref.  3). 
Considering  any  bend  in  a  pipe  of  constant 
cross-sectional  area,  the  radial  component 
of  fluid  pressure  variation  and  flow  velocity 
is  reacted  by  the  pipe  bend,  while  the 
tangential  component  is  reacted  principally  by 
the  changes  in  fluid  momentum  and  does  not 
result  in  loads  on  the  pipe.  The  procedure 
for  calculating  the  fluid  induced  loads  there¬ 
fore,  is  based  upon  determining  the  radial 


component  for  each  hydraulic  line  segment 
from  the  geometry.  In  aircraft  hydraulic  lines, 
this  geometry  is  often  quite  complex,  so  that 
a  description  of  the  pipe  bends  is  most  readily 
obtained  from  detailed  finite  element  grid 
point  locations.  Every  set  of  three  successive 
grid  points  can  be  considered  as  describing 
a  bend  in  the  line.  The  three  points  are 
assumed  to  define  the  geometry,  the  first  two 
being  the  direction  of  the  fluid  entering  the 
bend  and  the  second  and  third  the  direction  of 
the  fluid  leaving  the  bend.  Since  these  three 
points  lie  in  a  plane,  and  the  change  in  di¬ 
rection  of  the  fluid  flow  in  that  plane  is  re¬ 
quired.  the  coordinate  transformation  from  the 
global  geometry  of  the  grid  point  system  to  a 
local  coordinate  system  in  the  plane  of  the 
bend  is  determined. 

CALCULATED  VIBRATORY  RESPONSE  OF 
HYDRAULIC  LINES  TO  PRESSURE  STANDING 
WAVE 

After  the  coordinates  are  transformed  into 
a  single  plane,  a  radial  component  of  the  load 
assumed  to  act  at  the  middle  grid  point  is  cal¬ 
culated  as  follows: 

•  The  angle  between  the  radial  input  and 
output  directions  Is  calculated  as 
shown  in  Fig.  16 

•  The  radial  force  components  due  to  the 
standing  wave  pressures  at  the  first  and 
third  grid  points  are  calculated  and  re¬ 
solved  into  orthogonal  forces 
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Fig.  15  -  Forces  on  fluid  in  pipe  (from  Ref.  3) 
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Fig.  16  Radial  component  of  fluid  pressure  on 
pipe  bend 


•  The  forces  are  translated  hack  into  the 
global  coordinate  system  using  the  in¬ 
verse  of  the  tranformation  previously 
determined. 

This  procedure  for  calculating  loads  at  each 
grid  point  in  the  global  coordinate  system  is 
the  algorithm  used  in  a  FORTRAN  program 
that  generates  input  cards  for  the  NAS  TRAN 
finite  element  model  loads  analysis. 

APPLICATION  TO  A  90  DEGREE  BEND 

In  an  effort  to  evaluate  this  procedure  on  a 
relatively  simple  structure,  it  was  applied  to 
a  52-in.  -long  segment  of  a  1-in.  OD  by  .  051- 
in.  -thick  wall  titanium  pipe  bent  into  a  90° 
elbow,  for  which  experimental  data  had  been 
reported  in  Ref.  4.  The  pressure  standing 
wave  distribution  assumed  in  this  analysis  is 
shown  on  Fig.  17  for  comparison  with  mea¬ 
sured  values.  The  difference  is  due  to  the 
simple  sinusoidal  expression  used  in  the 
computer  algorithm  for  load  calculation.  The 
applied  loads  calculated  are  shown  on  Fig.  18. 
As  anticipated,  loads  occur  only  at  the  bends 
in  the  plane  of  the  bend.  The  calculated  mode 
shapes  for  a  NASTRAN  finite  element  model 
of  the  configuration  with  ends  fixed  are  shown 
on  Fig.  19.  It  is  apparent  that  the  in-plane 
and  out-of-plane  modes  alternate.  These  two 
types  of  motions  are  not  coupled  if  all  the  grid 
points  lie  in  a  single  plane.  However,  the 
accelerations  for  this  configuration  reported 
in  Ref.  4  contain  both  in-plane  and  out-of- 


Fig.  1'  Pressure  standing  wave  in  90  deg  bend 
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Loads  due  to  pressure  standing  wave, 
90  deg  bend  lime  finite  element  model 


plane  motion,  when  the  finite  element  geo¬ 
metry  is  varied  by  introducing  a  slight, 
gradually  varying,  out-of-plane  position  to  the 
grid  points  (.25  in.  at  the  elbow),  some 
coupling  of  the  motion  in  the  two  directions 
occurs.  The  measured  responses  from  pre¬ 
ssure  standing  waves  (from  Ref.  4)  are  com¬ 
pared  with  those  calculated  for  modes  with 
similar  characteristics  (Fig.  20).  The 
measured  deformation  at  653  Hz  is  similar 
to  the  calculated  acceleration  pattern 
at  622  Hz,  which  is  also  shown.  The  cal¬ 
culated  pattern  is  more  symmetrical  since 
both  legs  of  the  elbow  have  a  central  node  unlike 
the  measured  response,  where  only  one  leg 
has  a  point  of  no  vibi  atory  motion.  The  out- 
of-plane  motion  for  both  measured  and  calculated 
motions  have  3  node  points  each,  but  those 
in  the  measured  data  are  unevenly  spaced. 

The  calculated  maximum  acceleration  fer  an 
assumed  damping  ratio  of  .05  of  critical  was 
250  g  compared  to  315  g  measured. 
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Fig.  19  -  Mode  shapes  for  90  deg  bend  L 


Y  =  out-of-plane,  X-Z  =  in-plane  motion 


Fig.  20  -  Cocpariscn  of  calculated  a  measured 
response  Cor  line  with  90  deg  bend 


Fig.  21  -  Finite  element  model.  Combined  system 


A  major  discrepancy  between  analysis  and 
measurement  is  the  difference  in  calculated 
modes  for  the  line.  Several  attempts  were 
made  to  vary  the  support  stiffness  at  one  end 
of  the  line  in  order  to  try  to  improve  the  match, 
but  no  significant  increase  in  the  correlation 
was  noted.  A  review  of  the  results  showed 
that  improvement  would  be  required  in  the 
finite  element  model  representation,  but  the 
method  of  calculating  the  loads  appeared  to 
result  In  responses  that  gave  a  moderately 
good  approximation  to  measured  values. 

APPLICATION  TO  AIRCRAFT  HYDRAULIC 
LINES 

The  basic  reason  for  developing  the  str  tding 
pressure  wave  loads  analysis  described  pre¬ 
viously  was  to  calculate  the  vibratory  re¬ 
sponse  of  aircraft  hydraulic  lines.  Figure  21 
shows  the  Combined  hydraulic  system's  finite 
element  model  of  the  titanium  line  between  the 
pump  end  flex  hose  and  the  filter  module  (about 
120  in.  downstream  of  the  flex  hose).  The 
location  of  supporting  brackets  are  shown  as 
springs.  The  right  end  representing  filter 
module  attachment  was  assumed  fixed.  The 
flexibilities  of  the  5  remaining  brackets  were 
calculated  from  simplified  structural  models. 
The  calculated  resonant  frequencies  ranged 
upward  from  113  Hz.  The  frequency  range  of 
interest  lies  between  495  and  825  Hz,  corres¬ 
ponding  to  3300  to  5500  pump  rpm.  There 
r: ere  11  elastic  modes  below  this  range  and  8 
clastic  modes  within  it.  The  mode  shapes 
become  relatively  complex.  Several  are 
shown  on  Fig.  22.  An  attempt  was  made  to 
measure  some  of  the  modes  and  reconcile 
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Fig.  22  -  Combined  system  mode  shapes 
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the  meas  ured  and  calculated  values  by  vary¬ 
ing  the  bracket  stiffnesses.  However,  this 
was  not  very  successful.  We  could  make  one 
mode  match  well,  but  others  would  not  corres¬ 
pond.  More  work  is'  required  on  this  aspect 
of  the  problem. 

The  standing  waves  cf  pressure  on  the  line 
segment  due  to  pump  ripple  were  calculated 
for  the  three  hydraulic  resonances  using  a 
modification  of  Ref.  1.  Typical  standing  wave 
magnitude  pressure  patterns  are  shown  on  Fig. 
23.  They  represent  an  effective  acoustical 
velocity  of  about  3800  ft  sec.  The  pressure 
values  for  the  lowest  two  frequencies  are 
lower  for  the  first  portion  of  the  line  because 
of  the  influence  of  the  flex  hose.  The  pressure 
at  zero  location  is  at  a  peak  and  represents 
the  pump  output.  The  pressure  at  the  152-in.  - 
station  is  a  minimum  because  the  filter  module 
is  considered  as  representing  a  low  acoustical 
impedence.  The  calculated  magnitudes  for 
ripple  pressure  were  much  higher  than  the 
values  measured  at  the  pump  output,  and  the 
peak  frequencies  were  slightly  different,  as 


shown  in  Fig.  24.  It  was  decided  to  adopt  the 
pressure  distribution  as  calculated  but  limit 
the  amplitudes  and  frequencies  to  the  mea¬ 
sured  values.  The  calculated  relative  dis¬ 
tribution  of  maximum  stress  along  the  line 
is  shown  on  Fig.  25.  The  relative  stresses  at 
one  of  the  highest  stress  locations  in  the  line, 
as  a  function  of  the  pump  frequency,  is  shown 
in  Fig.  26.  along  with  the  measured 
stress  levels  at  a  similar  location.  The  ab¬ 
solute  values  of  the  measured  levels  are  con¬ 
siderably  below  the  calculated  values  even 
though  a  relatively  high  (.  3)  value  of  damping 
was  used.  Although  the  agreement  between 
measured  and  calculated  values  requires  im¬ 
provement,  the  variation  of  stress  along  the 
line  length  appears  reasonable.  During 
several  instances  when  cavitation  induced  very 
high  stresses,  the  failures  occurred  in  the  line 
close  to  the  location  where  the  calculated 
value  was  the  highest. 

A  finite  element  model  of  the  Flight 
hydraulic  system  between  the  pump  flex  hose 
and  filter  module,  shown  in  Fig.  27,  was  also 


r«C  0205  0P50 


HSTANCE  FROM  PUMP,  m  (IN.) 


Fig.  23  -  Pressure  standing  wave.  Combined  system 
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lig.  25  -  K  14  Combined  system  stress 

distribution  (Note:  Line  free  in 
rotation  at  filter  module  for  this 
calculation ) 


assembled  and  analyzed  in  the  same  manner 
to  assist  in  guiding  test  results.  The  com¬ 
parison  between  calculated  and  measured 
stress  shown  in  Fig.  28  for  one  location 
checked  was  considered  good  both  in  distri¬ 
bution  and  in  magnitude. 

The  effect  of  temperature  on  calculated 
stress  can  be  determined  from  the  variation 
in  calculated  standing  pressure  waves  showm 
in  Fig.  29.  A  rise  in  temperature  of  100°  F 
(from  80  to  180°  F)  resulted  in  an  increase  in 
maximum  pressure  of  1.  5  and  a  drop  in  re¬ 
sonant  frequency  to  .  91.  The  effect  on  the 
standing  wave  pattern  was  not  very  significant 
nor  was  the  shift  in  resonant  frequency,  con¬ 
sidering  the  limited  accuracy  in  measure¬ 
ments:  but  the  change  in  amplitudes  was  signi¬ 
ficant.  Temperature  readings  were  therefore 
taken  during  all  test  runs  to  allow  corrections 
when  required. 

SUMMARY 

The  testing  accomplished  to  date  has  shown 
that  it  is  highly  beneficial  to  have  a  hydraulic 
system  simulator  that  faithfully  duplicates  air¬ 
craft  line  runs  and  line  supports  in  that  section 
of  run  between  the  pump  ar.d  the  filter  module. 
Aircraft  problem  areas  are  duplicated  on  the 
simulator  and  can  be  tested  more  expeditiously 
and  economically  on  the  simulator. 

These  sane  tests  have  shown  that  it  is 
possible  to  develop  a  cavitation  attenuator  to 
reduce  system  stress.  System  non-linearities 
and  the  non-uniforin  nature  of  cavitation  make 
it  difficult  to  assess  the  tuned  frequency  re¬ 
sponse  of  an  attenuator  so  that  maximum  per¬ 
formance  can  be  obtained. 

The  analytical  program  satisfactorily  pre¬ 
dicts  the  locations  of  the  maximum  line  loads; 
however,  additional  effort  is  required  before 
the  load  magnitude  can  be  predicted. 

FUTURE  EFFORT 

The  work  described  is  part  of  an  on-going 
effort  to  better  understand  and  survive  a 
cavitating  system  environment.  Additional 
testing  is  currently  scheduled  on  an  aircraft 
to  verify  the  attenuator  performance  obtained 
on  the  s  imulator. 

It  is  planned  to  continue  the  development  of 
the  analytical  program  to  obtain  improved  load 
prediction  and  improved  prediction  of  mechan¬ 
ical  resonances.  Modifications  are  also 
planned  to  the  internal  flow  program  to  correct 
the  excessive  peak  pressures  in  standing  waves 
and  to  improve  our  pump  cavitation  model. 
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The  overall  objective  of  this  effort  Is  the 
development  of  an  analytical  tool  for  deter¬ 
mining  line  installation  criteria  for  the  hy¬ 
draulic  design  engineer. 
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ABSTRACT 


Ordinarily,  rubber  isolators  are  not  used  in  high  performance 
missiles.  The  leading  reasons  for  this  are  the  dearth  of  rattle 
space  and  the  difficulties  in  determining,  and  hence  designing 
for,  the  effects  of  high,  steady  acceleration.  The  present  case 
is  exceptional:  a  lightweight  item  is  suspended  on  a  1000  Hz  iso¬ 
lation  system.  The  item  is  a  missile  fin-tip  mounted  photodetec¬ 
tor  which  receives  uplink  information  on  a  laser  beam  carrier. 

The  purpose  of  isolating  the  detector  is  to  decrease  microphonic 
noise  in  its  output  signal.  In  the  development  of  this  system, 
a  piezoelectric  shaker  operating  to  20  KHz  was  used  to. measure 
the  isolation.  Excitation  in  a  tactical  environmental  simulation 
was  provided  at  the  Martin  Marietta  Ramburner  Materials  and  Pro¬ 
pulsion  Test  Facility  and  during  rocket  motor  static  firings. 

The  ramburner  firing  produces  an  acoustical  source  similar  to  the 
ADATS  rocket  motor  plume.  Results  obtained  in  an  early  flight 
test  are  also  reported. 


Rubber  mounts  are  used  in  the  ADATS  missile  to 
isolate  optical  receivers  from  structural  vi¬ 
bration..  The  optical  receivers  detect  a  modu¬ 
lated  laser  beam  which  contains  uplink  guidance 
information,  and  the  purpose  of  isolation 
mounting  is  reduction  of  microphonic  noise  in 
the  receiver  output  to  the  signal  processor. 

The  frequency  band  of  interest  is  1-19  KHz, 
which  includes  the  taser  beam  modulation  fre¬ 
quencies.  Thus,  the  general  need  for  isolating 
devices  was  known,  but  since  the  optical  re¬ 
ceiver  and  the  missile  were  in  concurrent  de¬ 
velopment,  and  both  the  vibration  environment 
and  the  microphonic  characteristics  of  the  re¬ 
ceiver  had  low  predictability,  the  isolator  de¬ 
sign  had  to  be  worked  in  advance  of  a  well- 
defined  requirement.  Selected  isolator  design 
experimental  evaluation  is  described  in  this 
paper. 

The  ADATS  System 

A  brief  description  of  the  ADATS  system  will 
place  the  problem  in  context.  ADATS,  acronym 
for  Air  Defense  Anti-Tank  System,  is  a  com¬ 
pletely  self-contained  mobile  missile  system 
intended  to  engage  aircraft  and  armor  at  inter¬ 
mediate  ranges.  It  consists  in  part  of  a 


slewable  launcher  carrying  eight  solid  rocket 
missiles  in  canisters  and  an  electro-optical 
target  acquisition  and  tracking  unit  supple¬ 
mented  by  separate  radar  and  optical  target 
detectors  and  designators.  The  missile  is 
guided  by  a  spatially  coded  laser  beam.  The 
system  may  be  mobilized  on  many  military  ve¬ 
hicles,  and  an  early  development  is  the  M113 
type  vehicle  installation  illustrated  in  Fig¬ 
ure  1.  ADATS  is  being  developed  by  Martin 
Marietta  Orlando  Aerospace  for  Oerlikon- 
Buehrle,  Ltd.,  Zurich,  Switzerland. 


Figure  7.  ADATS  on  the  M113 
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The  laser  beam  signal  is  detected  by  optical 
receivers  located  in  pods  at  the  tips  of  the 
horizontal  pair  of  fins,  which  are  in  a  cruci¬ 
form  arrangement.  The  pods  are  visible  in 
Figure  2,  which  shows  a  missile  just  emerged 
from  its  canister.  The  placement  of  the  re¬ 
ceivers  at  the  tip  of  the  fin  favors  reception 
of  the  laser-carried  signal  in  the  presence  of 
the  optically  noisey  rocket  motor  plume. 


Figure  2.  Receivers  on  Missile  Fin  Tips 

The  Heceivers  and  Their  Mounts 

The  receiver  is  composed  of  a  tubular  metal 
dewar  closed  by  an  optical  window  at  the  after 
end.  Figure  3  shows  a  dynamically  similar 
facsimile,  called  a  Vibration  Test  Unit  (vTU) 
used  in  vibration  testing.  From  a  metal  for¬ 
ward  bulkhead,  not  visible  in  the  photo,  is 
cantilevered  a  long  slender  thin-walled  tube 
which  intrudes  into  the  dewar.  This  tube, 
known  as  the  coldwell,  has  a  cryostat  installed 
at  assembly.  The  detecting  surface  chip  is 
supported  within  the  dewar  on  the  interior  end 
of  the  coldwell.  Signal  leads  from  the  detec¬ 
tor  exit  the  dewar  at  the  forward  bulkhead  and 
immediately  enter  a  preamplifier  unit  attached 
there.  Preamplifier  output  leads  are  directed 
through  the  missile  fins,  and  the  signal  is 
further  amplified  and  processed  within  the  mis¬ 
sile.  A  cooling  gas  line  leading  to  the  cryo¬ 
stat  is  also  embedded  in  the  fin. 


Figure  3.  Vibration  Test  Unit  (Receiver  Facsimile) 


The  dewar  detector  is  manufactured  in  the 
Martin  Marietta  Orlando  Aerospace  Microelec¬ 
tronics  Center,  and  the  receiver  preamplifier 
assembly  is  subsequently  fabricated  in  the  Pro¬ 
duction  Division  at  Orlando.  This  assembly  is 
supported  in  the  fin  tip  pod  on  two  80- 
durometer  silicone  rubber  rings.  The  rings  are 
.-custom  made  by  Minnesota  Rubber  Company  in 
their  Quad-Ring  cross  section  pattern.  This 
type  ring  is  ordinarily  used  as  a  hydraulic 
system  seal.  It  was  selected  because  the  lobu¬ 
lar  corners  of  the  ring's  cross  section  permit 
a  shearing  deformation  under  loads,  resulting 
in  a  desirable  amount  of  transverse  compliance 
of  the  mount.  This  compliance  is  not  too  sen¬ 
sitive  to  variations  in  initial  compression 
(squeeze)  caused  by  in-tolerance  dimensional 
variations  of  the  pod  ID  and  receiver  OD. 

Figure  4  shows  the  installation  in  profile. 
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Figure  4.  Receiver  Isolation  System 


The  VTU  of  Figure  3  is  constructed  of  rejected 
parts  and  is  thus  dynamically  similar  to  an 
actual  receiver.  In  the  preamplifier  section 
of  the  VTU  in  the  photograph  may  be  seen  embed¬ 
ded  an  Endevco  Picomin  22  accelerometer.  This 
accelerometer  has  a  flat  response  to  10  KHz. 

The  preamplifier  is  a  PCB  potted  in  epoxy.  The 
accelerometer  cable  issues  from  a  hole  in  the 
steel  collar  that  joins  the  dewar  and  preampli¬ 
fier.  In  similar  fashion,  the  preamplifier 
leads  and  the  cold  gas  line  are  directed  out  of 
an  actual  receiver.  The  rubber  isolators,  the 
quad  rings,  are  seen  adjacent  to  the  seats 
through  which  they  resist  longitudinal  loading. 
On  installation,  the  rings  are  made  snug  longi¬ 
tudinally  with  a  small  setup  load.  The  rings 
have  survived,  in  good  condition,  postflight 
ground  impact  loads  estimated  at  25,000  Gs ,  and 
postflight  heat  loads  which  globuled  the  solder 
at  structural  joints  of  the  dewar. 

The  Need  for  Isolation 

An  indication  of  the  need  for  detector  isola¬ 
tion  from  its  vibration  environment  appeared 
early  in  the  program  during  static  firings  of 
test  rocket  motors.  Measurements  of  laser  sig¬ 
nal  transmiss ib i li ty  through  the  plume  of  the 
development  rocket  motor  were  being  made  using 
commercially  available  dewar  detectors.  The 
detectors  were  mounted,  windows  facing  the 
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plume,  close  to  the  exit  plane  of  the  nozzle 
at  locations  in  the  soundfield  at  which  SPLs 
above  160  db  could  be  expected.  Although 
these  units,  made  of  glass,  not  metal  inciden¬ 
tally,  were  supported  within  a  half-inch  thick 
aluminum  walled  box  and  were  potted  in  RTV, 
some  were  so  microphonic  as  to  saturate  their 
signal  channels.  The  immediate  problem  was 
solved  by  placing  a  half  inch  sheath  of  lead 
on  the  box  exterior  and  further  isolating  the 
dewar  detectors  on  quad  rings. 

Support  of  the  ADATS  receivers  on  rubber  rings 
had  been  contemplated  for  structural  integrity 
reasons.  However,  protection  from  folding  fin 
opening  shock  and  the  intense  vibration  envi¬ 
ronment  within  the  canister  during  launch  be¬ 
came  a  diminishing  concern  as  early  production 
units  were  found  to  be  extremely  rugged,  fail¬ 
ing  to  crack  or  deform  at  test  levels  many 
times  above  specification  levels. 

We  had  experience  with  microphonic  photodetec¬ 
tors  on  another  program  where  imaging  detec¬ 
tors  were  much  more  susceptible  to  vibration 
than  the  ADATS  detectors.  In  that  instance, 
potting  in  a  specially  formulated,  very  dissi¬ 
pative  silicone  rubber  compound  and  the  use  of 
structural  components  with  high  material  damp¬ 
ing  in  propagation  paths  had  yielded  desired 
results.  The  specific  purpose  of  damping  in 
that  case  was  to  shield  the  detector  from 
gimbal-bearing  noise!  The  system  also  had  an 
optical  alignment  requirement  which  would  have 
made  effective  use  of  isolation  techniques 
difficult.  However,  application  of  dissipa¬ 
tive  materials  alone  was  inappropriate  for  the 
ADATS  problem  where  the  noise  energy  is  rela¬ 
tively  very  high.  As  will  be  seen  below,  it 
appeared  that  a  combination  of  both  isolation 
and  damping  (as  discussed  by  Maidenak  in  his 
article  on  the  Principle  of  Supp lementari ty  of 
Isolation  and  Dissipation,  Reference  1)  would 
offer  greater  attenuation.  We  did  not  add 
dissipative  mechanisms  only  because  it  appear¬ 
ed  the  additional  attenuation  was  not  needed. 

It  is  interesting  to  note  that  rubber  isola¬ 
tion,  applied  either  at  the  base  of  the  tube 
or  at  the  base  of  the  chassis,  was  the  tradi¬ 
tional  method  of  reducing  microphonics  caused 
by  vibration  of  vacuum  tube  elements  in  the 
times  in  which  these  Symposia  were  first  con¬ 
vened,  and  earlier. 

Firsc  Tests  of  Isolation  Concept 

Our  initial  problem  was  to  test  the  perform¬ 
ance  of  the  isolators  in  the  frequency  band  of 
interest.  To  provide  a  suitable  broad  band 
environment  in  our  laboratory  -  even  were  one 
well  defined  -  did  not  appear  practical  at 
that  time.  We  reasoned  that  the  pod  tip  envi¬ 
ronment,  in  the  higher  frequency  bands  at 
least,  would  be  cliaracteri  zed  by  aerodynamic 
and  aeroacous t ic a l  noise  inputs  and  that  the 
environment  of  the  static  motor  firings  would 
be  a  near-worst  case.  A  test  of  the  isolation 


principle  at  or  near  actual  tactical  environ¬ 
mental  levels  was  desirable,  but  one  does  not 
burn  an  expensive  rocket  motor  grain  just  to 
test  the  properties  of  rubber  rings.  We  had  a 
suitable  alternative  in  the  Martin  Marietta 
Ramburner  Materials  and  Propulsion  Test  Facil¬ 
ity  in  which  a  jet  similar  to  the  rocket  motor 
exhaust  could  be  produced ,  and  we  proceeded  to 
exploit  this  resource. 

Two  pod  fins  were  mounted  on  the  ramburner  ex¬ 
haust  tube  in  appropriate  geometric  positions 
relative  to  the  nozzle,  as  illustrated  in  Fig¬ 
ure  5.  The  pods  contained  instrumented  metal 
slugs  simulating  the  receivers  (the  VTUs  did 
not  yet  exist).  The  slugs  were  supported  with¬ 
in  pods  on  standard  quad  rings  of  the  same  ID 
but  forty  percent  larger  cross  section  than  the 
custom  size  Selected  for  the  missile  (the  cus¬ 
tom  rings  were  not  then  available).  In  some 
runs,  the  fins  were  brought  to  their  low  tem¬ 
perature  extremes  before  the  run  commenced  by 
metering  evaporated  liquid  nitrogen  into  styro¬ 
foam  containers  covering  the  fins.  The  styro¬ 
foam  was  removed  by  lanyard  aa  each  run  began. 


Figure  5.  Isolation  Test  on  Ramburner,  with  Cooling 

The  pod  exterior  and  the  slugs  were  instrument¬ 
ed  with  Picomin  22  miniature  accelerometers. 
Treating  the  pod  acceleration  as  input  and  the 
slug  lateral  acceleration  as  output  in  a  trans¬ 
fer  function  analysis  produced  a  typical  isola¬ 
tion  curve  with  attenuation  beginning  at  2  KHz. 

However,  a  resonance  appeared  at  9,200  Hz,  ris¬ 
ing  from  the.  attenuation  level  by  20  db  over  a 
band  of  500  Hz.  Because  applying  damping  tape 
to  the  center  one  third  of  the  slug  had  little 
effect  on  the  resonance,  we  attributed  it  at 
first  to  motion  other  than  a  slug  bending  mode; 
but  we  were  puzzled.  The  frequency,  9,200  Hz, 
appeared  to  be  too  high  for  a  rigid  body  pitch 
of  the  slug  and  too  low  for  standing  waves  in 
the  rubber.  We  found  a  partial  answer  later  in 
the  laboratory  when  the  freely  suspended  slug 
was  found  to  ring  predominantly  at  the  same 
frequency  when  struck.  The  mode  of  motion  was 
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not  identified.  This  inciwental  event  is  men¬ 
tioned  because  we  have  had  similar  experience 
with  the  VTls  at  7,300  Ha.  Again,  a  cigar  band 
wrap  of  damping  tape,  actually  just  electri¬ 
cian’s  tape  this  tine,  had  little  effect,  but  a 
complete  longitudinal  covering  with  a  tape 
strip  had  a  profound  camping  etrect.  We  have 
sone  clues  to  indicate  the  code  of  taction  in¬ 
volved  here,  but  as  mentioned,  we  have  not  ex¬ 
plored  the  possibility  of  dashing  treatment  in 
the  belief  that  improvement  will  not  be  needed. 
It  remains  a  potential  application  of  the  Prin¬ 
ciple  of  Supp  letter. t ari ty . 

due  judgement  of  the  degcee  of  isolation  at¬ 
tained  was  based  ert  a  comparison  of  the  pod 
exterior  acceleration  power  spectrum  with  the 
receiver  acceleration  power  spectra.  The  form¬ 
er  was  directed  laterally;  that  is,  normal  to 
the  tin  plane.  The  latter  two,  the  accelerome¬ 
ters  on  the  slug,  were  laterally  and  longitudi¬ 
nally  directed.  We  also  calculated  a  transfer 
function  from  exterior  lateral  to  interior 
lateral  to  aid  in  this  judgement.  This  was  an 
inexact  measure  because  there  was  not  strictly 
an  input-output  relation.  The  two  signals 
were,  however,  at  least  semi-coherent.  We 
have  omitted  presentation  of  these  plots  in 
favor  of  later  results  which  are  more  repre¬ 
sentative  of  design,  values. 

Our  experience  in  the  raeiiurner  facility  was 
very  helpful.  It  showed  the  workability  of 
the  isolation  concept  and  established  a  test 
level  for  design  specification  which  has  pre¬ 
vailed  through  the  accumulation  of  more  defin¬ 
itive  data.  It  also  gave  us  a  needed  prelim¬ 
inary  indication  that  the  silicone  rubber 
would  perform  at  the  low  temperature  extreme, 
-40C.  While  we  were  confident,  on  the  basis 
of  material  data,  that  rubber  properties  would 
vary  little  with  temperature,  we  felt  it  ne¬ 
cessary  to  demonstrate  the  dynamic  properties 
in  the  ten  kiloHertz  range. 

Testing  on  a  Piezoe lectric  Shake  Table 

Testing  in  Che  raoburner  facility  was  fruit¬ 
ful,  but  prodigal  of  manpower  and  horsepower. 

We  desired  to  move  testing  to  the  laboratory 
where  temperature  extremes  and  steady  acceler¬ 
ation  loads  could  be  applied  more  practically, 
where  the  tests  could  be  conducted  adjacent  to 
the  frequency  analyzer,  an  HP  5451B,  where 
scheduling  was  far  easier,  and  where  Florida 
weather  was  not  a  consideration.  We  also  knew 
we  would  soon  need  vibration  exciters  for 
quality  assurance  testing.  To  this  end,  we 
ordered  a  Wilcoxon  D60H  Shake  Table.  We  also 
procured  supporting  transducer  instrumenta¬ 
tion,  a  power  supply  and  a  balancing  unit. 

This  was  all  a  very  modest  investment  inciden¬ 
tally.  when  we  put  the  piezoelectric  shak- 
into  operation,  we  were  able  to  control  inputs 
to  the  receivers  from  1.5  KHz  to  the  top  of 
the  band  of  interest.  Automatic  control  was 
obtained  using  the  HP  5451B. 


A  preliminary  setup  is  shown  in  Figures  b  and 
7.  The  shak-  table  is  featured  in  Figure  6 
and  is  in  the  foreground  of  Figure  7.  The 
rubber  feet  with  which  it  is  delivered  have 
been  removed  and  the  flat  bottom  placed  in  in¬ 
timate  contact  with  an  aluminum  block  using  a 
low  viscosity  grease  interface.  The  black 
r.ir.g  is  a  large  0-ring  used  to  semi-retain  the 
flowing  grease.  Sitting  on  the  top  of  the 
shake  table  in  Figure  6  is  a  short  adapter 
section  used  to  correct  a  mismatch  of  table 
and  fixture  bolt  hole  patterns:.  The  rectangu¬ 
lar  block  section  is  one  of  the  two  fixtures 
uced  to  hold  VTVs.  The  one  pictured  is  used 
tor  lateral  excitation,  the  other,  not  por¬ 
trayed,  is  used  for  longitudinal.  The  holes 
in  the  center  of  the  top  and  side  are  used  to 
apply  steady  loads  to  the  receiver  by  use  of 
string  traction  devices.  These  steady  loads 
were  intended  to  simulate  steady  acceleration 
loads.  The  control  accelerometer  is  a  Wi  1- 
coxon  111.  The  two  black  boxes  behind  the 
shaker  in  Figure  7  are,  top  to  bottom,  a 
Wilcoxon  N60H  Matching  Network  and  a  Wilcoxon 
PA7CM  Power  Amplifier.  Also  seen  just  to  the 
right  is  an  Endevco  2735  Charge  Amplifier  and  a 
portion  of  the  HP  5451B  chassis.  On  the  left 
is  a  stainless  steel  tube  which  is  the  retainer 
of  the  aft  ring.  Also  present  is  a  454  gram 
(1.0  pound)  weight  used  to  set  up  the  longitu¬ 
dinal  preload  on  the  retainer  tube. 


Figure  f.  Early  Shake  Table  Arrangement 
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Figure  7.  Shake  Table  and  Supporting  Units 


Figure  8  is  a  photo  of  a  similar  setup,  with 
the  shaker  now  clamped  to  its  base  plate  to 
react  the  string  draw  loads  applied  using  pul¬ 
leys  mounted  on  a  framework.  (The  square-edged 
VTU  holding  fixture  of  Figure  6  has  been  cut 
down  to  a  circular  cylinder.)  A  2.7  kilogram 
(6.0  pound)  lead  weight,  representing  3-sigma 
longitudinal  acceleration,  may  be  seen  drawing 
longitudinally  on  the  VTU.  The  rig  stands  on  a 
styrofoam  pad  because  it  is  removed  from  a  tem¬ 
perature  chamber  just  before  excitation  is 
begun. 


Sample  results  of  the  laboratory  tests  are 
shown  in  Figures  9  through  12.  They  are,  in 
order,  an  input  power  spectrum,  an  output  power 
spectrum  (lateral),  a  magnitude  transfer  func¬ 
tion,  and  a  coherence  function.  The  coherence 
is  approximately  twice  that  found  in  ramburner 
and  rocket  motor  tests  where  the  assumption  of 
an  input-output  relationship  wa9  less  appropri¬ 
ate.  The  aforementioned  high  frequency  reson¬ 
ance  is  evident.  These  plots  correspond  to 
room  temperature,  zero  steady  load  conditions. 
Temperature  extreme  and  steady  load  testing  did 
not  drastically  change  results.  Low  tempera¬ 
ture  did  reduce  attenuation  3  to  5  db  in  the 
band  up  to  3  KHz.  The  steady  fading  technique 
was  not  wholly  representative  of  a  steady  ac¬ 
celeration  field;  however,  the  steady  loads 
tests  did  show  a  lack  of  dramatic  change  in  at¬ 
tenuation,  and  thi,s  was  heurist  ical  ly  helpful. 
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Figure  9.  VTU  Shake  Table  Test  - 

Input  Power  Spectral  Density 
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Figure  8.  Shake  Table  with  Steady  Load  Rig 
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Figure  10.  VTU  Shake  Table  Test  - 

Output  Power  Spectral  Density 
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Figure  11.  VTU  Shake  Table  Test  -  Transfer  Function 


in-canister  and  fin  deploying  periods,  in 
which  severe  oscillations  occurred,  but  these 
time  intervals  are  irrelevant  to  raicrophonics. 
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Figure  13.  Rocket  Motor  Firing  - 

Input  Power  Spectral  Density  (pod) 
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Figure  12.  VTU  Shake  Table  Test  -  Coherence  Function 


Rocket  Motor  Static  Firings  and  Flight  Test 


In  contrast  to  results  obtained  using  the 
shaker  table,  we  show  in  Figures  13  through  16 
the  corresponding  results  obtained  for  a  VTU  in 
a  rocket  motor  static  firing.  These  plots  are 
comparable  to  the  ramburner  facility  measure¬ 
ments  described  earlier.  Finally,  a  flight 
test  measurement,  from  a  mid-flight  interval, 
for  the  receiver  lateral  acceleration  is  shown 
in  Figure  17,  There  is  no  input-output  type 
result  here  because  of  the  impossibility  of  in¬ 
strumenting  the  pod  in  flight.  These  results 
appear  different  from  ground  results  because 
most  of  the  measurement  is  in  the  noise  level. 
The  resonance  peaks  do  pop  out  about  10  db 
above  the  noise.  We  had  to  suffer  greater 
noise  in  flight  testing  not  only  because  the 
data  channels  were  longer,  but  because  we  had 
to  set  the  accelerometer  calibrations  higher  to 
accommodate  the  high  levels  in  the  in-canister 
period  and  during  fin  deployment.  We  found  in 
flight  testing  that  the  overall  rms  level  above 
2  KHz  did  not  vary  widely  throughout  the  entire 
flight,  nor  did  the  spectral  distribution. 
Kxceptions  to  the  foregoing  statement  were  the 


Figure  14.  Rocket  Motor  Firing  - 

Output  Power  Spectral  Density  (VTU) 
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Figure  15.  Rocket  Motor  Firing  - 

Transfer  Function  (VTU;/ u>()D) 
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Figure  16.  Rocket  Motor  Firing  - 

Coherence  Function  (vtu  &  pod) 
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Figure  17.  Flight  Test  - 

VTU  Lateral  Acceleration 


Quality  Assurance  Testing 

A  microphonic  test  is  applied  to  each  unit 
manufactured.  It  was  decided  to  vibrate  the 
complete  receiver  assembly  on  its  rubber  iso¬ 
lation  rings  and  apply  the  pod  environmental 
level  to  the  fixture.  The  maximum  allowable 
microphonic  noise  was  specified  as  a  ratio  of 
rms  noise  with  and  without  excitation  in  the 
1-19  KHz  band.  Since  the  fin-traversing  sec¬ 
tion  of  the  gas  line  is  an  integral  part  of 
the  receiver  assembly,  it  was  necessary  to 
support  the  unit  in  a  fixture  which  has  a  long 
dimension  relative  to  the  shake  table  diameter 
to  prevent  handling  damage  to  the  metal  tube. 
The  dimensional  disparity  was  accommodated  by 
the  flaring  magnesium  adapter  shown  in  Figure 
18.  When  the  receiver  noise  measurement 
proved  sensitive  to  the  high  voltage  on  the 
shake  table,  the  quartz  phenolic  block  shown 
was  inserted,  the  black  boxes  on  the  bench 


were  moved  about  2  meters  away,  and  all 
grounding  and  shielding  precautions  were  ef¬ 
fected.  ITren  the  shaker-on  noise  increase  was 
reduced  to  pure  microphonics  as  indicated  by 
coherence  function. 


Figure  18. 

Vibration  Test  Setup  for  Receiver  Assemblies 


Use  of  coherence  functions  relating  the  con¬ 
trol  accelerometer  signal  and  receiver  output 
has  been  useful  in  distinguishing  microphonic 
noise  from  other  sources,  especially  from  ex¬ 
traneous  laboratory  sources.  Figures  19 
through  22  show  "input"  and  "output"  power 
spectra,  and  corresponding  transfer  and  coher¬ 
ence  functions.  These  results  varied  from 
unit  to  unit,  but  almost  all  units  fell  within 
specification.  The  test  selected  for  illus¬ 
tration  is  one  that  has  a  correspondence  with 
the  resonance  spectrum  as  measured  on  the 
VTUs.  Not  all  receivers  showed  this  spectral 
correspondence  and  some  were  practically 
a-microphonic.  We  have  no  precise  explanation 
of  these  varied  phenomena  because  we  have  not 
determined  the  precise  mechanism  of  the  micro¬ 
phonics.  And  unless  specification  require¬ 
ments  become  more  restrictive,  we  will  not  in¬ 
vestigate  such  questions. 

The  preliminary  quality  test  setup  described 
here  has  been  superseded.  A  Spectral  Dynamics 
controller  and  analyzer  was  modified  by  the 
manufacturer  specifically  for  the  test.  Fix- 
turing  was  reduced  in  mass  and  geometry.  The 
control  accelerometer  is  now  monitored  by  a 
twin  to  detect  failures,  and  both  are  of  the 
stud  mounted  type  to  eliminate  both  the  vari¬ 
ances  in  behavior  and  the  potential  for  damage 
when  the  cemented  type  is  removed. 
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Figure  19.  Receiver  Shake  Table  Test  -  Input 

(Equalization  was  a  problem  at  this  time) 
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Figure  20A.  Receiver  Shake  Table  Test 

Receiver  Noise  Spectrum — Shaker  Off 
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Figure  20B.  Receiver  Shake  Table  Test 

Receiver  Noise  Spectrum — Shaker  On 
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Figure  21.  Receiver  Shake  Table  Test  -  Transfer 

COHfMNCC  OCLTA  F  100  Hi 
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HUQUtNCV  IN  Hi.  tO’ 

Figure  22.  Receiver  Shake  Table  Test  -  Coherence 

Conclusion 

We  do  not  expect  to  use  rubber  isolators  in 
high  performance  missiles  in  the  usual  MIL- 
STD-810  test  frequency  band,  but  use  of 
isolation  is  feasible  when  the  isolation  band 
is  to  be  well  above  1.0  KHz.  Rubber  isolators 
were,  by  inference,  the  solution  to  the  problem 
of  reducing  the  microphonic  noise  in  photode¬ 
tectors  in  the  ADATS  missile.  The  system  is 
still  in  development  at  this  writing,  but  the 
expectation  is  that  the  isolators  will  remain  a 
sufficient  solution. 

Supplementation  of  isolation  with  damping  in 
the  configuration  would  advance  the  objective 
of  reducing  microphonics.  It  is  a  resort  in 
case  of  need. 

Use  of  random  vibration  to  20.0  KHz  on  piezo¬ 
electric  shake  tables  for  engineering  develop¬ 
ment  and  quality  assurance  testing  of  a  small 
component  has  been  found  feasible  and  useful. 

References: 

1.  G.  Maidanik,  "Principle  of  Supplementarity 
of  Damping  and  Isolation  in  Noise  Control," 
Journal  of  Sound  and  Vibration,  77(2), 

1981. 


130 


TIME  AND  TEMPERATURE  EFFECTS  ON  CUSHIONS 


Gordon  S.  Must  in 
Naval  Sea  Systems  Command 
Washington,  DC 


Dynamic  behavior  of  cushions  can  be  modeled  by  exponential  equa¬ 
tions  describing  the  time  and  temperature  dependent  loci  of  the 
nadirs  of  logarithmic  parabolas  in  the  acceleration-static  stress 
plane  and  of  the  lengths  of  the  latus  recta  of  these  parabolas,  A 
set  of  nine  empirical  constants  is  sufficient  to  describe  this  dvnam- 
|  ic  behavior  over  a  wide  range  of  drop  heights  and  thicknesses  at 
temperatures  ranging  from  slightly  above  the  glass  temperature  of 
the  polymer  to  344°K.  Recommendations  are  offered  for  future 
work  exploiting  this  finding. 


INTRODUCTION 

A  popular  method  of  presenting  data  con¬ 
cerning  the  shock  reduction  properties  of 
non-linear  isolators  with  distributed  mass 
and  elasticity  --  i.  e.  cushions  --  is  by  means 
of  acceleration-static  stress  curves,  gen¬ 
erated  from  data  collected  In  a  prescribed 
fashion  [l,2]  .  Fig.  1,  from  Humbert  and 
Hanlon '[3]  ,  illustrates  typical  results.  A 
Military  Handbook  [4]  contains  over  850 
curves  of  the  same  general  shape;  often  re¬ 
ferred  to  by  the  sobriquet  "limp  sphagetti”. 

All  of  these  850  curves  cover  pe:  formance 
only  at  nominal  room  temperature  conditions, 
296°K  and  50^  relative  humidity. 

This  inquiry  was  undertaken  to  ascertain 
whether  the  principle  of  time  and  temperature 
superposition,  well  known  in  modern  rheology 
and  going  back  to  at  least  1954  [5]  ,  could  be 
used  as  a  tool  to  present  data  more  com¬ 
pactly,  particularly  when  considering  per¬ 
formance  at  temperatures  significantly  dif¬ 
ferent  from  room  conditions. 

THEORETICAL  CONSIDERATIONS 

It  is  a  given  that  time  and  temperature 
affect  the  response  characteristics  of 
viscoelastic  materials  such  as  plastic  foam 
cushions.  Acceleration  is  one  form  of 
measuring  such  response  under  velocity 
shock  conditions.  Hence, 


G  =  f  (0S.  h,  T,  e,  t),  (1) 

where 

G  =  acceleration  ratio,  the  dimension¬ 
less  multiple  of  the  acceleration  of 
gravity, 

os  =  static  stress  in  suitable  units  of 
weight  force  per  unit  area, 

h  =  height  of  drop,  in  length  units, 

T  =  cushion  thickness,  in  length  units, 

0  =  absolute  temperature,  and 

t  =  time, 

defines  the  relationship  to  be  explored  here, 

Soper  and  Dove  [6]  showed  that  time  en¬ 
tered  the  relationship  as  strain  rate,  or  impact 
velocity  divided  by  thickness,  with  the  dimen¬ 
sion  of  inverse  seconds.  Since  velocity  at  im¬ 
pact  is  in  one-to-one  correspondence  with 
height  of  drop,  Eq.  (1)  can  be  simplified  to 
read 

G  -  f  (os,  h/T,  0),  (2) 

thus  leaving  only  three  variables  to  be  con¬ 
sidered. 

McDaniel  [7]  has  developed  a  generalized 
viscoelastic  constitutive  model  relating  the 
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Fig.  1  -  Humbert  and  Hanlon’s  Data  [3]  on  Behavior  of  a  Polyethylene  From 
at  Room  Temperature  Conditions 
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variables  of  Eq.  (1).  The  model  is  accurate 
but  requires  determination  of  such  a  large 
number  of  empirical  constants  for  a  given 
material  that  sophisticated  computer  programs 
are  required,  and  the  working  hardware  needs 
significant  storage  capacity.  Intuitively,  this 
situation  seemed  undesirably  complicated,  at 
least  for  preliminary  design,  and  a  simpler 
solution  was  sought. 

Wvskida  and  co-workers  [8-12]  demon¬ 
strated  with  statistical  rigor  that  performance 
at  a  single  thickness,  single  drop  height,  and 
specific  temperature,  could  be  modeled  by  an 
equation  of  the  form 

2 

G  =  aQ  -  a. x  *  u2.\  ,  (3) 

where 

a  =  empirical  constants  determined 
1  from  the  data,  and 

x  =  In  b  a  . 

s 

The  constant,  b,  is  chosen  to  insure  that  the 
sign  of  the  logarithm  is  always  positive.  Since 
the  workers  cited  above  were  working  in  Eng¬ 
lish  units  of  pounds  per  square  inch,  their 
value  of  b  was  100.  If  other  stress  units  are 
used  and  it  is  still  desired  to  retain  their  aj, 
suitable  adjustment  in  the  value  of  b  must  be 
made . 

A  total  of  520  sets  of  aj  were  developed 
for  such  diverse  materials  as  rubberized 
hair,  polvethylene  foam,  polyurethane  foam, 
and  polypropylene  foam.  This  sample  is  large 
enough  to  conclude  that  behavior  of  any  cush¬ 
ion  exhibiting  a  curve  similar  to  those  in 
Fig.  1,  can  be  acceptably  modeled  as  a  sec¬ 
ond  degree  ixilynonual. 

Since  Eq.  (3)  is  the  quadratic  form  of  the 
equation  o'  a  parabola,  it  may  also  be  written 

(x  -  x  )2  =  a  '^G  -  G  ).  (4) 

o  l  o 

where 

x  -  1  2a,  a.,  \  and 

o  12 


The  quantities  G„  and  iq,  are  readily 
recognizable  as  the  optimum  acceleration  and 
a  transform  of  the  optimum  static  stress.  The 
concepts  of  an  optimum  acceleration  and  of  an 
optimum  static  stress  corresponding  thereto 


are  well  documented  (see,  for  example, 

Shock  and  Vibration  Monograph  SYM-2  [13]  ). 

Geometrically,  the  quantifies  G0  and  xci 
are  the  coordinates  of  the  nadir  of  a  parabola 
in  the  G-x  plane  while  1  a 2  is  its  latus 
rectum. 

The  solution  of  Eq.  (4), 

x  -  x0*[a2  \g  -  G^)]  ,  G-^Go,  (5) 

gives  the  limits  of  a  range  of  x  producing 
acceleration  ratios  equal  to  or  less  than  a 
preselected  value  of  G. 

Table  1  gives  the  design  constants  for  one 
material  at  three  different  temperatures,  four 
different  drop  heights,  and  three  thicknesses. 
The  compactness  of  data  presentation,  com¬ 
pared  to  36  curves,  is  manifest.  Problems 
arise,  however,  when  the  designer  wishes  to 
interpolate  at  temperatures,  drop  heights,  or 
tnicknesses  other  than  those  recorded.  The 
main  thrust  of  this  effort  may,  therefore,  be 
described  as  an  attempt  to  find,  from  the  data 
available,  whether  one  can  substitute  numbers 
into  the  three  relationships: 

Go,  x0,  a2  -  f  (h/T,  C).  (0) 

One  should  consider  what  form  the  func¬ 
tional  relation  should  take.  In  this  connection 
many  investigators,  most  notably  Tobolsky 
[14] ,  show  that  the  temperature  shift  factor, 
a(e),  for  a  thermorheologically  simple 
polymeric  material  can  usually  be  expressed 
in  the  form 

a(6)  Ci  exp  [-C.  +  1  (f  -  t>o)] ,  (7) 

where 

C  =  empirically  determined  con¬ 
stants,  and 

e  a  reference  temperature, 

arbitrarily  chosen  in  this  paper 
to  be  294.  3°K. 

Eq.  (7)  is  not  expected  to  hold  near  to  or 
below  the  glass  temperature  of  the  polymer, 
which  may  or  may  not  be  a  practical  problem. 

It  has  been  demonstrated  [15]  that  opti¬ 
mum  static  stress  of  seventeen  materials 
with  U-shaped  acceleration-static  stress 
curves  varies  exponentially  with  the  ratio 
h  T.  In  the  same  paper,  G0  was  matched 
linearly  with  h  T.  Since  the  logarithms  of 


TABLE  1 

Design  Constants*  for  Hercules  Minicel,  Density  .032  g/cm 


3 


(2#/ft3) 


HT. 

THICK 

AT  21.  1°C  (70°F) 

AT  71.  1°C  (160°F) 

AT  -53.9°C  (- 

65°F) 

INS. 

[NS. 

B 

B 

2 

O 

G 

o 

nr 

B 

G 

o 

X 

o 

B 

al 

a 

0 

Go 

■■ 

11.41 

118.  31 

278.  24 

35.  78 

':>H 

84.  2! 

197.  11 

39.81 

f  ':;S 

14.  78 

142.48 

377. 74 

34.84 

4.813 

12 

B.  34 

78.  34 

201.97 

18.  00 

4.697 

142.  03 

20.  30 

■F  ¥m 

131.51 

14.07 

5.381 

Hi 

5.77 

58.41 

159.93 

12.01 

3.73 

E  ... 

105.43 

15.  35 

118. 13 

329.67 

8.43 

5.439 

m 

25.60 

191.  85 

408.  33 

48.  89 

3.747 

18.  34 

120. 80 

254.30 

55.  38 

3.  293 

23.67 

20b. 39 

510.33 

51.67 

4.402 

IB 

13.60 

115.  32 

270. 78 

26.32 

4.240 

9.  18 

70.  87 

168.61 

31.83 

3.  860 

18.32 

183.06 

480.27 

22.97 

4.996 

3 

9.31 

85.07 

209.99 

15.  66 

4.569 

j.  45 

47. 13 

124. 13 

22.  24 

4.  324 

10.  78 

117.46 

336. 55 

16.59 

5.448 

27.  86 

193.48 

403.76 

67.  84 

3.472 

23.96 

141.90 

280.  51 

2.961 

36.  16 

301.76 

6C1.02 

61.46 

24 

IB.  71 

150.03 

333.  50 

34.74 

4.009 

13.  17 

93.58 

202.97 

3.  553 

21.69 

210.69 

544.94 

33.  30 

Hi 

13.  9B 

123.01 

289.25. 

18.66 

4.400 

9.21 

73.58 

170.46 

3.995 

18.94 

194.42 

517.  16 

18.23 

H 

rngm 

233. 31 

451.82 

81.  12 

3.  178 

36.04 

202.81 

368.92 

83.61 

42.40 

341.36 

761.96 

74.89 

4.026 

30 

111(11 

164. 16 

357.55 

40.96 

3.857 

17.08 

116.49 

238.88 

43.65 

kaIII 

31.73 

296. 01 

724.58 

34.21 

4.665 

_ 

H 

LU 

127.76 

298. 20 

25.  25 

4.  273 

9.61 

74.  17 

173.  20 

30.09 

3.859 

22,03 

221.35 

578.84 

22.83 

5.024 

•Values  of  aQ,  and  2^  taken  from  Ref.  [9]  .  Gq  and  comjxited  therefrom. 


equals  are  equal,  G0  can  also  be  matched 
exponentially.  These  two  features  having  been 
demonstrated  in  the  past,  one  is  permitted  to 
hope  that  a2  varies  similarly. 

The  principle  of  time  and  temperature 
superposition  teaches  that  one  can  combine  the 
time  relations  and  the  temperature  shift  rela¬ 
tions  into  a  single  empirical  equation.  As  a 
result,  one  seeks  a  set  of  constants  that  satis¬ 
fy  relations  of  the  form 

exp  [xQ],  Go,  a2  = 

C.(h/T)Ci+1  exp  [-C.+2  ( 0  -  eo)]  ,  (8) 

where  the  constants,  Cj,  are  determined  by 
standard  least  square  techniques. 

RESULTS 

Table  2  contains  the  Cj  for  four  separate 
temperature  sensitive  materials.  Compare 
the  nine  entries  tor  Minicel  in  this  table, 
covering  the  entire  range  of  temperatures 
from  219.  3°K  to  344.  3°K  with  the  minimum  of 
108  entries  of  Table  1  required  to  describe 
performance  at  only  three  tenperatures  in  this 
range. 

Fig.  2  compares  original  curves  for 
Minicel  at  two  different  temperatures  with 
curves  based  on  the  Table  2  constants.  Lateral 
separation  at  higher  accelerations  is  primarily 
due  to  sensitivity  to  small  variations  in  value 
of  the  latus  rectum  (l/a2). 

The  data  analyzed  were  selected  so  that 
the  lowest  temperature  would  be  above  the 
expected  glass  temperature  of  the  principal 


polymer  in  the  cushion.  For  this  reason,  any 
available  data  for  rubberized  hair  or  for 
polyurethane  foam  at  219°K  were  not  used. 
Table  3  contains  a  summary  of  the  temperature 
limits  and  h/T  limits  beyond  which  extrapola¬ 
tion,  with  all  its  uncertainties,  becomes 
necessary. 

It  should  be  noted  that  the  basic  log¬ 
arithmic  parabola,  and  dependence  on  strain 
rate,  is  not  necessarily  lost  below  the  glass 
temperature.  Table  4  illustrates  this  point 
for  rubberized  hair  at  219. 3°K.  Note  the 
marked  changes  in  the  values  for  the  y-inter- 
cept  and  the  slope  as  compared  to  Table  2. 
Behavior  is  simply  different  in  the  glassy 
region  from  that  in  the  transition  zone.  Table 
5  contains  further  evidence  that  strain  rate  is 
a  valid  variable  independent  of  the  glass  tem¬ 
perature.  This  table  is  a  recomputation  of 
the  findings  of  an  earlier  paper  [15]  .  Note, 
in  particular,  that  thermoplastic  polystyrene 
is  in  this  table,  as  are  a  glass  fiber  material 
and  several  cellulosic  products. 

It  should  also  be  noted  that,  at  least  as 
early  as  1963,  a  British  paper  [16]  implicitly 
recognized  that  equal  values  of  h/T  produced 
equal  results.  Wyskida  et.  al.  confirmed  the 
h/T  hypothesis  for  Minicel  foam  [17] .  The 
case  for  the  influence  of  strain  rate,  as 
measured  by  h/T,  is  considered  proven  be¬ 
yond  reasonable  doubt. 

DESIGN  EXAMPLES 

Two  problems  are  used  to  illustrate  the 
potential  utility  of  the  principles  found  herein. 
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TABLE  2 

Multiple  Temperature  Design  Constants  for  Four  Materials 


j 


Minicel,  .  032g/cm3 
Exp  [xo] 


Exp  [xQ] 


Polvether  Urethane,  .  048g-'cnv’ 
Exp  [xj 


Ethafoam,  .032g  cm3 

E-[Vl 


554. 599 
3.034 
1.  746 


38.872  -.506 

2.805  .774 

1.663  1.123 


60.  530 
2.  237 
2.708 


433.967 
1.922 
3.  270 


C3 

STD. 

DEV. 

. 00892 

1.  101 

. 000977 

2.  575 

. 00449 

3.  220 

. 00705 

3.  599 

. 00394 

2.  5317 

-.  00651 

3.  387 

. 00826 

1.427 

.00583 

-.  00248 

1 

.00912 

1.  103 

-.00199 

3.  272 

. 00601 

3.718 

Exp  |x1  10  ‘ 

Fig.  2  -  Comparison  of  two  original  curves  and  two  predicted  curves  lor  Minicel  loam 
Curves  1  and  2  are  for  h  T--12  at  21.  1  degrees  Celsius.  Curves  3  and  4  are  for 
h  T-6  at  -53.  9  degrees  Celsius.  Curves  1  and  3  are  based  on  Table  1 
while  curves  2  and  4  are  based  on  Table  2. 


TABLE  3 

Temperature  and  Impact  Velocity  Ranges  for  Constants  of  Table  2 


MATERIAL 

h  T* 

DATA 

SOURCE 

MIN. 

MAX. 

MIN. 

MAX. 

Minicel,  .032g  cm^ 

327.1 

344.3 

B 

30 

9 

Rubberized  Hair,  Type  V 

302.1 

344.3 

B 

15 

12 

Polyether  Urethane,  .  048g  cm^ 

302.1 

344.3 

B 

30 

10 

1 

Ethafoam,  ,032g/cm^ 

327.1 

344.3 

B 

30 

; 

11 

*These  are  the  limits  of  the  data  available  for  analysis  in  the  data  sources  indicated. 


TABLE  4 

Design  Constants  for  Rubberized  Hair, 
Type  V,  at  219. 3°K 


PROPERTY 

C1 

C2 

STD. 

DEV. 

Exp  [xQ] 

199.95 

-.86 

1.13 

G 

3.99 

.80 

1.42 

o 

a2 

1.14 

1.07 

2.01 

Problem  No.  1.  An  18  kg  (40  lb)  object 
is  to  be  subjected  to  a  0. 61m  (24  in)  drop 
test.  Allowable  maximum  acceleration  is  25g 
and  environmental  temperatures  are  -25°C, 
21°C  and  60°C.  Assume  that  the  organization 
has  opted  for  32  kg/m^  (2  lb/ft^)  density 
Minicel  as  the  preferred  material. 

Solution.  The  first  step  is  to  compute 
the  minimum  thickness  which  can  possibly  be 
used  from 

T  .  = 
mm 

h(Gri/  Ci)_1/C2  exP  £-C3(^eo)/C2  ]  >  :(9) 

A  whole  number  value  of  T  above  Tmjn  is 
then  selected  in  order  to  compute,  in  turn, 
the  values  of  G0,  a2»  the  radical  from  Eq. 

(5),  Xq,  xmax i  and  Xm^,  The  results  are 
given  in  Table  6.  A  pad  8  cm  thick  and  with 
x  ranging  from  4.  50  to  4.  82  will  give  the 
desired  results.  A  pad  13  cm  x  21  cm  will 
produce  an  x  of  4.67.  Computed  accelera¬ 
tions  for  this  configuration  at  each  tempera¬ 
ture  are  also  shown  in  Table  6. 

Problem  No.  2.  An  existing  design  for  a 
60  kg  item  uses  a  30  cm  by  30  cm  pad  2.  54 


cm  thick.  Some  damage  has  occurred  in 
shipment  and  reappraisal  of  shock  sensi¬ 
tivity  indicates  50g  is  the  maximum  allow¬ 
able  in  a  0. 46  m  drop.  Temperature  range 
is  -23°C  to  52°C.  Could  drop  heights  of  this 
magnitude  be  the  cause  of  damage?  If  so, 
by  how  much  must  the  cushion  thickness  be 
increased  to  bring  accelerations  to  an  ac¬ 
ceptable  level?  It  is  not  desired  to  change 
the  area  of  the  pad  and,  again,  32  kg/m-* 
Minicel  is  the  preferred  material. 

Solution.  Results  are  in  Table  7.  As 
before,  1'min  is  found  and  is  very  close  to 
the  thickness  of  this  pad.  When,  however, 
expected  performance  at  h/T  =  18. 1  and  x  = 

4. 552  are  computed,  the  answer  to  the  first 
question  must  be  in  the  affirmative.  A  thick¬ 
ness  increase  of  not  quite  1  cm  would  produce 
safe  performance  at  all  temperatures. 

Attention  is  particularly  directed  to  the 
fact,  as  shown  in  Table  7,  that  accelerations 
at  a  given  value  of  x  can  be  higher  at  elevated 
temperatures  than  at  low  or  room  tempera¬ 
ture  conditions.  It  is  unwise  to  assume  that 
room  temperature  data  can  be  extrapolated 
safely  to  the  high  or  low  temperatures  nor¬ 
mally  expected  in  military  distribution  sys¬ 
tems. 

The  two  problems  were  deliberately 
chosen  so  that  one  or  more  features,  such  as 
temperature  or  thickness,  were  not  covered 
by  previously  developed  design  curves  or  re¬ 
gression  equations.  The  constants  of  Table  2 
permit  generating  curve  equations  for  any  set 
of  circumstances,  within  the  limits  stated  in 
Table  3. 

DISCUSSION 

This  paper  uses  data  collected  by  others. 
The  author  cannot,  therefore,  guarantee  that 
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TABLE  5 

Constants  for  Gq  and  Exp[xQ]  as  a  Function  of  h/T  at  295.  9°K 


MATERIAL 

G 

0 

Exp  [x0] 

ci 

C2 

C1 

C2 

Polyester  Urethane,  ,  064g  cm3 

3.  18 

61.  29 

-.47 

Rubberized  Hair,  . 022g  cm3 

3.  31 

.96 

21.43 

-.80 

Rubberized  Hair,  .  024g/cm3 

3.  39 

.97 

15.29 

-.51 

Polystyrene  Foam,  .006  0.024g/'cm3 

4.  66 

.97 

367.90 

-.  79 

Polyester  Urethane,  .  040g  'cm3 

2.  31 

33. 18 

-.27 

Polyether  Urethane,  .  024g  cm3 

1.09 

35.  89 

-.  25 

Wood  Fiber  Felt,  .  029g  cm3 

3.  54 

.95 

8.  76 

-.  35 

Wood  Fiber  Felt,  ,  038g.  cm3 

5.  12 

.94 

13.74 

-.45 

Rubberized  Hair,  .  032g-'cm3 

3.72 

40.91 

-.  86 

Polyethylene  Foam,  .  032g  cm3 

4.  00 

1.00 

609.85 

-.96 

Wood  Fiber  Felt.  . 024g/cr.v3 

3.  25 

.94 

7.63 

-.  29 

|  Cellulose  Wadding 

6.  03 

.  87 

4.99 

-.  34 

j  Bound  Fiberglass.  .OIRgcm3 

4.41 

.93 

18.  17 

-.70 

TABLE  6 

Solution  to  Problem  No.  1 


PROPERTY 

TEMPERATURE,  °C 

21 

-25 

60 

T 

nun 

T  8,  h  T  =  7.625 

6.95 

7.  28 

6.6R 

Go 

21.8 

22.8 

21.0 

a2 

10.6 

8.9 

Radical 

.55 

.41 

.  67 

xo 

4.91 

4.  15 

xmax. 

5.  05 

5.  32 

4.  82 

X 

iran. 

•Set  x  4.  C7 

3.95 

4.  50 

3.48 

TABLE  7 

Solution  to  Problem  No.  2 

(60  Kg  Item,  50g  Max.  ,  Pad  Area  30  x  30, 
Drop  Ht.  46cm,  Minicel  Cushion) 


THICKNESS, 

cm 

ACCELERATION,  G 

-23°C 

21°C 

52°C 

2.  54  (1  inch)* 

58 

66 

73 

2.  68** 

55 

61 

68 

3.00 

47 

52 

57 

3.  25 

43 

47 

51 

3.  30 

42 

46 

50 

3.40 

41 

44 

48 

3.  50 

39 

42 

46 

3.  81  (1-12  inch) 

36 

38 

41 

5.  08  (2  inch) 

27 

26 

28 

•Original  thickness 

••Theoretical  minimum  thickness,  pad  area 
free  to  vary. 


i 

i 


G 


23.4 


I 


i 

* 

s 


the  constants  of  Table  2  are  as  accurate  as 
may  be  desirable  tor  design  use.  The  data 
used  are,  however,  internally  consistent  and 
usable  to  demonstrate  the  essential  point  that 
time  and  temperature  effects  are  predictable 
and  can  be  modeled. 

It  should  be  noted  that  not  every  cushion 
structure  necessarily  exhibits  behavior  which 
can  be  modeled  by  a  logarithmic  parabola. 

The  Military  Handbook  contains  a  few  curves 
for  two  plastic  films,  formed  to  enclose 
bubbles  of  air,  which  do  not.  The  structure 
of  these  cushions  forecasts  complex  behavior 
involving  not  only  air  compression  but  also 
tensile  effects  in  a  plastic  film,  complicated 
by  non-linear  geometry.  Nonetheless,  even 
these  curves  are  regular  and  could  be  modeled 
by  suitable  polynomials,  and  seem  to  be  in¬ 
fluenced  in  regular  fashion  bv  h'T  ratio. 

It  is  evident  that  pages  217  through  282  of 
MIL-HDBK-304  [4]  are  essentially  redundant. 

It  has  been  demonstrated  that  these  66  pages 
can  be  reduced  to  a  few  master  curves  and 
that  the  room  temperature  constants  showing 
variation  of  the  coordinates  of  the  nadir  and 
the  variation  of  the  latus  rectum  of  the  log¬ 
arithmic  parabola  with  respect  to  h/T  can  be 
tabulated.  The  effort  i6  nut  very  difficult, 
since  the  values  of  the  constants  can  be  esti¬ 
mated  from  the  existing  curves.  The  improve¬ 
ment  therein  can  be  determined  by  least 
squares  techniques.  The  corrections  are 
linear. 

If  the  original  data  have  been  retained, 
they  can  be  used  to  even  better  effect.  While 
so  doing,  statistically  valid  rejection  criteria 
for  outliers  muBt  be  enforced.  Wyskida  and 
his  co-workers  did  use  such  criteria  to  good 
effect.  One  of  their  reports  [17]  contains  a 
devastating  critique  of  the  "rejection  by  eye¬ 
ball  "  technique  apparently  used  by  the  con¬ 
tractor  performing  the  test  work  backing  up 
the  curves  in  the  Military  Handbook.  This 
handbook  will  have  to  be  revised  at  some  time 
in  the  near  future,  anvhov',  since  it  is  De¬ 
partment  of  Defense  policy  to  convert  to 
metric.  All  the  data  in  the  handbook  are  in 
Lnglish  units. 

It  has  been  shown  that  effects  of  time  and 
temperature  on  cushions  can  be  modeled  and 
can  have  marked  effects  on  the  behavior  of  the 
cushion,  effects  which  a  designer  should  con¬ 
sider.  This  leads  to  the  inevitable  conclusion 
that  data  must  be  accumulated  concerning 
performance  at  other  than  room  temperature. 
Tins,  however,  raises  a  fundamental  question 


concerning  test  procedures  and  data  analysis. 
There  is  a  systematic  difference  in  the  re¬ 
sults  obtained  by  Wyskida  and  his  co-workers 
and  the  results  in  the  Military  Handbook  for 
basically  identical  materials.  Wyskida’s 
curves  exhibit  lower  accelerations  for  similar 
conditions  at  room  temperature  than  do  the 
curves  published  in  the  Military  Handbook.  It 
is  difficult  to  hold  material  temperature  con¬ 
stant  if  successive  drops  are  to  be  made  at 
extreme  temperatures  and  Wyskida  [17]  ad¬ 
vances  the  argument  that  performing  five 
successive  drops  within  a  fairly  short  time  is 
unrealistic  and  should  be  avoided. 

The  test  procedures  used  in  generating 
the  Military  Handbook  did  require  five  suc¬ 
cessive  drops  at  a  given  height  and  static 
stress  at  not  less  than  1  minute  intervals.  The 
first  reading  was  automatically  discarded  and 
the  remaining  four  were  simply  averaged. 

When  this  Is  done,  the  true  thickness  may  not 
be  the  original  thickness,  simply  because 
material  recovery  times  are  relatively  slow. 

As  an  example,  a  nominal  5. 1  cm  (2  in) 
sample  of  Minicel  could  be  only  4. 52  cm 
(1-25,  32  in)  thick  when  measured  3  minutes 
after  impact  from  a  height  of  0.  61  m  (24  in). 
This  does  not  seem  like  much  of  a  loss  in 
thickness,  but  iL  represents  an  11  percent 
change  in  h/T  and  produces  comparable 
changes  in  Go,  x0  and  a 2  Notably,  G0  would, 
using  the  constants  of  Table  2,  rise  from  33.9 
to  37.9. 

Resolution  of  these  differences  is  left  to 
those  who  follow.  With  all  test  and  data  re¬ 
duction  procedures,  however,  the  need  for 
standardization  and  reproducibility  soon  out¬ 
weighs  the  need  for  simulating  the  "real" 
world.  Accordingly,  thi6  investigator  sees 
no  long  range  harm  in,  effectively,  using  first 
drop  data,  as  was  done  by  Wyskida  and  his 
co-workers.  The  design  data  are  never  com¬ 
pletely  definitive  and  should  always  be  backed 
by  tests  of  the  actual  package. 

The  foregoing  statement  does  not  apply  to 
testing  and  recording  data  concerning  semi¬ 
rigid  foams.  Here  the  designer  is  interested 
in  the  performance  he  might  reasonably  expect 
after  a  series  of  drops,  since  little  or  no  re¬ 
covery  is  reasonably  to  be  expected.  Publish¬ 
ing  data  after,  say,  the  fifth  drop  using  the 
original  thickness  as  the  base-line  is  laudable. 
Drysdale  et.  al.  [16]  did  this  for  expanded 
polystyrene  foam  in  1963.  More  recently, 
Chatman  [18]  has  done  likewise,  asdoesmuch 
of  the  manufacturers'  literature.  Unfortunate¬ 
ly,  the  Military  Handbook  is  silent  on  this  point. 
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Not  too  long  ago,  comfxitations  as  complex 
as  those  indicated  by  Eqs,  (8)  and  (9)  would  be 
intractable  for  routine  use.  Any  individual 
with  a  pocket  scientific  computer  can  now 
solve  them  readily  and  does  not  need  tables  of 
logarithms  or  a  slide  rule. 

CONCLUSIONS 

The  conclusions  which  can  be  drawn  from 
the  foregoing  are  relatively  few  in  number, 
but  basic : 

1.  Performance  of  key  elements  of 
cushions  depend  upon  the  h^T  ratio  at  all 
temperatures  of  possible  interest. 

2.  The  existing  data  in  MIL-HDBK-304 
can  be  readily  converted  to  show  the  effects 
of  the  h  T  ratio  at  room  temperature. 


3.  Temperature  effects  above  the  glass 
temperature  can  be  modeled  by  a  simple 
exponential  function. 

4.  Major  changes  in  test  methods,  data 

collection  procedures  and  reporting  methods 
are  required  to  take  advantage  of  all  of  the 
foregoing.  t 


5.  It  is  possible  to  bring  package 
cushion  design  data  into  some  semblance 
of  conformity  with  what  polymer  scientists 
have  been  teaching  for  years.  This  paper 
shows  a  simple  way  of  doing  so.  It  is  hoped 
that  someone  will  accept  the  challenge. 
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It  is  shown  that  for  some  material  damping  measurements  the 
assumption  that  extraneous  effects  may  be  ignored  on  the 
basis  of  tests  with  a  low  damping  specimen  is  not  necessarily 
valid.-  Analytical  and  experimental  investigations  are 
reported  for  a  cotranon  torsional  damping  apparatus  arrangement 
in  which  load  is  applied  to  the  specimen  through  end  shanks. 
The  experimental  results  indicate  much  greater  errors  assoc¬ 
iated  with  end  effects  than  are  expected  from  analytical  con¬ 
siderations 


INTRODUCTION 

In  experimental  investigations  of  the  damp¬ 
ing  properties  of  materials  great  care  is  taken 
to  ensure  absence  of  extraneous  losses.  The 
development  of  an  apparatus  requires  as  a  first 
step  the  reduction  of  extraneous  effects  and 
demonstration  that  either  such  effects  are 
insignificant  or  that  appropriate  corrections 
can  be  made.  An  almost  universal  technique  for 
assessing  (the  absence  of]  extraneous  losses  is 
to  conduct  tests,  in  the  particular  apparatus, 
with  a  specimen  of  material  having  inherent 
energy  dissipation  very  much  lower  than  that  of 
the  materials  proposed  for  subsequent  testing. 
The  apparatus  is  developed  to  the  extent  that 
energy  dissipated  as  measured  with  the  low 
damping  specimen  is  small  compared  with  the 
proposed  range  of  measurement.  It  is  then 
assumed  that  extraneous  effects  may  be  neglected. 

A  comprehensive  study  was  undertaken  by 
Cottell,  Entwistle  and  Thompson  [1]  with  the  aim 
of  developing  apparatus  design  details  which 
ensure  minimum  unwanted  losses.  They  reported 


a  loss  factor  of  the  order  of  0.000003 
(specific  damping  capacity  0.002%)  for  an 
aluminum  alloy.  This  was  at  the  time  the  low¬ 
est  value  of  damping  ever  measured. 

For  some  apparatus  configurations,  the 
assumption  that  extraneous  effects  may  be 
neglected  on  the  basis  of  tests  with  a  low 
damping  specimen  is  not  necessarily  valid. 
Consider  an  apparatus  in  which  loading  is 
applied  to  the  specimen  through  some  form  of 
clamp.  Typically  the  specimen  has  a  "working 
section"  and  end  "shanks"  which  are  held  in 
the  clamps.  Between  working  section  and  shank 
there  is  a  "transition  region",  commonly  a 
fillet.  Sources  of  extraneous  loss  in  the 
clamping  region  are: 

(1)  Friction  effects  due  to  slip  at  clamp- 
specimen  shank  interface. 

(2)  Inherent  loss  in  the  material  of  the 
clamp . 

(3)  Inherent  loss  in  the  material  of  the 
specimen  shank  and  transition  region. 


141 


Sources  (1)  and  (2)  are  tested  adequately  by 
the  "low  damping  specimen"  approach.  In  the 
case  of  source  (3),  the  test  with  low  damping 
specimen  of  necessity  is  one  with  low  damping 
shanks.  Shank  losses  are  therefore  low  and 
are  not  assessed  adequately.  When  a  "high" 
damping  specimen  is  tested,  losses  in  the 
shank  and  transition  region  are  taken  to  be 
associated  with  the  working  section.  Normally, 
shank  and  clamp  geometry  are  arranged  to  min¬ 
imize  losses  of  source  (1)  type,  for  example 
by  che  use  of  square  cross-section  in  the 
shank,  vee-clamps  and  a  high  clamping  pressure. 
Thus  substantial  stress  concentrations  may 
occur  in  the  shank  and  transition  region.  Since 
energy  dissipation  is  stress  dependent  to  the 
power  2  or  more  then  the  extraneous  end  effects 
may  be  significant. 

An  investigation  of  the  significance  of 
end  effects  has  been  carried  out  for  a  torsion¬ 
al  apparatus.  The  stress  distribution  through¬ 
out  working  section,  transition  region  and 
shank  was  determined  by  finite  element  analysis 
and  the  relative  contributions  of  these  regions 
to  energy  dissipation  calculated.  Experimental 
assessment  was  performed  by  tests  on  a  range 
of  specimens  in  which  the  end  size,  geometry 
and  loading  were  kept  constant  but  the  volume 
of  material  in  the  working  section  varied. 

PHYSICAL  ARRANGEMENT 

The  study  is  based  on  an  apparatus  des¬ 
cribed  by  Hooker  and  Mead  [2]  and  illustrated 
in  principle  in  Figure  1.  The  specimens  have 
a  cylindrical  working  section  and  square  end 
shanks,  witn  a  plain  fillet  providing  tran¬ 
sition  between  working  section  and  end  shank. 
They  are  excited  in  torsional  vibration  about 
the  axis  AB  and  experiments  may  be  conducted 
with  either  one  or  two  specimens  in  the  appar¬ 
atus.  Operation  is  at  steady  state  forced 
resonance,  with  vibratory  torque  applied  to  the 
inertia  bar  I  by  electrodynamic  (permanent 
magnet  and  moving  coil)  exciters.  Energy  diss¬ 
ipated  in  the  specimen  is  obtained  by  determin¬ 
ing  the  energy  supplied  to  the  exciters. 

Absence  of  extraneous  losses  other  than 
those  under  investigation  was  verified  by 
tests  with  low  damping  material  (aluminum 
alloy,  5. 0-6.0%  Cu,  0.4%  Si,  0.7%  Fe, 

0.3%  Zn,  0.2-0. 6%  Pb) .  The  high  damping 
material  tested  was  a  manganese  copper  alloy 
("Sonoston",  53%  Mn,  37.5%  Cu,  5%  A1 ,  3%  Fe, 

1.5%  Ni) . 

Specimen  dimensions  for  both  materials 
are  given  in  Table  I.  The  basis  for  spec¬ 
ification  of  specimen  dimensions  was  that 
three  different  lengths  of  working  section 
be  chosen  and  that  all  specimens  in  any  part¬ 
icular  material  have  the  same  torsional 
stiffness.  Thus  all  tests  for  one  configur¬ 
ation  and  one  material  would  be  conducted  at 
the  same  frequency  thereby  eliminating  any 
frequency  dependent  effects. 


B 
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Figure  1.  Apparatus  configurations 

(a)  One  specimen  arrangement, 

(b)  Two  specimen  arrangement 


TASLE  I.  SPECIMEN  DETAILS 

Cylindrical  working  section 

Square  end  shanks,  12.7  mm  *  25.4  mm  long 

Transition  fillets,  3  mm  radius 


Specimen  Type  No. 
Working  Section 

1 

2 

3 

4 

Length  cm 

101.60 

101.60 

127.00 

152.40 

Outer  Dla.  mm 

Inner  Dla.  ora 

10.60 

9.53 

8.16 

8.65 

9.06* 

ASpeclmen  4  In  HnCu,  outer  dla.  «  8.74 


ANALYTICAL  STUDY 

An  indication  of  the  order  of  magnitude  of 
any  effect  due  to  the  fillet  can  be  obtained 
from  a  stress  concentration  factor.  From 
Petersen  [3] ,  a  typical  stress  concentration 
factor  for  the  type  2  specimen  is  1.1  and  the 
fillet  region  occupies  one-fifteenth  of  the 
working  section  volume.  The  proportion  of 
energy  dissipation  associated  with  the  fillet 
therefore  amounts  to  (l.l)n/15,  where  n  =  2.33 
(see  Section  4.2),  i.e.,  8.3%.  This  result  is 
an  overestimate  of  the  effect  of  the  fillet 
since  the  maximum  stress  concentration  factor 
applies  to  portion  only  of  the  fillet  region. 

Stress  distribution  in  working  section, 
fillet  and  end  shank  was  determined  by  a  finite 
element  analysis.  The  loading  considered  was 
torsion  and  stresses  produced  by  initial  clamping 
pressure  were  ignored  since  steady  moan  stresses 
have  only  a  small  effect  on  energy  dissipation 
for  "Sonoston"  alloy  [2],  Element  mesh  details 
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are  shown  in  Figure  2.  As  usual  the  fineness  of  the  fillet.  It  may  be  that  a  very  much  finer 

mesh  is  required. 


Figure  2.  Element  mesh  details 

(a)  Transverse  dividing  planes 

(b)  Section  XX 

(c)  Section  YY 

(d)  Section  through  clamp  at  YY 


4.  EXPERIMENTAL  STUDY 
4.1  Low  Damping  Specimens 

A  series  of  tests  was  conducted  with  the 
low  damping  specimens  to  establish  the  per¬ 
formance  capability  of  the  apparatus  and 
hence  ensure  absence  of  extraneous  losses 
associated  with  the  apparatus  itself.  Results 
are  shown  in  Figure  3,  in  which  energy  diss¬ 
ipated  is  plotted  against  rotational  amplitude 
©Qof  the  inertia  bar  for  six  test  configurat¬ 
ions.  For  the  cases  of  one  specimen  installed, 
all  tests  are  at  the  same  frequency  (24  Hz)  and 
one  particular  value  of  0O  implies  also  for 
all  specimens  equal  amplitudes  of  rotational 
velocity,  energy  stored  and  torsional  moment. 
However,  surface  strain  amplitude  differs  in 
each  case.  It  is  seen  from  Figure  3  that 
results  for  all  one-specimen  cases  collapse  to 
the  one  power  law  line,  AU  =  0.40  0** 16  ■ 


mesh  is  a  compromise  with  computational  capab¬ 
ility.  Results  were  verified  by  comparison 
with  the  known  stress  distribution  ir.  the 
cylindrical  working  section. 

In  the  specimen  working  section  the  stress 
state  is  pure  shear,  but  in  the  square  shank, 
especially  near  the  edges,  a  combined  direct/ 
shear  stress  state  exists.  Prediction  of 
damping  therefore  requires  knowledge  of  the 
nature  of  material  behaviour  under  combined 
stress  loading,  i.e.,  of  the  way  in  which 
energy  dissipation  depends  on  the  relative 
magnitudes  of  direct  and  shear  stress  amplit¬ 
udes.  Two  common  bases  for  assessing  material 
behavior,  which  may  be  considered  as  limiting 
conditions,  are: 

(1)  Energy  dissipation  dependent  on  total 
strain  energy,  or 

(2)  Energy  dissipation  dependent  on  distort- 
ional  strain  energy. 

Calculations  for  energy  dissipation  have 
been  carried  through  for  both  cases,  with  the 
contributions  of  working  section,  fillet  and 
shank  determined  separately.  A  damping 
exponent  n  «  2.33  was  used  (see  Section  4.2). 

For  case  (1)  and  specimen  type  1,  the 
contributions  to  total  energy  dissipation  of 
fillet  and  shank  regions  were  3.8%  and  0.3% 
respectively,  giving  a  total  predicted  extra¬ 
neous  effect  of  4.2%.  The  corresponding 
results  for  case  (2)  are  3.8,  1.2  and  5.0%. 

As  will  be  seen  later,  these  results  are  low. 

It  is  therefore  relevant  to  note  here  that 
the  finite  element  analysis,  even  though  it 
was  performed  with  117  elements  on  one-eighth 
of  the  specimen  (utilizing  symmetries),  did 
not  produce  stress  concentration  effects  in 


ENERGY 

DISSIPATED 

INm) 


Figure  3.  Energy  dissipated  per  cycle, 
aluminium  alloy, 
o  specimen  type  1, 

•  type  2,+  type  3,  x  type  4 


one  specimen, 


two  specimens 


143 


For  specimen  geometries  1  and  2,  further 
tests  were  conducted  with  two  specimens 
installed  in  the  apparatus,  giving  a  test 
frequency  24  </~2  =  34  111.  Results  from  these 
tests  are  also  shown  in  Figure  3,  from  which 
it  can  be  seen  that  the  increase  in  frequency 
has  resulted  in  an  increase  in  energy  diss¬ 
ipated.  It  can  be  anticipated  that  air  damp¬ 
ing  effects  will  be  significant  and  will  be 
velocity  dependent.  Velocity  dependence 
from  Figure  3,  follows  the  relation  §2'16, 
in  which  case  the  double  specimen  tests  would 
be  expected  to  give  energy  dissipation  2.11 
times  that  for  the  single  specimen  case, 
whereas  the  ratio  found- experimentally  is 
1.32.  Hence  losses  may  be  considered  partly 
displacement  dependent  and  partly  velocity 
dependent,  i.e. 


AU  =  a  6  2-16 

0 

+  b 

0  2-is 

0 

(1) 

=  a  0  2‘16 

0 

♦  b 

(w0o)2’16 

(2) 

Solving  on  this  basis  gives  a  =  0.285  and 
b  =  2.19  x  10’6  (in  S.I.  units).  For  the  one- 
specimen  configuration,  the  velocity  dependent 
loss  is  28%  of  the  total  loss. 

The  total  energy  dissipation  at  maximum 
vibrational  amplitude,  for  the  one-specimen  low 
damping  material  case,  corresponds  to  a  specimen 
loss  factor  of  0.0008.  This  compares  with 
values  greater  than  0.025  for  the  high  damping 
material  tests.  Hence  extraneous  effects  in 
the  apparatus  account  for  less  than  4%  of  the 
losses  measured. 

4.2  High  Damping  Specimens 

End  effects  were  examined  by  tests  with 
high  damping  solid  specimens  types  2,  3  and  4, 
of  nominal  lengths  100,  125  and  150  mm  but 
identical  end  shank  and  transition  geometry. 
Again  the  diameters  were  selected  to  produce 
equal  natural  frequencies.  Results  are  shown 
in  Figure  4,  plotted  as  energy  dissipated  AU 
versus  surface  shear  strain  amplitude  ym.  The 
results  follow  a  power  law  and  can  be 
represented  as 


section)  component.  Hence  it  is  postulated 
that 

AU  =  (c  +  dV)  Ym  2-33  (4) 

i.e.  J.  =  c  +  dV.  (5) 


Figure  4.  Energy  dissipated  per  cycle, 
manganese-copper. 

•  specimen  type  2,  +  type  3, 
x  type  4 

The  best  fit  straight  line  to  the  three 
experimental  points  available  gives 
c  =  2.50  x  109  Nm,  d  =  4.80  x  109  Nm*-*,  with  a 
root  mean  square  error  which  is  2.5%  of  the 
mean  J  value.  The  energy  dissipated  in  the 
whole  specimen  is  therefore 

AU  =  (2. SO  x  lO9  +  4.80  x  109  V)  y^  2*33  (6) 


(AU) 


.J. 

1 


n 

Y 


i 


3,  4 


(3) 


where  n  =  2.33,  J2  =  4.83  x  104,  J3  =  6.11  x 
10‘\  .)4  =  6.58  x  104  (Nm) .  At  Ym  =  0.001, 
the  loss  factors  are  02  =  0,0266, 

Oj  =  0.0238  and  rn,  =  0.0210. 

For  the  same  surface  shear  strain  ampli¬ 
tude,  AU  increases  with  increase  of  specimen 
volume,  but  the  increase  is  less  than  in 
proportion  to  volume.  The  results  therefore 
suggest  that  total  energy  dissipated  is  the 
sum  of  a  volume-independent  (end  effect) 
component  and  a  volume-dependent  (working 


The  significance  of  this  result  is  that 
for  the  three  specimens  tested  (types  2,  3, 
and  4),  the  losses  associated  with  end  effects, 
as  a  percentage  of  the  total  loss  measured, 
are  respectively  51%,  42%,  and  37%.  For 
example,  the  experimental  loss  factor  for 
specimen  2  at  ym  =  0.001  is  n  =  0.0266,  but 
the  true  specimen  loss  factor  is  0.0132. 

This  corresponds  to  a  material  (i.e.  uniform 
stress  distribution  situation)  loss  factor 
of  0.0132  x  (n  ♦  2)1  4  «  0.0143,  see  (4) . 
Material  loss  factor  as  determined  in  this 
way  is  the  same  for  all  three  specimens  and 
is  shown  in  Figure  5. 


-  -  entire  specimen,  type  4 

-  working  section, 

-  material 


Tests  were  also  perforned  in  one-specimen 
configuration  using  specimen  type  1  and  in  the 
two-specimen  configuration  with  specimens  type 
1  and  with  specimens  t>pe  2.  With  two  spec¬ 
imens  installed,  the  total  energy  dissipation 
was  doubled,  i.e.  both  working  section  and  end 
effect  losses  were  doubled  and  the  results  per 
specimen  are  unchanged. 

With  hollow  specimens,  the  stress  dis¬ 
tribution  in  the  working  section  is  almost 
uniform  (inner  diameter/outer  diameter  =  0.90), 
so  that  for  the  same  strain  energy  a  greater 
proportion  of  the  material  is  highly  stressed 
and  higher  values  of  energy  dissipated  are 
expected.  The  same  power  law  was  observed 
(n  =  2.33),  with  energy  dissipated  greater 
than  for  solid  specimens  in  the  ratio  2.0.  By 
calculation  [4],  for  n  =  2.33  and  diameter 
ratio  0.90,  the  anticipated  ratio  is  1,81. 

These  values  may  be  considered  reasonably  con¬ 
sistent,  since  the  specimen  end  geometries 
(solid  and  hollow)  are  different. 

5.  CONCLUSION 

It  has  been  shown  in  principle  that  tests 
with  a  low  damping  specimen  do  not  necessarily 
prove  , the  absence  of  extraneous  end  effects  in 
damping  measurement.  However,  a  substantial 
discrepancy  exists  between  the  magnitudes  of 
such  effects  as  predicted  analytically  and  as 
determined  experimentally.  For  the  particular 
situations  considered,  the  analysis  predicts 
extraneous  effects  amounting  to  5%  and  the 
experiments  indicate  effects  up  to  50% . 
Investigation  of  this  discrepancy,  preferably 
by  alternative  approaches,  is  necessary. 


NOTATION 

a,  b,  c,  d  constants 
n  damping  law  exponent 

J  damping  law  constant 

U  energy  stored 

AU  energy  dissipated  per  cycle  =  Jyn 

m 

Ym  surface  shear  strain  amplitude 

60  rotational  displacement  amplitude 

8q  rotational  velocity  amplitude 

n  loss  factor  =  AU/2uU 

Subscript 

i  specimen  type  number,  i=l,2,3,4 
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Hr.  Henderson  (AFVi'Ab)'  Bid  you  consider  the 
nonlinear  effects  in  your  finite  element 
analysis? 

Mr.  Hoo'iter:  The  finite  element  analysis  was  an 
elastic  analysis,  and  then  the  di3?ipated  energy 
was  calculated  on  the  basis  of  the  J  sigma  to 
the  N  law  on  both  an  equivalent  stress  basis. 
Von  Neiser’s  stress,  and  a  total  strain  energy 
basis;  this  gives  a  band  within  which  the 
results  would  be  expected. 
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Dj1:a:  ic  analysis  of 

a  L.ur-.:  STiudruav;  wit::  artificial  daipieg 


Q.L.Tian,  D.K.Liu*,'  Y.i'.Li,  and  D.F.V/ang 
Ins Litutc  of  Mechanics,  the  Chinese  Academy  of  Sciences, 
Beijing,  China. 


A  complex  modal  s.'Tithosis  method  is  presented  in  thi«  paper  to  analyse 
the  dynamic  response  of  a  large  structure  with  artificial  damping. 

Firstly,  the  whole  structure  is  dis -integrated  into  several  substructures, 
then  the  complex  redundant  force  vector  is  applied  to  represent  the  reaction 
between  the  interfaces  of  substructures,  the  reaction  between  the  absorbers 
and  the  substructures.  The  locally  modified  stiffness  matrix  is  applied  to 
renresont  the  local  constrained  layer  damping  treatment.  The  motion  equa¬ 
tion  of  the  assembled  structure  is  deduced  by  the  fixed  interface  mode 
s.'T.thes  is  method,  as  a  result  a-  complex  matrix  in  the  form  of  localized 
modification  of  the  original  undamped  matrix,  is  obtained.  Owing  to  the 
modal  truncation  and  the  hehavior  of  localized  modification,  the  size  of 
this  new  matrix  is  small  enough  to  be  solved  by  a  complex  eigenvalue  program 
with  low  cost.  The  transfer  function  of  the  assembled  system  was  calculated 
by  the  complex  modal  superposition  method,  so  that  the  dynamic  response 
could  be  calculated  when  the  structure  is  subjected  to  a  forced  vibration, 
no  natter  it  is  harmonic  or  random. 


ir:T:ioi»viTioii 

There  are  many  effective  methods  for  sup¬ 
pressing  the  vibration  level  of  a  structure, 
for  example ,  adding  viscoelastic  layers  on  some 
flexible  menbers(l),  adding  absorbers  on  an- 
tinodal  points(2),  inserting  some  viscoelastic 
links  between  antinodal  parts  of  two  parallel 
clements(3),  using  a  part  of  a  structure  as  an 
auxiliary  mass  which  is  supported  on  another 
parts  by  means  of  some  viscoelastic  materials 
(li),  changing  some  rigid  joints  into  viscoelas¬ 
tic  ones  so  as  to  increase  danping(5),  etc.,  a 
proper  combination  of  above  techniques  can  be 
used ' to  obtain  a  considerably  improvement  of 
vibration  performances  of  some  structure  with 
a  low  cost. 

Cno  of  the  keys  to  extend  the  use  of  damp¬ 
ing  technology  is  the  ability  to  analyze  the 
effect  on  dynamic  response  of  structure  by 
these  damping  treatments.  Local  damping  treat¬ 
ment  will  lead  to  a  non-proportional  damping 
matrix,  its  dynamic  analysis  has  been  found  to 
be  rather  difficult.  I'odal  Strain  Energy  Me¬ 
thod  was  firstly  incorporated  with  the  analysis 


*  Space  Science  and  Technology  Center, 
The  Chinese  Academy  of  Sciences. 


of  damped  structure  by  MSTRAiJ  Program(6), 
which  found  to  be  the  most  attractive  method, 
but  a  significant  error  would  be  introduced, 
when  it  is  applied  to  a  structure  with  heavy 
discrete  damping.  A  complex  modal  synthesis 
method  wa3  presented  to  solve  this  kind  of  pro¬ 
blem.  Unlike  usual  method,  it  is  unnecessary 
to  double  the  size  of  the  matrix  and  replace 
the  second  order  differential  equations  by 
first  order  equations,  the  complex  eigenvalue 
and  eigenvector  of  the  complex  matrix  will  be 
directly  calculated  by  a  complex  eigenaolution 
program.  On  the  substructure  level,  the  eigen- 
problem  are  solved  by  SAPIV.  Then  the  Ritz 
vectors  of  the  superstructure  are  synthesized 
from  the  substructural  modes.  Owing  to  the 
modal  truncation,  the  degree  of  freedoms  of 
superstructure  after  being  synthesized  is 
reduced  considerably,  so  it  can  be  calculated 
by  a  complex  eigensolution  with  low  cost. 

The  transfer  function  of  the  assembled 
system  was  calculated  by  the  complex  modal 
superjjosition  method,  but  it  is  unstable  in  the 
domain  of  negative  frequencies,  so  it  is  im¬ 
possible  to  analyze  the  random  respone.  To 
solve  this  problem,  the  actual  solution  is  ex¬ 
pressed  by  the  sun  of  a  pair  of  conjugate  va¬ 
lues,  as  suggested  by  Y. Tsushima  in  ref (7). 
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The  formulation  of  variance  for  moment  of 
a  cantilever  structure  is  derived,  when  its 
foundation  exerted  by  a  random  excitation. 

THE  MOTION  EQUATION  OF  SUBSTRUCTURE 


Ps,c  -[0,  0,  0,  I,  0,  0,  -I,  0,  ..0  is  on 

Ns,cXlI  matrix,  its  elements  arc  zero  every¬ 
where,  except  two  opposite  unit  matrices  locat¬ 
ed  at  the  positions  corresponding  to  Xs,c  and 
Xs+l,c  in  vector  X. 


The  whole  structure  is  dis-integrated 
into  several  substructures,  among  which  two 
substructures  "s"  and  "s+1"  are  shown  in  fig.l. 


FIG.  Is  The  Damping  treatments  and  its  reac¬ 
tions  on  Substructure 

1.  A  series  of  viscoelastic  links  are  inserted 
between  some  nodes  of  the  common  interface, 
let  the  general  coordinate  vector  of  the  whole 
system  be  designated  by  X,  an  II XI  vector. 

T  T  T  T 
.,*s>  *a+l»  *■,  *3+1. 

where  superscript  T  represents  transpose,  Xs 
is  the  general  coordinate  vector  of  the 
substructure  s,  which  is  an  NsXl  vector.  Ys 
is  the  general  coordinate  vector  of  the  absor¬ 
bers  on  the  substructure  s,  which  is  an  IIs,aXl 
vector.  11s  and  I!s,a  are  the  number  of  D.O.F. 
of  the  substructure  s  and  absorbers  attached  on 
it  respectively.  The  vector  Xs  is  related  to  X 
through  a  project  matrix  A3,  Xs“AsX,  where 
As  ■[...,  0,1,0,  ...]is  an  Ns  X  II  matrix,  its 
elements  are  zero  everywhere,  except  at  the 
location  corresponding  to  Xs  in  X,  where  the 
submatrix  is  an  unit  matrix.  Those  links  give 
a  couple  of  force  (or  torque)  vectors  which 
having  same  value  but  in  the  opposite  direc¬ 
tions,  acting  on  the  interface  between  the 
substructure  "s"  and  "s+1". 

^s,c  “  ^s,c  (^s,v  -  ^3+1, v}  ”  Ts,c  ^s,c^  W 

where  Ts,c  is  an  Hs,cXNs,c  complex  diagonal 
matrix,  its  elements  are  the  complex  rigidity 
of  those  links,  rs,c  is  the  number  of  links 
between  the  interfaces,  and 


2.  Several  viscoelastic  links  are  inserted 
between  some  antiondal  points  of  narallel 
elements  of  substructure  s,  resulting  in  a  coup¬ 
le  of  force  (or  torque)  vectors  acting  on  each 
of  these  points. 

Fs,v  "  Ts,v  Ps,v  X  (2) 

where  Ps,v  *£c,  0,  ...,  C,  I,  -I,  0,  ...,  5)  is 
an  Us,vXN  matrix,  it  contains  two  unit  matri¬ 
ces,  they  have  opposite  sign,  located  at  the 
positions  corresponding  to  Xs,v  and  5Cs,v  in 
vector  X,  and  all  other  submatricos  are  zeros, 
and  Ts,v  is  an  Ns,vXNs,v  complex  diagonal  ma¬ 
trix,  its  clenents  are  the  complex  rigidity  of 
these  links,  which  connect  the  vectors  Xs,v  and 
Xs,v,  Ns,v  is  the  number  of  the  links. 

3.  Adding  absorbers  on  some  antionodal  points 
of  substructure  s  is  equivalent  to  applying  a 
force  (or  torque)  vector  to  it,  i.e., 

Fs,a  “  Ts,a{Xs>a  -Ys  }-T3,aPSjaX  (3) 

where  Ts,a  is  an  Ns,aXKs,a  diagonal  matrix, 
its  elements  is  the  complex  rigidity  of  the 
absorbers.  Ns, a  is  the  number  of  the  absorbers 
on  substructure  "s"  and 

Ps,a  “  [0,  . I,  0,  0 .  -I,  0,  0  ...] 

is  an  Hs,aXN  matrix,  it  contains  two  unit 
matrices,  they  have  opposite  sign,  located  at 
the  positions  corresponding  to  Xs,a  and  Ys  in 
vector  X,  and  all  other  submatrices  are  zeros. 

It.  Adding  constrained  damping  layer  on  some 
members  to  introduce  a  local  modification  of 
the  stiffness  matrix,  for  example,  when  con¬ 
strained  damping  layer  is  added  to  a  tension- 
compression  member,  the  member's  rigidity  will 
change  from  EF/L  to  2EcFc  +  EF  +  ^)  (8)  (?) 

L 

where  Ec  Fc/L  is  the  axial  rigidity  of  the 
constraining  plate,  a  and  b  are  two  constants, 
which  arc  related  to  the  damping  layer  and 
member's  geometric  parameters.  When  a  simple 
constrained  damping  layer  is  added  to  a  beam, 
its  flexural  rigidity  will  be  transformed  from 

EIb  to  EI0  (1  +  - - - )  y 

1  +  x 

where  EIo  is  tho  uncoupled  flexural  rigidity, 
x  and  y  are  two  parameters. (  1  ) 

When  a  complex  constrained  damping  layer 
is  used,  or  it  is  added  on  a  complex  member, 
tho  member's  rigidity  will  be  determined  by  the 
analysis  of  finite  element  method  or  experiment 
After  the  system  is  treated  by  means  of 
constrained  damping  layer,  the  local  modifica¬ 
tion  of  the  stiffness  matrix  will  be  of  form 
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where  1's,l  is  an  I.'sX  ”c  matrix,  its  elements 
am  determined  by  the  complex  rigidity  of  the 
localized  constrained  damping  layer,  the  other 
elements,  which  are  not  related  to  damping 
layer,  are  all  zeros.  So  far  four  kinds  of 
damping  treatments  have  been  mentioned.  The 
first  three  of  thorn  are  applied  on  the  boundary 
of  the  substructure.  The  motion  equation  of 
the  substructure  "s"  is  derived  from  the  sun¬ 
ning  of  all  the  contributions  of  four  kinds  of 
treatment,  that  is, 

aImsAs'X  +  A^KSASX  ♦  a!ks>lAsX  +  P J,aTS)aPs>aX 
♦  rJjVTs>vrs>vX  ♦  Pj)0?s,cP3,cx  1  -ApiAsU!  Xo 

(a) 

where  Xo  is  the  acceleration  of  the  foundation. 


renew  equation  of  the  wirois  sxstbj: 

The  eq.  (U)  is  the  notion  equation  of  the 
substructure  s,  in  which  the  coordinates  are 
arranged  in  order  of  the  global  coordinate. 

All  the  motion  equations  of  other  substructures 
-can  be  derived  similarly,  so  the  motion  equa¬ 
tion  of  the  whole  system  can  be  assembled  from 
then,  i.e. 

:ii  '*  kx  -  -::{i)  x0  (5) 


where 


K  = 


Ms 

Vl 


pa+l 


(6) 


IV  is  the  mass  matrix  of  the  substructure  S. 


Rs  is  an  !Ts,aX!!s,a  diagonal  matrix,  its 
elements  ere  the  masses  of  the  absorbers  on  the 
substructure  S. 


K  -  Kj_  ♦  k2  ♦  fL  (7) 

where  K1  is  the  stiffness  natrix  of  the 
original  unassembled  structure,  Ki  and  K2  are 
the  modified  stiffness  matrices  of  the  damped 
structure. 


a+l 


r.Lx  *  a‘k3)Lasx 


KgX  - 


(0) 

(9) 


Ts  _[  }__Ta,c 

1  -T  ! 

1  s,a| 

xs,b 

1 

1 

1 

H- 

1 

— 1- 
1 

xs,i 

“^3,0  (Vl 

|  1  "Vl,a 

xa+l,l> 

V-d 

1 

L  1  1 

— ir — r - 

xs+l,i 

3»a  | 

1 

1 

sh"! 

1  1  _x 

1  1  3+1 

_ _ 

a  1  [Ts+l,a 

Vi  J 

(10) 


where 


-  X 


s 


Xs,b  are  attachment  degrees  of  freedom  of  the 
substructure  s,  Xs,i  are  internal  D.O.F.  of 
substructure  s.  Successively  airranging  the 


damping  treatment  on  the  boundary  of  substruc- 


TsXs,b 


Ts,c  j  J  j 

xs,e 

i  TS,V  j  _TS»V  | 

xs,v 

]  -TS,V  I  TS,V  ! 

:~r  r~  r~J 

^s,v 

xs,a 

x3,r 

(ID 


whore  all  matrices  arc  diagonal,  Xs,r  are  the 
D.C.F.  of  the  nodal  points  on  the  boundary, 
which  are  unrelated  to  the  first  three  kinds  of 
damping  treatment.  The  total  number  of  D.O.F. 
of  the  whole  system  is  equal  to  the  sum  of  the 
number  of  D.C.F.  of  all  substructures  and  all 
absorbers,  i.e., 

-M.  +*Ns,a 


modal  snmrcsis  method 


For  a  large  structure,  N  seems  too  large 
to  solve  complex  eigenvalue,  so  the  constraint 
modes  and  truncated  constrained  normal  modes 
are  superposed  to  obtain  a  modail  transformation 
of  the  physical  coordinates, 


V  a 

Xs,b 

o 

1 _ i 

5s, b 

XS 

| 

ps,b  j  «a,i 

W3  Qs 


(12) 


where  Us,b  are  the  constraint  modos,  and  Us,i 
are  the  truncated  constrained  normal  modes. 
Both  l's,b  and  Us,i  can  be  calculated  by  SAPIV. 
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Qs,ti  nre  attachment  D.O.F. 
Qs,i  are  modal  D.O.F. 


Let  V.’ 


V's+1 


and  QT  -  £  ...  q|(  Qg+1>  y|+1  ...j 

then  X  =  VJQ 

substituting  eq.  (15)  into  eq.  (5)  and  pre¬ 
multiplying  by  V.rT,  then  eq.  (5)  becomes 


(13) 

(lh) 

(15) 


pie,  a  tv.'o-D. system  is  shown  in  fig.?, 

2K(l+-05  0 


WtHWQ  +  1.ITK'.JQ  =  4JtK{1)  X0,  *•<?•» 
mQ  +  ky  =  -UTK  {1}  X0 


where 


v;|msws 


Ws+lKsWs+l 


:C3+1 


(16) 


(17) 


k  =  V^Kjlf  +  i;tk2u  +  WTKlW 


wtk1v;» 


w|ksws 


Ws+1Ks+lWs+1 


WTKLW  = 


wsK3,lws 


ws+l,  Ks+l,|>’s+l 

0 


(18) 


(19) 


(20) 


Since  the  discrete  dampers  are  located  on  the 
boundary  only,  so  WTK2W  has  the  same  form  as 
matrix  K2,  but  its  dimension  is  condensed  from 
II X  N  to  nxn,  due  to  the  truncated  modal  trans¬ 
formation.  Through  this  transformation  the 
dimension  of  the  matrix  equation  is  reduced 
from  H  X  H  to  n  x  n,  n  is  the  number  of  the 
D.O.F.  of  Q. 


The  loss  factor  of  the  r'th  mode  of  this  two- 
D.O.F.  system,  with  different^,  is  calculated 
by  the  modal  strain  energy  method  and  complex 
eigenvalue  method  respectively,  its  results  are 
shown  as  follows. 


TABIF.  1 


The  Modal  Damping  of  the  2  D.O.F.  System 


0.2 

o.h 

0.6 

1.0 

'll  . 
exact 

appx. 

0.100 

0.100 

0.150 

0.167 

0.183 

0.233 

0.186 

0.370 

exact 

appx. 

0.150 

0.167 

0.2GB 

0.283 

O.U33 

0.U16 

0.752 

0.683 

Note  that,  if  (3  ■>  1.0  a  significant  error  of  1, 
will  be  introduced,  when  this  problem  is  calcu¬ 
lated  by  the  approximate  method  -  medal  strain 
energy  method.  To  overcome  this  drawback,  the 
complex  eigenvalue  Ar  and  the  corresponding 

eigenvectors  V^.  ( r  - 1 , 2 . rijare  founded  by  the 

Q.N. Program,  directly. 

where 

\  =  -w£cn-iV  (21) 

and  *fr  is  the  r'th  modal  damping. 

Note  that  the  complex  matrix  k  is  symmetric,  so 
the  eigenvectors  satisfy  the  orthogonality 
condition. 

v£iWs  -  0  ,  r  *  s  (22) 

when  the  vector  has  been  scaled  to  satisfy  the 
normalizing  condition 

v£nvr  -  1 


COMPLEX  TRAUSiER.  FUNCTION 


then  VT;m  =  I 


(23) 


Eq.  (16)  is  a  complex  equation,  its  ap¬ 
proximate  solution  can  bo  obtained  with  the 
medal  strain  energy  method,  as  shown  in  ref. (6), 
but  if  the  structure  with  heavily  discreted 
damping  is  calculated  by  this  method,  a  con¬ 
siderable  error  will  be  introduced.  For  exam- 


and  VTKV  -  -A  (2h) 

where  fS‘N  "] 
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Re turning  to  equation  (16),  introducing  the 
change  of  coordinates 

Q  -  VZ 

prc -multi plying  by  VT,  and  using  eq.(23)  and 
( 2li ) ,  the  set  of  uncoupled  equations  is 
obtained  as: 

zr(t)  +t*4(i  ♦  i*?r)zr(t)  »  -VpV;”i:fi) x0(t) 

r  =  1,  2,  . n  (25) 

Applying  Fourier  transforr.ation  to  eq.  (25), 
then  we  obtain 

zrM  =  nr(^)  PrM 

where 
KP(«) 


and 


Uir  (1  +  i7r)  -  U)1 
Fr(co)  -  -VrWT::(i)x0(w) 


than  the  real  axis  in  the  complex  plane,  so 
Hr  (<aj)  is  unstable  in  the  domain  of  negative 
frequencies.  To  obtain  a  stable  solution  in 
the  whole  frequency  range  the  actual  solutions 
are  expressed  by  the  sum  of  a  pair  of  conjugate 
values,  as  suggested  by  reference  (7),  i.e., 

Zr(“>'  -  tlr(**j)  Pr(wJ)|w>0  +  ^r^l^a  (29) 

where  Hr(oj)  and  Pr(w)  are  obtained  from  eq.(27) 
and  (20),  respectively.  Hr(<o2  and  ?r (ui)  are 
the  conjugates  of  Hr  (to)  and  Pr(w),  respectively, 
Eq,  (29)  is  the  solution  of  modal  coordinate  in 
frequency  domain. 

Similary,  the  displacement  vector  has  the  form 

X  (W)  »  w[v  z(w)|w><j  +  V  z(u»)|w<0]  (30) 

RANDOM  VIBRATION 

When  a  cantilever  structure  exerted  by  the 
steady  random  vibration  of  a  base  movement,  the 
maximum  bending  moment  often  occurs  at  its  root 
section.  When  the  fixed  interface  modal  syn¬ 
thesis  method  is  used,  the  bending  moment  at 
the  root  section  can  be  divided  into  two  parts, 
one  of  them  is  contributed  by  the  attachment 
D.O.F.,  i.e.. 


Ml  M 


KJ,bfa*L 


vu 


(31) 


at  the  root  section,  which  can  be  calculated 
by  SAPIV  or  determined  by  the  experiment,  by 
means  of  fixing  all  the  attachment  D.O.F., 
except  Xj  “  1.  The  other  part  ia  the  dynamic 
bending  moment  at  the  root  section,  contribut¬ 
ed  by  the  normal  modes,  i.e., 

m2  (lo) 

T 

where  L  is  a  row  vector,  that  consists  of  the 
heights  of  masses,  which  are  above  the  root 
section, 

Wk  is  the  k'th  column  of  matrix  W, 


«i*U 


(32) 


(26) 

VK  is  the  k’th  row  of  matrix  V. 

Let  CO^LTIWk  -  Ck 

(33) 

(27) 

+51  Mj>bvn>j  -  Bn 

(3U) 

^ck^n,k  +  5=Mj,b^n,j 

(35) 

Then  R  (<o)  =£(5^^  +  } 

(36) 

(28) 

and  its  conjugate  is 

2  ~ 
lower 

fi<*>  ) 

(37) 

where  subscript  "j"  represents  the  j'th  attach¬ 
ment  D.O.F.,  MJ,b  is  the  static  bending  moment 


The  spectral  density  for  the  base  moment  is 
smm  (^  )  -  Lim  ( 1/T  Frfi  ) 

-  LimlZCWnZm^^ 

«EE(Bn^AMnL>0  ♦ 

lax*)  S5to3do(  u>  )  (38) 

Integrating  this  expression  with  respect  to  to 
from  —  oo  to  +ck>  gives  the  variance  for  the 
base  moment  as 

dM(t)  -  ¥kJLsmm  (to  )du> 

=  BnBtr.DnOmHnHmL^o 

+  >S»0&(->)d-  (39) 

Let 

WrAn  "  K,n  *  1Bm,n  (UO) 

then  ^  ^ 

fy&rPrPm  “  -  iBm,n  (^) 

when  Eq.(itl)  and  (UO)  are  used,  eq.(39)  becomes 

f rrT  (Aw>n  *  lBm,n)$i^t  J 

+  _ (Am.n  -  iBm.n&iiX.  I  1  1 

(1*2) 
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When  Sjy^(w)  varies  slowly  in  the  frequency 
domain  interested,  eq(,h2)  can  be  integrated  by 
the  calculus  of  residues.  Since  the  I?m(w)  and 
Hm(to)  have  a  pair  of  poles 


meters  of  these  absorbers  arc  difierent  from 
each  other,  and  it  makes  their  tuning  frequency 
range  wide  enough  to  cover  the  resonance  fre¬ 
quencies. 


tefm  1  +  1  7m  ■“  (On  +  l'b«) 

and  -tOmV  1  -  i  7m  **  COtn(-Qm*  ifc*n> 

at  the  positive  and  negative  frequency  domain, 
respectively, 

So 

£I0^es(^n,i)  Sjj0(u)jni)  (Am>n  +  iD]njn) 

+  Res  (<*W)  Rjco (Am>n  -  iBIn>n3 


where  Res  (ol,n,i)  is  the  residue  at 
m  COjaJT  ♦  1 7m  ^C  •  J 


then 

dUv 


( E^iQin-Amnb^KaJj-aV)  ~ 

2U)„(a**  hi. )  [<*>»  ( I  ♦  1m  )  *  I  ♦I.  > 


-  2tU,W( 


B  i».nbw) 


■]S 


0*3) 


where  am  “ j*?J  1  *Jl  +  1Z 

“jfJJT*  7m  -  1 


When  two  nature  frequencies  OJm.cJri  are  well 
separated,  and  7m  —  7a  <  o.l  >  the  cross  terms 
in  eq.(U3)  will  be  very  small  and  can  be 
neglected,  it  leads  to  an  approximate  expres¬ 
sion 


47/n^n  (U7) 

It  agrees  well  with  eq.(2.130)  in  ref .(10). 

From  eq.(33),  (3h),  (35),  (1*0),  (Ul),  it  is 
obvious  thi  t  ,  so  the  component  of  the 

high  frequencies  in  eq(U7)  seems  to  dominate, 
but  owing  to  the  inertia  forces  of  each  masses 
being  different  in  phase  at  high  frequencies, 
the  contribution  of  high  modes  to 
is  very  small.  Calculated  results  show  that 
only  a  few  terms  of  low  frequency  modes  are 
enough  to  account  for  this  practical  example. 

Example 


The  eigensolution  of  the  original  structure 
without  dampers  was  computed  by  SAPIV  and  then 
verified  through  experiment.  Usually  the  dyna¬ 
mic  response  of  the  original  structure  is  con¬ 
tributed  mainly  by  the  first  few  modes  and 
hence  the  original  system  can  be  represented  by 
its  truncated  modal  parameters,  the  number  of 
D.O.F.  of  the  whole  system  is  suppressed  from 
60  to  8  through  this  truncated  modal  transfor¬ 
mation,  and  the  results  of  tho  calculated 
response  is  accurately  enough. 

For  the  sakes  of  finding  the  conditions  for 
the  minimum  bending  stress  of  the  structure  and 
studying  the  effects  of  the  parameters  on  the 
dynamic  response  of  it,  a  lot  of  response 
curves  at  the  top  of  the  structure,  bearing  the 
harmonic  excitation  from  the  bast;  movement,  are 
calculated  when  the  parameters  of  these  absor¬ 
bers  vary  in  a  considerable  range,  some  of  the 
calculated  results  and  the  lumped  mass  model  of 
the  structure  are  shown  in  fig. 3. 


fig. 3.  The  H(u>)  varies  with  different  para¬ 
meters  of  absorbers 


CONCLITION 

Four  kinds  of  damping  treatment  are  'recom¬ 
mended  in  the  presented  paper,  all  its  contri¬ 
butions  arc  determined  by  a  complex  matrix  in 
the  form  of  localized  modification  of  the  ori¬ 
ginal  undamped  matrix. 


Some  practical  vibration  problems  have  been 
treated  with  presented  method,  for  example,  a 
number  of  dynamic  absorbers  was  used  to  sup¬ 
press  some  resonance  vibration  of  a  cantilever 
structure,  which  has  some  closed  resonance 
peaks  in  tho  vicinity  of  20Hz,  causing  a 
serious  bending  moment  at  the  root  section  of 
this  structure.  To  overcome  the  drawbuck  of 
tho  usual  timed  abr.orbers,  that  the  response 
depends  on  the  tuning  parameters  too  sensitive¬ 
ly,  six  absorbers  are  hung  on  a  section  of  the 
structure.  The  stiffness  and  the  damping  para- 


We  be  sure  that  continuously  adjust  para¬ 
meters  and  locations  of  these  treatments  con 
bring  about  steady  improvement  in  the  dynamic 
performance  of  any  structure . 
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AS  EXPERIMENTAL  STUDY  OF  THE  NON-LINEAR  BEHAVIOUR 
OF  A  STRANDED  CABLE  AND  DRY  FRICTION  DAMPER 
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China 


The  non-linear  characteristics  of  a  stranded  cable  and  dry 
friction  damper  are  shown  by  its  hysteresis  loop  and  dynamic 
response  curves.  The  fundamental  resonant  frequency  is  found 
to  be  amplitude-dependent.  The  damper  with  a  standard  stranded 
cable  has  a  high  amplification  factor  at  large  amplitudes  of 
vibration.  This  undesirable  characteristic  is  overcome  by  adding 
a  spring  coil  to  the  central  portion  of  the  cable.  The  modified 
cable  damper  is  shown  to  suppress  the  fundamental  resonant  vibration 
of  a  cantilever  structure. 


1.  INTRODUCTION 


An  aluminum  cantilever  structure  has  a  very 
complicated  profile  along  its  length.  The 
amplitudes  of  vibration  at  its  first  two 
resonant  frequencies  are  extremely  large  because 
of  the  low  loss  factor  (0.0015).  The  vibration 
of  the  structure  could  be  reduced  effectively  by 
a  classical  damped  dynamic  absorber  with  a 
constrained  -layer  viscoelastic  element. 
Temperature  sensitive,  viscoelastic  material 
could  not  be  used,  however,  because  the 
structure  will  be  subjected  to  large  temperature 
variations.  This  deficiency  leads  to  the 
development  of  a  dry-friction  type  damper  which 
employs  a  stranded  cable  as  its  damped  spring 
element. 

II.  THE  HYSTERESIS  LOOP  OF  THE  STRANDED  CABLE 


The  stranded  cable  is  composed  of  seven  strands, 
each  formed  by  nineteen  wires  as  shown  in  Fig.l. 


Cross-section  of 
A  Stranded  Cable 


Fig.  1  The  cable  damper. 


When  a  force  is  applied  to  the  free  end  of  the 
stranded  cable,  the  displacement  at  its  free  end 
will  follow  the  path  indicated  by 
oaA'B ,C,D'E,F,A”B“C''D"E"A"  as  the  load  P  follows 
sequence  o-A,-D'-A”-D”-A".  It  can  be  seen  that 
the  no-load  deflection  of  the  stranded  cable  is 
path  dependent.  The  zero  load  deflection  can  be 
6b.  or  6gi  or  6p-  or  fig.,  as  shown  in  Fig.  2. 


Fig.  2  The  hysteretic  behaviour  of  the 
stranded  cable. 

When  the  load  is  small  or  just  reversed  in 
direction,  friction  between  the  strands  will 
hold  them  together  so  that  the  cable  behaves 
like  an  elastic  element.  Hence  the  lines  oa, 
A'B',  D'E’,  A”B'"’  and  D"E”  are  lines  of  constant 
stiffness,  ka.  When  the  load  is  increased  so 
that  the  friction  between  the  strands  is 


155 


v-.«- 


Ins ignl f leant ,  Che  stranded  cable  behaves  again 
like  an  elastic  element  with  a  stiffness  which 
Is  the  resultant  of  the  stiffnesses  of  seven 
separate  strands.  Heme  the  lines  like  C'D', 
F'A"  and  C " H"  are  lines  of  constant  stiffness, 
k.  The  stranded  cable  will  behave  non-ltnearly 
when  the  load  Is  Just  large  enough  to  Initiate 
slip.  Slip  will  continue  to  happen  as  the  load 
Increases  further.  So  that  curved  paths  like 
aA' .  B'C',  E'F'  and  B"C"  occur.  Consequently, 

symmetrical  hysteresis  loops  are  obtained 
experimentally  as  shown  In  Fig.  3 


Fig.  3A  The  hysteresis  loop  of  a  standard 
stranded  cable 


Fig.  3B  The  hysteresis  loop  of  point  B  of  a 
stranded  cable  with  a  central  spring 
coll. 


when  the  symmetrical  load  1r  cycling.  A 
simplified  version  of  a  typical  loop  is  shown  in 
Fig.  A. 


Fig.  A  A  simplified  version  of  the  hysteresis 
loop  for  the  stranded  cable  with  a 
central  coll. 

It  is  composed  of  lines  corresponding  to  kfl,  k^ 

and  k.  On  the  other  hand,  a  loop  may  be 
composed  of  two  lines  corresponding  to  k  and  kj, 

if  the  applied  load  Is  less  than  a  critical 
value.  There  are  a  number  of  publications  on 
bi-llnear  hysteresis  systems  [1,2, 3, A].  Thk 
standard  stranded  cable  has  a  narrow  hysteresis 
loop  (fig.  3A)  while  the  cable  with  a  central 
spring  coll  has  a  much  larger  area  of  hysteresis 
loop  (fig.  3B),  Indicating  large  frictional 
effects. 

Ill  DYNAMIC  RESPONSE  OF  A  CARLE  DAMPER 

The  damper  is  excited  sinusoidally  as  shown 
Fig.  5. 


Fig.  5  The  experimental  set-up  for  dynamic 

response  of  cable  damper  (The  numbers 
are  Bruel  A  Kjaer's  type  No.) 
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lr.tr  ev. ■.  i response  curves  for  the  amplitude 
and  angle  are  shown  In  Fig.  6. 


13  12  M  IS  IS  20 

Frequeflly.  Hr. 

Fig.  b  Tile  response  curves  for  amplitude  & 
phase  of  a  cable  damper. 

It  can  be  seen  that  the  damper  has  a  non-linear 
response  curve  which  has  peaks  at  the  phase 
angle  of  90°.  The  resonant  frequency  of  the 
damper  is  amplitude-dependent  as  shown  In 
Fig.  7. 


The  shape  of  the  response  curve  depends  greatly 
on  the  magnitude  of  the  friction  between  the 
strands  (Fig.  S>. 


10  12  14  H  1*  70  Hz 


FREQUENCY 

Fig.  8  The  effect  of  the  central  spring 

coil  on  the  response  of  cable  damper. 

The  standard  stranded  cable  has  a  small  friction 
force  and  Its  amplication  factor  Q,  defined  as 
the  ratio  of  the  maximum  displacement  In  the 
response  curve  to  the  Input  level  at  the  base, 
grows  In  with  Increasing  Input  level  at  the  base 
In  Fig.  9  as  shown. 


FREQUENCY 

Fig.  7  The  effect  of  Input  level  on  the  Fig.  9  The  resonant  frequency  and  amplification 

response  curve  of  a  cable  damper  with  factor  of  a  damper  with  a  standard 

a  standard  cable.  cable. 
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The  high  amplication  factor  at  large  amplitudes 
of  vibration  made  the  damper  ineffective  in 
controlling  the  vibration  of  the  primary 
structure  in  the  earlv  stage  of  development  of 
the  cable  damper.  For  large  amplitudes  of 
vibration,  the  damper  with  standard  cable  was 
observed,  with  the  aid  of  a  stroboscope,  to 
loosen  so  that  the  strands  separate.  To  prevent 
slackening  of  the  normal  cable,  a  simple  spring 
coil  is  placed  around  the  cable  at  the  central 
position.  The  spring  coil  keeps  the  strands 
together  when  the  damper  mass  of  the  cable 
damper  is  vibrating  at  a  large  amplitude.  The 
cable  damper  with  the  central  spring  coil  has  a 
much  nlgher  resonant  frequency,  as  shown  in 
Fig.  8,  and  has  a  practically  constant 
amplication  factor  of  three  (Fig.  10). 


Fig.  10  The  resonant  frequency  and  amplificat¬ 
ion  factor  of  a  damper  with  a  central 
spring  coil  on  its  cable. 


IV  TUF.  NON-LINEAR  RESPONSE  OF  THE  CANTILEVER 
STRUCTURE  WITH  CABLE  DAMPER 

For  a  classical  linear  and  optimally  tuned 
dynamic  absorber,  the  shape  of  its  response 
curve  will  remain  the  same  ns  the  excitation 
level  is  increased. 

In  the  case  of  a  system  with  the  cable  dampers, 
the  dampers  can  be  tuned  optimally  only  for  a 
given  level  of  excitation.  That  is,  the  shape 
of  the  response  for  this  system  is  amplitude- 
dependent  as  shown  in  Fig.  11. 

A  large  number  of  response  curves  were  obtained 
experimentally  for  different  damper  masses  and 
various  levels  of  constant  base  excitation.  The 
maximum  value  in  each  response  curve  is  plotted 
in  Fig.  12. 


Fig.  12  The  effect  of  damper  mass  and 
excitinR  force  on  the  maximum 
response  of  a  cantilever  structure. 


Fig.  11  The  effect  of  force  level  on  the 
response  curve  of  a  cantilever 
structure  with  cable  dampers. 
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It  can  be  seen  that  It  Is  better  to  employ  a 
heavier  damper  mass  but  this  produces  a  higher 
weight  penalty.  The  damper  mass  has  to  be 
divided  Into  twelve  equal  portions,  l.e.  twelve 
cable  dampers  are  employed,  because  there  Is  a 
maximum  permissible  mass  for  a  given  cable 
element.  It  can  be  shown  that  the  corresponding 
permissible  acceleration  Amax  for  each  damper  is 

given  by  4  p 

A  «  _ 

max  _  _ 
n  tn 

where  P0  Is  related  to  the  friction  between  the 

strands  and  m  Is  the  mass  of  each  damper  (Fig.  3 
or  Fig.  4).  The  cable  with  a  central  spring 
coll  has  a  much  larger  friction  than  the 
standard  one. 

It  is  Interesting  to  note  that  the  cable  dampers 
are  still  effective  in  vibration  control  when 
the  natural  frequency  of  the  cantilever  is 
changed  from  18  Hz.  to  24  Hz.  as  shown  in 
Fig.  13.  The  insensitivity  to  the  change  of 
natural  frequency  of  the  primary  structure  Is  a 
desirable  property  of  a  damper  in  solving  a 
practical  problem. 


FREQUENCY 

Fig.  13  The  effectiveness  of  dampers  for 
structures  of  different  natural 
frequencies  (tested  with  the  same  set 
of  dampers). 

V.  COMPARISON  TEST 

Comparison  tests  were  performed  to  check  the 
effectiveness  of  the  cable  dampers  in  reducing 
the  vibration  of  a  contilever  structure.  These 
tests  were  undertaken  on  a  slip  table,  sweeping 
from  10  Hz.  to  35  Hz.  at  a  constant  amplitude  of 
1  mm.  The  cantilever  structure  was  tested  first 
in  one  direction  and  then  in  a  direction 
perpendicular  to  the  previous  one.  The  results 
are  given  in  Fig.  14.  They  show  the  appreciable 
reduction  in  the  vibration  of  the  cantilever 
structure  due  to  the  addition  of  the  cable 
dampers . 


VI.  SUMMARY 

The  normal  stranded  cable  is  a  non-linear 
element  with  low  damping  at  large  amplitudes  of 
vibration.  A  spring-constrained  cable  damper 
has  larger  friction  and  effectively  reduces  the 
vibration  of  a  cantilever  structure. 


db.  x 


Fig.  14A  The  effect  of  cable  damper  on  the 

response  of  a  cantilever  structure. 


Fig.  14B  Same  as  Fig.  14A  except  the 
direction  of  excitation  is 
changed  by  90  degrees. 
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RESPONSE  OF  PNEUMATIC  ISOLATOR  TO 
STANDARD  PULSE  SHAPES 


M.  S.  Hundal 

The  University  of  Vermont 
Department  of  Mechanical  Engineering 
Burlington,  Vermont  05405 


Operation  of  a  symmetric  passive  pneumatic  shock  isolator 
is  analyzed.  The  governing  equations  are  put  in  dimension¬ 
less  form  and  solved  numerically.  A  parametric  study  is 
made  in  terms  of  dimensionless  parameters  representing 
mass,  stiffness  and  orifice/piston  area  ratio.  On  the 
basis  of  a  sustained  acceleration  input  the  system  is 
found  to  have  optimum  response  for  a  certain  range  of 
the  area  ratio.  System  response  is  determined  for  six 
pulse  shapes:  rectangular,  half-sine,  versed  sine, 
rising  saw-tooth,  falling  saw-tooth  and  triangle. 


INTRODUCTION 

Shock  isolators  are  used  to  miti¬ 
gate  damaging  effects  on  sensitive 
payloads,  of  impulsive  motion  of  the 
base  or  foundation.  A  variety  of 
isolator  designs  exist  to  satisfy  the 
constraints  of  different  situations.  A 
pneumatic  isolator  offers  the  advantages 
of  cleanliness  and  simplicity  of  design, 
but  tends  to  be  bulky  and  "springy". 

The  pneumatic  element  has  found  applic¬ 
ation  both  as  shock  isolator  as  well  as 
an  absorber.  An  .optimum  isolator  is  one 
which  minimizes  the  payload  acceleration 
for  a  given  base  input.  The  relative 
motion  of  the  payload  is  also  important, 
as  this  governs  the  "rattle  space" 
which  must  be  provided. 

A  detailed  review  of  literature  on 
pneumatic  isolators  and  absorbers  which 
appeared  up  to  1980  is  given  in  Refer¬ 
ence  [1],  Eshleman  and  Rao  [2]  investi¬ 
gated  shock  isolation  characteristics 
of  six  types  of  elements,  one  of  which 
was  a  pneumatic  spring;  however  no 
analysis  was  given.  Fox  and  Steiner 
[3]  analyzed  the  operation  of  a 
pneumatic  shock  isolator  and  presented 
experimental  data  which  correlate  well 
with  analytical  results.  The  design  of 
the  isolator  used  by  them  is  different 
from  that  of  the  one  presented  here. 
Pneumatic  shock  absorbers  have  been 
investigated  by  Takahashi  [4],  and  by 
Hundal  [5].  Shock  isolators  with 


linear  and  quadratic  damping  have  been 
analyzed  and  their  characteristics 
compared  by  Hundal  [ 6 ] . 

The  system  to  be  analyzed  is  shown 
in  Figure  1.  The  isolator  consists  of 
a  pneumatic  damper  in  parallel  with  a 
spring  of  stiffness  K  .  The  base 
motion  is  u(t)  and  that  of  the  pay- 
load,  x(t)  .  The  response  of  such  a 
system  to  pulses  of  rectangular  and 
half-sine  shapes  has  been  described  in 
Reference  [7].  In  this  paper  the 
results  are  extended  to  other  pulse 
shapes . 

BASE  ISOLATOR  PAYLOAD 
_  U  k/2  „x 
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Figure  1.  Isolator  and  Payload  System 
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SYSTEM  ANALYSIS 

The  analysis  from  Reference  [7]  is 
repeated  here  for  convenience.  The 
equation  of  motion  for  the  payload  of 
mass  m  is 

nx‘=  k(u-x)+(p2-p1)s  (1) 

where  pf  and  P2  are  pressures  on 
either  side  of  the  piston  and  s  is 
the  piston  area,  assumed  to  be  the 
same  on  both  sides.  Primes  represent 
differentiation  with  respect  to  the 
physical  time,  t  .  Let  the  relative 
displacement  of  mass  be  5  =  u-x  , 
substituting  which  equation  (1) 
becomes 


m5“+ki  =  mu”-(p2-p1)s  (2) 

with  initial  conditions:  5=5*  -  0 
and  Pi  =  P2  =  P0  at  t  ■  0  .  The 
input  pulse  u"  is  of  duration  tf  , 
and  maximum  amplitude  A  .  The  differ¬ 
ent  pulse  shapes  considered  here  are 
described  in  Table  1.  Note  that  in 
each  case  u1'  =  0  for  t  >  t£  . 

TABLE  1 


Input  Acceleration  Pulse  Shapes 


No .  Pulse 

1  Rectangular 

2  Half-sine 

3  Versed-sine 

4  Rising 

Saw-tooth 

5  Falling 

Saw-tooth 

6  Triangular 


Description 
A.  t  <  tf 

A  sin("t/tf).  t <  tf 
(A/2)[  1-cos 
(2T!t/tf)]  .  t  <  tf 


At/tf,  t  <  tf 

A(l-t/tf) ,  t  <  tf 
2At/tf,  t  <  tf/2 

2A(l-t/tf), 
tf / 2  <  t  <  tf 


The  operation  of  the  pneumatic 
damper  is  analyzed  by  assuming  an 
adiabatic  process.  The  governing 
equations  are  given  below.  The  sub¬ 
script  i  =  1,2  refers  to  the  two 
sides  of  the  piston.  The  exponent 
n  =  1.4  for  air. 


Equation  of  state: 

m^  -  Pfvf/Rei  ;  i  -  1,2  (3) 

Adiabatic  process: 

9i/eo=(pi/?o) (n_1)/n;  i-1.2  <4) 

Conservation  of  mass: 
ra2  = 


In  the  above  equations,  is  mass, 

vf  is  volume,  is  temperature  of 

air  and  R  is  the  gas  constant.  Sub¬ 
script  ft  denotes  initial  condition. 
Upon  differentiating  equation  (3)  and 
substituting  (4) , 


°i  =  C1(v|pi1/n+  viPi(1'n)/np!/n) 


(6) 

where  C l  =  P0(n_1) /n/R0Q  -  Let  v1Q 
and  v20  be  the  initial  volumes  on 
either^side  of  the  piston.  Then 


v^  =  v^0  +  s5  ;  v^  *  s5'  (7a) 

v2  *  v2Q  -  si  ;  vj  “  -  s5‘  .  (7b) 


Upon  substituting  the  above  in  equation 
(6) ,  we  obtain  the  flow  equations 

*  C1[sS,p11/n+(v10+s6)p1(1'n)/n 

pj/n)  .  (8a) 

m'2  -  C1t-s6,p21/n+ 

(v20-s«)p2(1“n)/np'/n]  .(8b) 


Mass  flow  rate  through  an  orifice 
is  given  by  [8] 

m’d  “  C0aC2Pu//^  •  for 

pu/pd  >  1.894  (9a) 

and 

»J  "  WPa'P,/'" 

■  p»^ 

for  Pu/P(j  <  1-894  .  (9b) 

where  a  is  the  orifice  area,  CQ  the 
orifice  coefficient  and  the  subscripts 
d  and  u  refer  to  downstream  and 
upstream  variables,  respectively.  Thus 
if  p^  >  p2  ,  u  «  1  and  d  -  2  ,  and 
vice  versa.  The  coefficients  C2  and 
C3  in  equation  (9)  are  given  by 


{- 


R[(n+l)/2] 


o,  <n+T77  (n-TT) 


{ 


n 


RTH^ry 


1/2 


(10a) 

(10b) 


Equations  (2) ,  (8)  and  (9)  are  the 
governing  equations  for  the  shock 
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isolator/mass  sysCem.  Now,  in  order 
Co  case  these  into  a  dimensionless 
form,  we  introduce  the  following 
variables. .and  parameters:  Acceler¬ 
ations,  X  =  x"/A  ,  D  =  5"/A  ; 

U  =  u"/A  ;  displacements,  X  =  x/£  , 

D  =  S/i  ;  time,  T  =  t/KJl;  pressures, 

Pl  =  pl/p0  •  P2  =  p2/p0  :  sCif£ne,3s- 
K  =  ki/ppS  ;  mass,  M  =  mA/pgS  ; 

area,  S  =  CgC^Ra/ s/SA  ;  and  initial 
volumes,  V1Q  =  v^/si.  ,  V2Q  “  v^/st 
=  1  -  V^q  .  In  these  expressions 
«.  is  the  cylinder  length.  Note  also 
that  as  a  consequence  of  the  above 

D  =  S' //l A  ,  X  =  x'/lA  ,  Pi 
P^/.'/A/po  ,  where  the  dots  represent 

differentiation  with  respect  to  T  . 

Upon  making  the  above  substitutions , 
the  governing  equations  take  the  form 
of  equations  (11),  (12)  and  (13). 

These  equations  contain  a  parameter 

C.  which  is  defined  as 
4 

C,  =  n  for  p  /p,  >  1.894 
4  ru  d 

and 

C4  =  5.41(pd/pu)1/n 

^l-(Pd/pu>(n'1)/n^/2 

for  Pu/Pd  <  1-894  .  (10c) 

Equation  of  motion: 

Ml)  +  KD  -  MU  +  Px  -  P2  (11) 

Pressure  equations,  for  P2  > 

(V1q+D)  f>1+nDP1=C4SP1  <n-1)  /n 

.  P2(n+1)/2n  (12a) 

(V20'D)P2'n°P2  =-C4SP2(3n"1)/2n 

(13a) 

and  for  P^  >  P2  : 

(V10+D)P1+nDP1=  /2n 

(12b) 

(V2Q-D)P2-nDP2  =  C4SP1(n+1)/2n 

.  p2<n-l>/n  (13b) 

The  initial  conditions  are  D  =  D  *■  0  , 

Pl  =  P2  “  1  at  T  »  0  .  The  absolute 
mass  acceleration  is  given  by 


X  =  U  -  D 

=  (KD+P2-P1)/M  (14) 

The  expression  for  tjje  dimensionless 
input,  acceleration  U  can  easily  be 
found  from  Table  1  as  follows:  replace 
A  by  1  ,  t  by  T  ,  and  t^  by  T^  , 
where  T^  =  t^AM  . 

COMPUTATION  OF  SYSTEM  RESPONSE 

Equations  (11),  (12)  and  (13)  are 
non-linear,  they  are  therefore  solved 
numerically  by  using  fourth-order  Runge- 
Kutta  method.  The  governing  equations 
contain  five  parameters,  viz.,  K  , 

M  ,  S  ,  Viq  and  Tf  .  In  the 
absence  of  the  damper  the  system 
natural  frequency  is  (K/m)l/2  .  We 
recognize  however  that  for  low  values 
of  S  ,  i.e.  small  orifice  area,  and 
large  piston  displacement,  the  pneu¬ 
matic  stiffness  can  be  significant. 

This  must  be  borne  in  mind  when 
selecting  the  integration  step  size. 

We  now  consider  the  effect  of  each 
system  parameter. 

The  parameter  V]n  Indicates 
the  initial  position  of  the  piston. 

If  it  is  required  that  the  shock 
isolator  have  identical  response  to 
input  in  either  direction,  the  piston 
must  initially  be  at  the  middle 
position.  Thus  in  the  following 
V10  =  V2Q  =  0.5  has  been  used. 

The  effect  of  pulse  duration 
Tf  has  been  found  to  be  similar  to 
that  in  the  case  of  shock  isolators 
with  linear  or  quadratic  damping  [6]. 

For  a  rectangular  impulse  the  maximum 
mass  acceleration  increases  monotonic- 
ally  with  Tf  up  to  a  certain  value, 
and  remains  constant  thereafter.  Thus 
in  the  results  of  parametric  studies 
given  below  the  case  of  sustained 
acceleration  is  considered  first.  The 
effect  on  system  response  of  varying 
pulse  shape  and  Tf  is  given  later 
in  this  section. 

We  see  from  equation  (11)  that 
for  a  sustained  acceleration  input  the 
steady  state  piston  displacement  is 
Dss  =  M/K  .  The  maximum  displacement 
can,  of  course,  be  greater  than  this 
and  depends  on  the  damping  effect  of 
the  orifice.  As  it  is  necessary  that 
Dmax  <  V20  in  order  to  avoid  impact 
of  piston  at  the  end  of  its  stroke, 
the  ratio  of  K  to  M  is  governed  by 
the  relationship  M  <  V20^ 

In  the  absence  of  the  damper, 
equations  (11)  and  (14)  can  be  solved 
analytically.  For  a  sustained 
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acceleration,  we  can  show  that  Xmax  =  2. 
Thus  in  the  following  only  those  para¬ 
meter  values  are  considered  for  which 

^max  <  2  ‘ 

We  consider  next  the  results  of 
the  numerical  solution  of  the  governing 
equations  for  the  case  of  constant, 
sustained  acceleration.  Figure  2  shows 
the  variation  gf  the  maximum  mass 
acceleration  ,  i.e.  the  shock 

transmissibility ,  versus  orifice/ 
piston  area  ratio  S  ,  for  the  selected 
values  of  stiffness  and  parameters,  K 
and  M  .  From  these  results  the 
following  points  are  worth  noting: 

(a)  Xmax  is  a  strong  function  of  K 
and  S.. ,  but  a  weak  function  of  M  , 

(b)  approaches  the  minimum 

value  of  1  as  K  approaches  0  ,  (c) 

the  minimum  value  of  Xmax  occurs  for 

S  in  the  range  of  0.4  to  0.5  .  This 
is  similar  to  the  results  obtained  by 
Fox  and  Steiner  [3],  although  the 
damper  design  is  different. 


Figure  3.  Acceleration  Time  Response. 
K  =  1;  S  =  0.5 


Figure  3  shows  the  time  response  of  the 
system  for„different  values  of  M  .  We 
see  that  Xmax  occurs  at  different 
values  of  time,  but  its  magnitude  is 
not  significantly  different.  The 
minimum  values  of  X^x  can  be  expressed 
explicitly  as  a  function  of  K  by 
using  the  least  squares  fit.  This 
functional  relationship,  for  the  range 
0.1  5  K  *  5  has  been  found  to  be  the 
following: 


K-0.117K2 


(15) 


A  plot  of  this  equation  is  shown  in 
Figure  4.  We  emphasize  that  this  is 
an  approximate  representation  of  the 
minima  from  Figure  2(b)  for  the  given 
range  of  K  . 


s 


Figure  2.  Maximum  Mass  Acceleration 
(a)  K  -  1;  (b)  M  -  0.1 


Figure  4.  Minimum  Xmax  ,  Equation  (15) 
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Values  of  M  as  shown 


Figure  6.  Maximum  Relative  Displacement  Dmax  ;  K  *■  1  ,  S  -  0.5  for  different 
pulse  shapes,  (a)  rectangular.  (b)  half-sine,  (c)  versed-sine,  (d)  rising 
saw-tooth,  (e)  falling  saw-tooth,  and  (f)  triangular. 


Finally,  we  consider  the  effects  of 
pulse  shape  and  duration  on  the  system 
response.  Figure  5  shows  plots  of 
shock  transmissibility  Xmax  for  the 
different  pulse  shapes.  The  corres¬ 
ponding  plots  of  relative  motion  Dmax 
are  shown  in  Figure  6.  These  plots  are 
qualitively  similar  to  those  for  a 
linear  system  [9].  For  the  rectangular 
and  falling  saw-tooth  pulses,  the 
transmissibility  increases  monotonically 
with  duration.  For  the  other  four 
pulse  shapes  we  note  a  succession  of 
maxima  and  minima . 

DESIGN  EXAMPLES 

We  noted  earlier  that  in  order  to 
restrict  the  steady  state  displacement 
to  Dss  =  V20  -  0.5  it  is  necessary 
that  M  <  V2ok  =  0.5  K  .  However 
since  Dmax  can  be  greater  than  DSs  . 
a  lower  restriction  on  M  is  necessary. 
A  parametric  study  was  made  for  the 
range  0.1  <  K  <  5  and  S  =  0.4  to  0.5. 
The  results  show  that  to  achieve 
Dmax  <  0.5,  it  is  necessary  that 
M  <  K/3 . 

We  can  summarize  the  design  process 
in  the  following  steps:  (a)  For  a 
given  case  m  and  A  are  known. 

(b)  From  constraints  on  cylinder 
diameter,  piston  area  s  is  known. 

(c)  Find  M  .  (d)  Use  K  >  3M  and 

find  Xmax  •  If  this  is  higher  than 
desired,  used  larger  s  or  pQ  .  (e) 

Find  k  from  definition  of  K  .  (f) 

From  constraints  on  cyliner  length, 
find  k  .  (g)  Find  the  required 

orifice  area  a  from  definition  of 

S  ,  for  S  =  0.5. 

Let  us  consider  an  example  where 
m  =  20  kg  and  a  sustained  acceler¬ 
ation  of  A  =  10  m/s2  is  applied. 

From  Figure  4  it  is  seen  that  lower 
the  value  of  K  ,  lower  is  the  shock 
transmissibility  Xmax- ■  Let  us  choose 
K  =  0.5  ,  for  which  Xmax*‘l.25,  or 
x'max  "12.5  m/s2  .  Let  p0  “  1  atm. 

=  0.101  MPa  .  Try  two  different 
damper  diameters. 

(a)  For  diameter  0.2  m  ,  s *  0.0314 
m2  ,  p0s  *■  3185  N.  Since  K  = 
k£/p0s  ,  we  have  k£  =  1592  N  . 

Let  Jlmax  “  0.2  m  ,  then 

k  -  7964  N/ra  .  For  this  case 
M  =  mA/p0s  =  0.063  =  0.126  K  , 
t.e.  M  <  K/3  . 

(b)  For  diameter  0.1  m  ,  s“  0.0079 
ra2  .  Pos  =  796  N  .  For  K  «  0.5  , 
k l  -  398  N  .  Thus  for  l  -  0.2m, 
k  -  1990  N/m  .  For  this  case 

M-  0.25-  0.5  K  which  is 
greater  than  K/3  ,  thus 


unacceptable.  Mmax  =  0.5/3  = 

0.16  ,  and  thus  p0s  =  1200. 

This  gives  a  minimum  diameter  of 
0.123  m  .  The  corresponding 
kf.  =  600  N  ,  from  which  k  and 
H  can  be  selected. 

We  note  from  the  foregoing  dis¬ 
cussion  that  to  obtain  a  lower  value 
of  shock  transmissibility,  a  lower 
value  of  parameter  K  be  used.  This 
means  a  combination  of  higher  po  and 
s  and  smaller  k  and  l  . 

CONCLUSION 

The  response  of  a  passive  pneu¬ 
matic  shock  isolator  of  the  given 
design  has  been  determined.  The 
results  are  in  terms  of  dimension¬ 
less  parameters  and  are  therefore  of 
more  general  use.  The  parametric 
study  performed  points  to  the  values 
for  an  optimum  system.  It  has  been 
shown  that  shock  transmissibility  is 
governed  primarily  by  damper  size. 
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